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Abstract: We show that electronic wave functions i of atoms and molecules have a
representation ¥ = F¢, where F is an explicit universal factor, locally Lipschitz, and
independent of the eigenvalue and the solution ¥ itself, and ¢ has second derivatives
which are locally in L*°. This representation turns out to be optimal as can already be
demonstrated with the help of hydrogenic wave functions. The proofs of these results
are, in an essential way, based on a new elliptic regularity result which is of indepen-
dent interest. Some identities that can be interpreted as cusp conditions for second order
derivatives of Y are derived.

1. Introduction

1.1. Motivation and results. The non-relativistic quantum mechanical Hamiltonian of
an N-electron molecule with L fixed nuclei is given by

Hy X, Z)=-A+VX,Z2)+ U, Z),

where V, the Coulombic potential, is given by

V=VX,Z) = Z Z
and the internuclear repulsion U by

ZiZy
UX.2)= Y. XX
1<k<t<L

1
+ ) (L.1)
1xi — xj]

— X
Xk = xjl l<i<j<N
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The latter is merely an additive term that will be neglected in the sequel and we will
henceforth consider

H = Hy, (X, Z)— UX,Z). (1.2)

Above, X = (x1,x2,...,XN) € R3N denotes the positions of the N electrons, with x; =
(xj,1,xj2,xj3) € R3 the position of the j’h electron. The positions of the L nuclei with
the positive charges Z = (Z1,Zy...,Z}1) € Ri are denoted by
X = (X1, X2,...,X1) € R, where Xy = (Xp.1, Xk.2, Xx.3) € R? is the (fixed)
position of the k& nucleus with charge Z;, and it is assumed that X ¢ # Xy for € # k.
13 1 (9
cian on RV is givenby A = Zj-v:l A ;. We also introduce the 3N - dlmensmnal gradient
by V= (Vi,...,VN).

The operator H is selfadjoint on L*(R3VN) with operator domain D(H) = W22(R3N)
[14], and it depends parametrically on X and Z. In the case of an N-electron atom with
(one) nucleus of charge Z fixed at the origin 0 € RR3, (1.2) becomes

The Laplacian corresponding to the j” electron is A = Tl and so the Lapla-

H=Hy(Z)=—-A+V (1.3)

_Z( Aj— |x1|)+ Z ml—x]'

1<i<j<N

Generations of chemists and physicists have devoted a good part of their research to
the analysis of various problems related to Hy (X, Z). Most of the present day under-
standing of atoms and molecules is based on the analysis of problems directly related to
this operator; see any textbook in atomic and molecular quantum mechanics.

One of the central problems is the eigenvalue problem

Hy =Evy, EcR, ¢ e L2 R*N). (1.4)

Since the electrons are Fermions the N-electron wave function ¥ has to satisty the Pauli
Principle. This can be achieved in a spinless formulation by requiring that ¢ transforms
according to certain irreducible representations of the symmetric group &% . Our present
work will not require any symmetry assumptions on . More precisely, we will con-
sider local properties of distributional solutions (locally L') in a domain Q € R3*" to
Hvy = Ey, where E can be any real number.

Within mathematics and mathematical physics Schrodinger operators as (1.2) are
studied mostly from an operator theoretical point of view, see the textbooks [1, 14, 18,
22] as well as the recent survey [21].

The PDE-aspects of (1.4) have been studied in relatively few works. We first note the
following: Let X (X) denote the set of points in R*" where the potential V defined in
(1.1) is singular. The function V is real analytic in R*" \ £ (X) and hence by classical
results (see [11, Sect. 7.5, pp. 177-180]), so is .

Therefore a basic question is how to characterize the effect of the singularities of V
on the local behaviour of a solution 1 of (1.4).

In 1957 Kato [13] showed that a solution ¥ satisfying (1.4) is continuous in all of
R3V with first derivatives locally in L, i.e., v is locally Lipschitz. He also analyzed
how 1 behaves near the so-called two-particle coalescence points, i.e., those points in
% (X) where exactly one term in the sums representing V (see (1.1)) is unbounded.
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Generalizations with new insights for those points in R> where more than one term
in (1.1) is singular were obtained in [10] and more recently in [9]. We mention that the
present authors in [5, 6 and 4] studied the smoothness of the electron density, a question
related to the present investigation; we shall not discuss this further here.

Suppose we have a solution ¥ to HyYy = Ey, E € R, with H asin (1.2) or (1.3). We
want to find a representation for

Yxg, oo s X)) =F&X1, oo, X)) 0(X1, ..., Xp)

such that ¢ is as smooth as possible and F is a universal (i.e., not depending on v or E)
positive factor reflecting the behaviour of the potential V near X (X). This means that
for any two solutions 1, ¥ of a fixed Schrodinger operator (1.2) (or (1.3)) the function
JF will be the same, i.e.,

Y1 = Fo1, Yo = Feo.

Since it is already known from one-electron atoms that v is just locally Lipschitz, F
cannot be smoother than that. We shall see that by choosing F in a special way one can
say a lot more. Let us first recall some of the ideas developed in [9].

Suppose 1 is a solution to (—A + V) = Ey in Q € R3V . Set ¢ = ef ¢, then ¢
satisfies

Ap+2VF -V + (AF + |VF* + (E — V))p = 0. (1.5)

Now assume H = —A + V is given by (1.2). The specific nature of the Coulomb
potential makes it possible to find an explicit F such that AF = V, namely

1
F(X) = F(x) :i= — ZelXe = xjl + 4 >0 lxi—xjl.

j=1t=1 l<i<j<N

We have given F an index 2 to indicate that F; is a sum of functions each only depending
on the coordinates of two particles. If we insert F» into (1.5) we obtain

Agy +2VF -VF -V + (IVE? + E)gr =0,

where we have also given ¢ an index 2 to show that it is associated with F>. The regular-
ity properties of ¢, are now determined by the regularity of V F», respectively, |V F>|?.
Since V F; is locally in L®°, standard elliptic regularity theory (see Sect. 2) gives us that

¢ e CH(Q) for «e€(0,1). (1.6)

(For the definition of the Holder-spaces ck¥ see Definition 2.1). Since VF, is not
continuous, one cannot in general expect anything better than (1.6). Note that since
¥ = ef2¢ we have

Vi — (V)Y € C*(Q) for « € (0,1). 1.7)

This is a general formulation of Kato’s cusp condition [13] which plays an important
role in the numerical treatment of (1.4). (Here, and in the sequel, by a ‘cusp condition’
we understand that condition that solution v has to satisfy at a point in the singular set
2(X)).

We are now ready to state our main result about the regularity of .
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Theorem 1.1.

Feen ¥

(1.9
(1.10)
v = Fobs (1.11)

with
¢3 e CH(Q). (1.12)

Furthermore this representation is optimal in the following sense: There is no other
Sfunction F depending only on X, Z and on N, but not on  or E itself, such that = F¢
with ¢ having more regularity than C-!.

Remark 1.2.

(i) Of course one can consider more general Hamiltonians, for instance molecular
Hamiltonians where the nuclei are allowed to move. Kato [13] considered this
case. Our results, suitably modified, extend to this situation. We concentrate on the
model with fixed nuclei since this is the ‘standard model’ in molecular physics.

(i1) For the proof of Theorem 1.1 a special regularity result (see Theorem 2.6) for solu-
tions of the Poisson equation Au = g will be vital. Roughly speaking, if g € L™
has a certain multiplicative structure, we can show that u € C L1 and not only
ueCh¥ o e(0,1)asin general (see Proposition 2.2). This result is of indepen-
dent interest.

(iii)

(iv) An immediate consequence of Theorem 1.1 is the following sharpening of (1.7):
Vi — Y (VF + VE) € C%L(Q).
V)
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It is also interesting to consider the regularity of v near the zero-set N'(¥) = {x €
R3N | 4 = 0} of . A simple argument shows that Theorem 1.1 actually implies
that Vi : N(¢) — R3N is locally Lipschitz, whereas Vi is just locally L in
2 (X) \ N(¥). By ‘locally Lipschitz’ we here mean the following: For all closed balls
K  R3N | there is a constant C = C(K) such that |V (x) — Vi (y)| < C(K)|x —y|
forall x,y € N(¥) N K. Indeed, writing Vi = ¥V (F; + F3) + exp(F> + F3) Vs,
we get, for x € N (¥), that Vir(x) = exp(F2(X) + F3(x))Vg3(x) since V(F; + F3)
is locally in L®°. The assertion follows, since both exp(F, + F3) and V3 are locally
Lipschitz in R3V .

In [8] it was shown for a wide class of potentials that at their zero-sets real valued
distributional solutions (which for these potentials are then actually continuous func-
tions) to (—A 4 V)u = 0 are, roughly speaking, by one degree smoother than away
from their zero sets. So the observation above extends these results to the Coulombic
case. The potentials considered in [8] were of Kato type, K°, where 7 is the dimension
(in our case, n = 3N) and § € (0, 2); see [19] for definitions and many far-reaching
results concerning these potentials. In [19] (see also [20]) it was shown that solutions are
locally Céfors < land CH¥fors e (1, 2). However, since the Coulomb potential
V in (1.1) is in K3N-% for all § < 1, but not in K3N-! these results are not sharp and
actually weaker than Kato’s result.

(1.11). It suffices to find a simple example.
Consider the one electron atom whose Hamiltonian is given on R3 by

4 3
H=—A—ﬂ . x = (x1,x2,x3) € R°.
X

With ¢ (x) = e~ %1 and Yo = xle_%x' we have

2 2
Hy = -4y Hyn = — % .

Write ¥y = Fo and ¢, = :7_-4)(2)‘ Now 11 > 0 and if we had an F which would
allow more regularity of the ¢!)’s, then

@
A R TH (1.13)

Wziﬂl

would be better behaved than just C!:!. But near the origin the right-hand side of (1.13)
behaves like x1 (1 + %le) and this is just C L1 je., the second derivatives are bounded
but not continuous. 0O
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Corollary 1.3. Let Y be a solution to Hyr = Evr in R3N with H given by (1.2).

(1) Let1 <i < j < N, and fix any pointzo = (21, ... ,ZN) € R3N with z; = 7 =2z
Then
1
I H x| Vi -V - H —0. 1.14
A0 (bei —xj [ Vi -V ) + 21//(Z0) L (B3y (20, R)) (119
(ii)Let1 <i < N, 1 < ¢ < L, and fix any point 2o = (z1,...,2N) € R3N with
2i=Xe, 2 # Xe, j #1.
Then
I H — X A+ Z H —0. 1.15
lim (Ixi — Xl Ai¥r) + Ze ¥ (20) L (Bax (50, R) (1.15)
Proof. We first note that (1.12) implies that (with F = F> + F3),
YVi-V;F —V;-V;¥ € LERN). (1.16)
In order to show (1.14) we first show that
. 1
xll>nzlo lxi —x;1V;-V; F(X):_E' (1.17)

An easy calculation shows that

. 1
xll)n’zlo |xi —)Cj|Vl' . Vj Fx) = —E.

If z # X, for all £ then V; - V; F3 is smooth near zg. We therefore only need to consider
the case z = X;. We have

Vi V;F;=
CoZeVi - Vil (i = Xo) - (= X)) In (Ixi = Xel* + xj — Xel?)}
=3CoZe In (Jx; — X¢I* + |xj — Xef?) + 1,
where 7 is bounded in a neighbourhood of zj. Noting that
lxi —xjl <2 (Ixi — Xel* + |xj — Xelz)l/z,
we see that

lim |x,- —.Xj| Vi . VjF3(X) =0.
X—>Z(
Using the triangle inequality we obtain

1
x| (Vi VY 4 - H
” i = xj1 (Vi i)+ 21,0(10) L>°(B3n(z0,R))

< |l =51 (V- V00 = V-9 Fyp)

L>(B3n (20, R))

1
X (V. -V F = H ’
+ H lxi — x| (Vi-V; F)Y + 21//(Z0) L (B3 (20, R))

This, (1.16), and (1.17) imply (1.14).



Sharp Regularity Results for Coulombic Many-Electron Wave Functions 189

The proof of (1.15) is similar. Just note that

1 Z
|xi—X€|AiF2=_Z€+|xi_X€|(Zz|x._x.|_ |x-—X|>'
g ST e TR

O

The results in Theorem 1.1 are not well suited for obtaining a priori estimates. In partic-
ular neither F, nor F3 stay bounded as |x| tends to infinity so that if, say, Y € L2(R3N)
then ¢3 is not necessarily in L2(R3N). These shortcomings will be dealt with below in
a similar way as in [9].

Definition 1.4. Let x € Cé’o R), 0 < x <1, with

1 for|x| <1
= 1.18
XO=V0 for ] = 2. (1.18)
We define
Fcut = F2,cut + FS,cutv (1~19)
where
| LN
Pren®) ==53 Z Zo x(1yiel) |yiccl (1.20)
¢=1i=1
1
+ 1 Z xUxi —x;]) 1% — x;jl,
1<i<j<N
F3 cut(x) = (1.21)
L
CoY . Y Zox(UyieDx(yjeDGie - v W (yiel* + 1yj.el).
¢=11<i<j<N
and where Cy is the constant from (1.10). We also introduce ¢3 cut by
¥ = e 3 . (1.22)

Theorem 1.5. Suppose r is a solution to Hy = Evr in R3N. Then forall0 < R < R’
there exists a constant C(R, R'), not depending on ¥ nor xo € R3V, such that for any
second order derivative,

32
¥=—— i, j=1,2,...,N, k,t=1,2,3,
axi,kax]"g

the following estimate holds:

129 — ¥ 8% Feutll Lo (B (x0.R)) < C(R, ROV Lo (Bsy (x0. R - (1.23)
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Remark 1.6. Theorem 1.5 strengthens results obtained in [9]. More precisely, to prove
Theorem 1.5 we will show that

l¢3.cutllc11 By (xo.R)) < C (R R)93.cutll Lo (B3 (x0, R')) - (1.24)

The estimate (1.23) is then a trivial consequence of (1.24). (On the other hand, (1.23)
and (1.25) imply (1.24)).

The estimate (1.24) is a strengthening of Proposition 1.7 below to « = 1. We state
and prove the proposition here, since we need it in the proof of (1.24). It essentially
follows from ideas in [9].

Proposition 1.7. Suppose  is a solutionto Hyr = Ey inR3N . Thenforall0 < R < R’
andalla € (0, 1) there exists a constant C(a, R, R'), not depending on s norxgy € R3V,
such that, with ¢3 ey defined as above,

63,cutll cle By (xo.8)) = C 3 cutll Loo(Bsy (x0, R)) - (1.25)

Proof of Proposition 1.7 . Note first that with ¢ = ef2<utg, ., (1.5) and AF, = V gives

A¢2,cut + 2vFZ,Cut : V¢2,cut (1-26)
+ (A(Facut — F2) + IV Facutl* + E) 2,00 = 0.

It follows from the form of F> ¢yt and F> (see (1.20), (1.18), and (1.9)) that the coeffi-
cients in (1.26) above are uniformly bounded in R3N . Therefore, (1.25), with ¢2 cut
instead of ¢3 cut, follows from standard elliptic regularity results (see Proposition 2.2).
To get (1.25) with ¢3¢y, note that ¢3 ey = e~ gy cy, and that F3 ey € CH4RVY)
and has compact support (see (1.21) and (1.18)). O

1.2. Organisation of the paper. For simplicity we shall only give the proofs of The-
orems 1.1 and 1.5 for the atomic case (i.e., £ = 1, X; = 0 and Z; = Z, see (1.3)).
Indeed, no additional complications arise for molecules. Also, we only give the proof of
Theorem 1.1 in the case = R3V.

Tn'Subsect. T.3 ' we define some notation to be used in the entire paper. Sect. 2 contains
standard elliptic regularity results in Subsect. 2.1. Subsect. 2.2 contains in particular the
elliptic regularity result Theorem 2.6, which is proved in Subsect. 2.3. Theorem 2.6 is
the essential new mathematical input necessary for the proofs of Theorems 1.1 and 1.5.
These proofs are given in Sect. 3—the proof of Theorem 1.1 in Subsect. 3.1 and that of
Theorem 1.5 in Subsect. 3.2. The Appendices A, B, and C contain the construction of
solutions to certain Poisson equations. These solutions are another important ingredient
for the proofs of the main theorems.

1.3. Notation. Throughout the paper, constants occurring in inequalities will be denoted
by the symbol C, although their actual value might change from line to line.
For x € R" (n > 2) we write x = rw, with r = |x|, ® = x/|x| € "1, the unit
sphere in R". Denote by B, (x, r) the open ball of radius » > 0 around x.
We denote by Y, (@) the normalised (in L2(S" 1)) real valued spherical harmonics
of degree /,/ € No, withm =0, 1, ..., h(l) — 1, where
QRl+n—-2)I+n—-3)!

h(l) = 1] . (1.27)
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Then {Y; m}i1.m constitutes an orthonormal basis in L2(S" .
The Y; ,’s are the eigenfunctions for £2, the Laplace-Beltrami operator on "~

LY =10 +n =Y,

2. . .
where — f—z is the angular part of the Laplacian in R”, so

We define 73(”) to be the orthogonal projection in L>(S"~!) on ¥} ,,:

(PO = Yn@) [ Vi@ f@)do 2@,

and
h()—1

P = Z . (1.28)

We denote hl(") = Ran(Pl(n)).
By abuse of notation, for a function f : R" — C we write f(rw) = f(x), and,
whenever f(rg-) : "1 — Cisin L2(S"*™") for some ro € (0, 00), we write

(P 1) (o) = Yim(@) / Vi (@) £ (700) > = fi.m (7o) ¥im ().

2. Elliptic Regularity

In this section we collect results on the regularity of solutions to second order elliptic
equations needed for the proof of Theorems 1.1. and 1.5. The results fall in two parts,
known ones (in Subsect. 2.1) and new ones, developed for our purpose, and of interest
in themselves. The latter are in Subsect. 2.2. The result of main interest is Theorem 2.6,
which is proved in Subsect. 2.3.

2.1. Known results. We start by recalling the definition of Holder continuity:

Definition 2.1. Let Q2 be a domain in R", k € N, and o € (0, 1]. We say that a function
u belongs to C*%(Q2) whenever u € CK(Q), and for all B € N" with |B| = k, and all
open balls By, (xo, r) with B,(xo,r) C 2, we have
DB — DP
sup |DPu(x) u(y)| < Clxo. 7).
Xx,y€By, (x0,r), x#y |x - y|“

For any domain Q/, with Q' CC , we define the following norms:
Il cray = Y IDPullLoo@y + liasrs
1Bl<k
|DPu(x) — DPu(y)|
lx —y|*

[Wlewr = )  sup
18|=k x,ye, x#£y
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For k = 0 we use the notation C*(2) = C%*(Q) and [ule.r = [0,
Furthermore, for a function u € C*(R” \ {0}) we define

lullca(sn-1y = sup [u] + [uly g1, 2.1
Sn—]
A 71C) e (0]
Sl = _—.
“ x,yeSt—1 x=y lx — yI*

We will need the following result on elliptic regularity in order to conclude that the
solutions of elliptic second order equations with bounded coefficients are C*. The
proposition is a reformulation of Corollary 8.36 in Gilbarg and Trudinger [7], adapted
for our purposes:

Proposition 2.2. Let Qo be a bounded domain in R" and suppose u € W2(Qq) is a
weak solution of Au + Z?:l bjDju + Wu = g in Qq, where bj, W, g € L*(Q).
Then u € Cl'“(Qo)for all a € (0, 1) and for any domains ', £, QcoQc Qo we
have

lullcre(qy < C(sup |u| + sup|gl)
Q Q

for C = C(a,n, M, dist(2, 9R2)), with

yees

We further need results concerning the regularity of solutions of the Poisson equation.
These regularity properties are based on the regularity properties of the Newton potential
of the inhomogeneity. For our further considerations we recall here the properties of this
function.

Let g € L*(R2) for Q2 a bounded domain in R", n > 2. The Newton potential of g
is the function w defined on R” by

w(x) = /QF(X —»g(ydy (22)
with
L In(|x]) n=2
F — 27-[ 9 _ b
" {W LIRS

From [15, Theorem 10.2 and 10.3] we have

Proposition 2.3. Let @ C R", n > 2, be a bounded domain, then:

() If g € L®(), then w € CH¥(Q) for all « € (0, 1), and Aw = g in Q holds in
the distributional sense.
(i) If g € C*%(RQ) for some k € N and some a € (0, 1), then w € Ck2%(Q).

Since every solution to the Poisson equation can be written as a sum of the Newton
potential of the inhomogeneity and a harmonic function, the above implies in particular
the following well-known result:
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Proposition 2.4. Let g € CK%(Q) for some k € N and some « € (0, 1), and assume u
is a weak solution to Au = g in Q. o

Then u € Ck+2’°‘(§20). Furthermore, for any domains ', Q with Q' C , Q C Qo,
we have

llell crt2a @y < C(Sgp || + llgllcregy) (23)

with C = C(n, k, a, dist(', 9Q)).

The next lemma, which is taken from Gilbarg and Trudinger [7, Lemma 4.2], is
essential for the proof of the main regularity result in Subsect. 2.2.

Lemma 2.5. Let Q2 be a bounded domain in R*, n > 2 and let g € C¥(2) N L*°(R)
for some o € (0, 1].

Then the Newton potential w of g (given in (2.2)) satisfies, for x € Q and i, j =
1,2,...,n,

D,-,-w<x>=/9 DT (x — y)(5() — g(0) dy
0

—8(x) DiT'(x — y)vj(y)do(y). (24
0920

Here, Qq is any bounded domain containing 2 for which the divergence theorem holds,
and g is extended to vanish outside 2. In the last integral, do denotes the surface
measure of 082, and v the j th coordinate of its (outward directed) unit normal vector.

2.2. New results. We here collect a number of more explicit regularity results needed
in the proof of Theorems 1.1 and 1.5.

The following result shows that one can push the C = (0, 1), in Proposition 2.2
to C! in certain cases.

Theorem 2.6. Let g € L®°(RY), k > 2, be a homogeneous function of degree 0 which

has the properties g € C*(RF \ {0}) and 8lsk-1 is orthogonal to h(Qk) (the subspace of

L2(S*=1) spanned by the spherical harmonics of degree 2). Let f € C*(R?) for some
d > 0and let u € CH*R¥) be a weak solution of the equation

Aux', x") = g(x) f(x"), (2.5)
where x' € RF, x" e RE, A = Ay + Ay,

Then u € Wli’coo ®R"), n = k + d, and the following a priori estimate holds:
For all balls B,(z, R) and B, (z, Ry) in R" where0 < R < R}, z € R",

sup |Dijul = C( sup [l + ( sup gl) I/ lcwnymce. ko

Bu(z,R) B,(z,R1) Sk—1
+(sup I£1) glcusr) 2.6)
74 Bn(z,R1)

with C = C(n, a, R, Ry). Here mq(x', x") = x" for x' € RX, x” € R? ford > 0; for
d=0,m;(x)=0.
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Remark 2.7.

(i) The case d = 0 means that f is a constant and the terms in (2.6) with f then equal
this constant.

(i1) The reason for the condition k > 2 will become clear in the proof of the theorem,
when Lemma 2.5 is applied.

(iii) Notethatifk = 0, d > 2, one has stronger conclusions: Eq. (2.5) becomes Au(y) =
f(y)with f € C*(R?), so by Proposition 2.4, u € C>*(R?). The a priori estimate
analogous to (2.6) is then a consequence of Holder-estimates for u (see e. g., [7,
Corollary 6.3]).

(iv) Using the standard fact ([2, Theorem 4 in 5.8]) that leo’coo R") = Cltcl (R™) (with
equivalent norms) we may replace the term sup B, z.R) | Dijul by [u]1,1,B,(z,r) ON
the left-hand side in (2.6).

(v) For the special solution to (2.5) given by the Newton potential of gf, the estimate
(2.6) holds without the term supg (. g,y |u| on the right-hand side (see (2.16)).

Since the proof of Theorem 2.6 is a bit lengthy we present it separately in Subsect. 2.3.
The following proposition, on solutions to Poisson’s equation, when the inhomoge-
neity f in Au = f is a homogeneous function, is needed often in the paper.

Proposition 2.8. Assume that the function g satisfies
g(rw) = r*G(w) with G € L=(S"") and P"),G = 0.
Then there exists a solution u to

Au=g on B,(0,R)CR", 2.7

satisfying u(rw) = rkT2U (w) with U € CH4(S"Y) for all o € (0, 1).

Proof. Let

gim(r) = /S 8@ do =1 /S | G@Y @) do =r"gm.

Then (see (1.27) for h(l))

00 h(l)—1

groy=r" 3" 3" gm¥im(o),

1=0,1#k+2 m=0

since gx4+2,m = 0 for all m.
Now define
o h()-1

U= Y. ) %Y,,m«o) 2.8)

1=0,1#k+2 m=0

with by(n, k) = (k+2)(k+2) +n —2) —I(I + n — 2). Note that b;(n, k)) # 0
for I # k + 2. Since ), , &1.mYi.m € L2(S"1) (since G € L®(S" 1)) the sum (2.8)
therefore converges in L?(S"1).
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Make the Ansatz u(rw) = r*T2U (w), and denote for N € N,

h(l)—1
en(ro) = Z D gmr* Yim(o),
1=0,#k+2 m=0
N h(l)—1

uy(ro) = pkt2 Z Z _&tm_ Yim(w).

1=0.1£k+2 m=0 by(n, k)

Now let ¢ € C3°(B, (0, R)), then, using that £L2Y;,, = I(l +1n — 2)Y} 1,

(Au — g)dx = / B —upyds+ [ oy —gdr. (29
B, (0,R) B,(0,R) B,(0,R)

Since u —uy — 0,g — gy — 0 (in L? - sense) for N — oo, the RHS of 2.9 tends
to zero for N — oo. Hence u = r**2U (w) solves 2.7 in the distributional sense. With
w the Newton potential corresponding to g (see 2.2), we have w € C Le(B,(0, R)) due
to Proposition 2.3, and u — w is harmonic, so u € cl2(B,(0, R)). This implies that
Uechys' . o

We prove the following useful lemma:

Lemma2.9. Let G : U — R" for U C R*™ q neighbourhood of a point (0, yo) €
R" x R™. Assume G(0, y) = 0 for all y such that (0, y) € U. Let

G O’
o y) = { AR,
Then, for o € (0, 1],
G e CO*(U; R = f e CO*(U). 2.10)

Furthermore, || flcew) < 2IGllcew).

. SOy —f(x2,y2)
Proof. Let a € (0, 1]. We need to estimate ORI CRRIE

Suppose first that x; = 0. Then f(x2, y2) = 0 and we get

BTN
[f G yD) = £y _ [T G(X1,y1)‘ 3
[(xr, y1) — O, )% — x|
< IGlcewy,

X1 | 1GGa, vl

g @

X1
since G € C*(U; R") and G(0, y;) = 0.
Next, suppose 0 < |x2| < |x1]|. By the triangle inequality:
PG = F2 )| = [T (GG ) = G, )

| ) G|,
kil el
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Using that G is C* and that G (0, y;) = 0, we get
| fGer, 1) = f(x2, 32)|
1 X2

o X o
< IGllcew) <|(x1,y1) — (2, y)|" + ‘(m - @)’ |x2] )

To control the last term—divided by | (x1, y1) — (x2, y2)|“—we first derive a lower bound
on |(x1, 1) — (x2, y2)|*:

2
|(x1, y1) — (2, y2)|” = [x1 — x2f?

2 X x2 \?2 X1 X2 \2
= (lx1l = x21) +|xl||)€2|(———) > IX1||X2|(———) .
il [x2l lx1]  |x2]

Therefore, using the assumption 0 < |x2| < |x1],
a X1 Xy |«
|Gty yD) = (2, ) [* = | | = ==

X1l [xa

This finishes the proof of the lemma. 0O

The following obvious lemma is used repeatedly throughout the paper:

Lemma 2.10. Assume f(ro) = r’G(w) with G € CHHR™ \ {0}) N L®(R"). Then
f e CHIRM.

Proof. The first derivatives of f trivially exist and are continuous. Therefore it suffices
to show that all derivatives of f of second order belong to Li> (R"); the result then
follows from Remark 2.7 (iv),

a%f

0x;0xg

3G , 3°G
_> tr

9G
=26:,G 2( N
ik G @)+ x’a + % 0x;j0xy

e L°(R"),
Xk ax; loc (&)

since G € CH1(R” \ {0}). This proves the lemma. O

Note that a better regularity cannot be expected without assuming continuity of G at
x = 0. On the other hand, if G only depends on w € S"~! and G is continuous at x = 0,
then G is a constant.

2.3. Proof of Theorem 2.6. We first investigate, for xo € B, (z, R1), the behaviour of
the Newton potential w as given in (2.2), namely

w(xp) = / C(xo — g fO")dy (2.11)
By (z,R1)
with y = (y/, y") € R4 = R",
Since u and w are C1* - solutions of (2.5) in B, (z, R1) (see Proposition 2.2),

h = u — w is harmonic. Any harmonic function % in a bounded domain 2 satisfies the
following a priori estimate (see [7, Theorem 2.10]):

C(n) .
sup |Djjh| < ——suplh| , i, je{l,... n} (2.12)
K 8% @
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with K compact, K C Q C R", and § = dist(K, dR2). So, by (2.11) and (2.12), for
X0 € B,(z, R) (recall that h = u — w)

C(n)
[Diju(xo)] < ———=( sup |u]
Y (R — R)Z(Bn(Z,Rl)

+Cen R)(suplg)( supIf1))
Sk-1 74 Bn(z,R1)

+ |Dijw(xo)]. (2.13)

Therefore to prove that u € WI%’COO (R™) and that u satisfies (2.6) it obviously remains
to show that w satisfies the a priori estimate (2.6). This will be done via Lemma 2.5 and
will finish the proof of Theorem 2.6.

We proceed as follows: Define N = {(x’, x”) € R" | x’ = 0} and note that [N| =0
(JN| denotes n-dimensional Lebesgue measure of N) and that for every ball B, C R”,
B, \ N is still a domain. For this the assumption & > 2 is vital (see also Remark 2.7
(i1)). Note also that (still with xo € B, (z, R1)) w can be written as

w(xo) = / L(xo — g fO") dy. (2.14)
By (z,R)\N

Taking into account the Holder continuity assumptions on g and f it is easily seen that
for every domain 2 C R”, gf € C*(Q2\ N). Hence (2.14) and Proposition 2.4 imply
that w € C**(B,(z, R1) \ N).

Now we are ready to apply Lemma 2.5: Pick Q = B, (z, R1)\ N and Qo = B, (z, R»)
with R; < Ry, then we obtain from (2.4), for xg € B, (z, R1) \ N, that

Dyjw(xo) = / DT (o — (1)) — (8f)x0)) dy
B, (z,R2)

- (gf)(xo)/a D;T"(xo — y)v;(y)do (y)

By (z,R2)
= 1(xg) + J(x0). (2.15)

Here as before gf is extended by zero outside B, (z, R1) \ N. Noting again that |[N| = 0,
we can use this integral representation to derive the a priori estimates on D;;w. We want
to show that for0 < R < Ry,

sup | Dijwl (2.16)
B,(z,R)

< Cz[( sup |g1) Il fllce g Ba e, Ry + ( sup 1 £1) IIgllca(Skl)],
Sk-1 74 Bn(z,R1)

where C, = Ca(n, o, R — R, R/R). Inequality (2.16) together with inequality (2.13)
will yield the desired a priori estimate (2.6) and implies in particular that u € Wli’coo
(R¥+4) . So to finish the proof of Theorem 2.6 it remains to prove inequality (2.16). For
this we have to estimate the integrals I (xg) and J(x¢) in (2.15). We state the estimates
in the following lemma (Lemma 2.11), which we then apply to prove inequality (2.16).
The proof of Lemma 2.11 is given afterwards. For convenience we shall henceforth use
the following notation: B = B,(z, R), Bj = B,(z, R;), j=1,2.
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Lemma 2.11. With I (xo) and J (xg) as in (2.15) we have the estimates

R n
100l = € (=) (sup1g) (sup 1)
) (u

4B
+C(n, ) (Ry — R)*( sup 18D [f o, 5,
S -1

+Cn,a) (sup I11) Igllcoeion, .17
4B
Gl < Cny sup lgfl ()" @.18)
X0)| = n sup |g .
By(2.R) Ry - R

for xog € B,(z, R) \ N.

Combining the inequalities (2.17) and (2.18) with (2.15) leads to the a priori estimate

sup  [Djjw(xo)| (2.19)
X0€B,(z,R)
R> n R> n—1
SC(m[(Rl—R) +<R2—R> ](g,ﬂpl |g|)(::§’l|f|)

+ Cln, )| (Rr = B (5p 11) [f, i, + (590 1F1) gl |
Sk-1 ’ 74 B1
Finally we pick Ry = 2R and obtain, with C = C(n, «, R, Ry),

sup [Dijw| = C [(suplgl) Il fllcens) (2.20)
By (z,R) Sk-1

+ (sup 1£1) ghcwsen |-

74 By

This finishes the proof of (2.16) and according to our previous considerations the proof
of Theorem 2.6. It remains to prove the estimates in Lemma 2.11.

Proof of Lemma 2.11. We start by proving the estimate (2.18) on J(xg). For y € dB;
and xo € B, (z, R) \ N we have |xop — y| > Ry — R. This, and
C(n)
[D;iT'(xo — y)| < NS
lxo — I

yields

|/ (x0)| < I(gf)(X())I/aB |DiT"(xo — y) vj(y)ldo(y)
2

Cn) ef] (=)
S n SU.p g ( ) s
Bu(z.R) Ry — R

verifying (2.18).
It remains to prove the estimate (2.17) on I (xg). This is more involved. With R’ =
Ry — Rand Q = B, (z, Ry) \ N, write

I(x0) = I1(x0, R") + I (x0, R) 2.21)
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with

I(x0, R)) = /Q Dy T (o — W () O) — (8f)(x0)) dy.

\By (xo,R")

I(xo, R)) = /B DT (o — M ((8)O) — (8f)(x0)) dy.

(X0, R)

Clearly we have (since gf = 0 on B, \ B; and g is homogeneous)

111 (x0, R SZ(Suplgfl)/ |DijI"(xo — y)ldy
By Q\Bj (x0,R")

Ra
< Cm(sup [g]) (sup I£1)(%;)" (2.22)
Sk—1

74 B

The estimate for I5(xg, R") will be more involved and we need several steps.
First notice that

P (x)

(DiiT)(x) = |X|T+2 ) (2.23)

where P, is ahomogeneous harmonic polynomial of degree 2 (which clearly depends on
the indices i, j; we suppress these for simplicity). Use polar coordinates x =rw, r=|x]|,
w = x/|x|, and obtain (using fSn—' Py(w)dw = 0, and (2.23)) that

R/
L(xo, R)) = C(n) / / r_le(a))(gf)(xo +rw)dwdr. (2.24)
0o Jst

Denote x € R" by x = (x', x”) = ro = r(&/, ®"), where o’ € R¥, ” € R? (so that
|2 + |”]? = 1; whend = 0, o” = 0). With this, write

R/
L(xo, R)) = C(n)/ r (1" (v, 1) 4+ 17 (x0, 1)) dr (2.25)
0
with (13" = 0 when d = 0)

1P (xo,r) = /Sn_l Py(@) g(x) + ro) (f(xf + ra”) — F(x()) do,

]2(2)(X(), r) = f(x(/)’)/S | Py(w) g(xy +ro) do.

We need to estimate |12(1)| and |I2(2)| such that we gain a suitable r-behaviour for small,
respectively, large r which will enable us to estimate |15 (xg, R')]|.

Firstly, due to Lemma 2.5, (gf)(y) is defined to be zero for y € B, \ By in I (xp) and
formula (2.15) holds for xo € By \ N. Using this formula just for xo € B, (z, R) \ N we
have xo + rw € By for all r with 0 < r < R’ = R; — R and therefore (up to the zero
set N U dB1) we can make use of the Holder continuity properties of g and f for the
points xg and xo + ro in the integrals above.
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Using the Holder continuity of f and the homogeneity of g we obtain
13" (xo, 1)
fg +re’) = fg

rO( |w//|0(

:}"a

dw

fS 11 Pa(@) g+ re)

C(n)r*(sup Igl) [fa, xyB;
Sk—l

IA

(for [ f1a, =, B, > see Definition 2.1). Hence

/

R C
/0 r Y (x, 1)l dr < ") (R (sup I81) [F1a - (2.26)

o S
To estimate the second term in (2.25), we write in the following x;, = |x;| 7 with
n € S*~! and define s by r = |xg|s. Then

R/
| / PP o, | @27)
0

R/
= | fe)] (/0 ro! /SH P2() gl + re) dodr|

= | /(x| ‘/Ows_l /Sn_l Py(w) g(n + so) dwds

’

where we used that g is homogeneous of degree zero and |x)| # 0. Because of the

s~ !-term in the s-integral we have to control the w-integral for s — 0 and for lxgl = 0.
Define, for 0 < s1 < s < 00,

5
K(s1,5) = / s~ /S 1 Py(w)g(n + so) dwds. (2.28)
S1 =

The behaviour of K for different regimes of 51 and s, is expressed in Lemma 2.12 below.
Applyingit, we get that (forall |xj| € (0,00)) |K (0, R'/|x)|)| < C (n, @) l|gllcesi1
(for || gl ce(sk-1y, see Definition 2.1).

Since due to (2.27)

R/
[ 0| = i (K0 R )

we obtain

R/
‘/0 r_llz(z)(xo,r)dr’ < C(n, @) (sup [ £1) lgllcacse-1y- (2.29)

JTdBl
Further via (2.25), (2.26) and (2.29) lead to
|L(x0, R)| < C(n, ) (R)* (sup Igl) [£]
Sk—1
+ C(n, @) (sup | £1) lgllcaty- (2.30)
4B

The estimate (2.17) now follows from (2.21), (2.22), and (2.30).
Proving Lemma 2.12 below will finish the proof of Lemma 2.11. 0O

o, 7gB1
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Lemma 2.12. With K as in (2.28) we have:
1) s1=0,5 <1/2:

|K(0, 52)| < Cn, )8y 51 (2.31)
() 1/2 <s1 < 50 <4
|K (s1.52)| < C(m) sup [g]. (2.32)
S
(i) 4 < 51 < $2:
|K (s1,52)| < Cn, )[g], g1 + C) sup [g]. (2.33)
S 1

Proof of Lemma 2.12 .
(i) Since fS"_l P>(w) dw = 0 and g is homogeneous of degree 0 we have

K0, s2) _/ / (w) '71 |) — g(n)) dwds.

Note that | + s&/| > 1 —s > 1/2. Since g € C%(S¥~1) we obtain

52 /
| n+sw o
K(0,s2)| <C(n - S i ds.
|K(0,52)| < C( )[g]a,sk 1/0 In + so'| 1
This, and
n+so s+ |1 —In+sa| | 2s 2s
e < Sy =
N+ sa'| In+ sa'| It sof] = 1=
imply (2.31).

(i1) This follows directly from the definition of K (see (2.28)).
(iii) This is the most involved case. We write the unit sphere S"~1 as the union of

— / n— / 1
2s)=f{oeS" sl <Vs}={weS 1||a)|§$} (2.34)

and its complement ¥ (s)¢ (whend = 0, X(s) = ¥ for s > 1) and write K (s, s3) =
A1 + Ay + A3 where (whend =0, A, =0fors; > 1)

852

A1=f s*‘/ Py(@) ((n + 50) — g(s0)) dewds,
s1 (s)¢
52

Ar = / 5! / Py(@) (g(n + s0') — g(s0)) dw ds.
s1 2(s)

52
As :/ s_I/ Py (w) g(so)dwds.
S1 Sn—1

The estimate (2.33) is a direct consequence of the following lemma. Proving it will finish
the proof of Lemma 2.12. O
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Lemma 2.13. We have

A1l < Cn, )[g], gt (2.35)

|[Az2] < C(n) Sktlp lgls (2.36)
S/ -1

Ay = 0. (2.37)

Proof. Aj : Note first that since s|@’| > 2 and | + s@’| > 1 in X (s)¢ we obtain, using
the homogeneity of degree zero of g and the Holder continuity of g on S*~!, that

A1l < C)g QS“/ *1/
“(s)

Then by using the triangle inequality and that s|’| > /s > 2, we get

o

/
TS + sef ik dwds.

n+s0|  |so|

n+sw s’ <1+||sa)/|—|n+sa)/||

In +sa'|
2 2

< <
S nse] T 51

In+so'| s

4
< -
=7
which leads to

o

A1l < Cn, )[g], g8y 7 = Cn,)[g], gt

verifying (2.35).
Az :Ford =0, A; = 0.Ford > 0, the estimate (2.36) is a consequence of the following
lemma, which is not hard to prove using polar coordinates in R” (we omit the proof):

Lemma 2.14. Let | X (s)| denote the n — 1-dimensional surface measure of X.(s). Then
|Z@)| < Cmys™V2. (2.38)
From (2.38) we immediately get (2.36):

oo
|Aa| < (f s7'[£@)|ds) € sup Ig] = C) sup [gl.
4 Sk—1 Sk—1

A3z : We have
A3 =0 (2.39)
as a consequence of the lemma below (when d = 0, (2.39) is trivially true, due to the

assumptions on g), since, by assumption, g|sk—1 is orthogonal to f);k) (the subspace of
L?(S*~1) spanned by the spherical harmonics of degree 2).

Lemma 2.15. Let 0 < k < n and suppose ¢ € L*(S*~1) is orthogonal to b;k). Let ¢
denote the following ‘natural’ extension of ¢:

G2y {¢(|§—|) for x| #0,

[Cx, ) 0 for |x| = 0.
Then ¢ € L*(S"™") and ¢ is orthogonal to f)g’).

Proof. Since ¢ can be expanded in the natural basis of L>(S¥~1) it suffices to consider a
¢ which is the restriction to S*~! of a harmonic, homogeneous polynomial P, of degree
s # 2. Then Pg(x, y) = Py(x) for (x, y) € R" is a harmonic homogeneous polynomial
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in R” of degree s # 2. Therefore ¢, being the restriction of Py to "1, is orthogonal in
L2s" Hwobh. o

This finishes the proof of Lemma 2.13, and therefore finally the proof of Theorem
26. O

3. Proofs of Theorems 1.1 and 1.5

We recall that for notational simplicity we shall give the proofs of Theorems 1.1 and 1.5
only for the atomic case.

3.1. Proof of Theorem 1.1. Let ¢ satisfy (H — V)¢ = 0in R3N, with V asin (1.1),and
let F> and F3 be given as in (1.9) and (1.10). Define ¢3 by the equation ¢ = 213 ¢;.
Recall that A F;, = V. We now make use of Lemma 3.1 below which, together with Theo-
rem 2.6, is the main ingredient in the proof of Theorem 1.1. Due to this lemma, there exists
afunction K3 : R3N — Rsuchthat AK3 = —|VF>|?,and G3 = K3—F3 € CHI(R3V),
Define ¢3 by

Y= ety (3.1)

thatis, {3 = e’G3¢3. Since Gz € C1! (R3N), it remains to prove Lemma 3.1 below and
that &3 € CHH(R3N), then ¢3 € CH1(R3N) will follow.

Lemma 3.1. There exists a function Gz : RN — R, G3 € CVYR3N) such that the
function

Q2—-m) 2 2
K3(x) = K3(x1, o) = 2= Z (xj - ) In(x7 + x7)
1<j<k<N
+ G3(x) (3.2)
solves the equation AK3 = —|VF2|2, with Fp as in (1.9).

Remark 3.2. Note that the function (x - y) In(x? + y?) belongs to C Le(RO) forall a €
(0, 1), but not to CH1(RY).

Proof. Note that

N
Z / x| XN 1 x| — Xj XN — Xj
A D OF L N S = h REyCE)

el |l

el —x;l o v =Xl
so that
NZ®? N(N-1 Z
2 _ _Z :
VEP = (Gt =) "7 L rlnxw
1<j<k<N
1
T3 Z Y3 (X, Xk, x1)

1<j<k<I<N
=T+ M) +M3(x), (3.4
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with (x, y,z € R3)

X Yy X =y
v(x,y) = (— - —) : ) 3.5)
x| Iyl/ x =yl
xX—y x-—z y—x y-—z2 Z—x z-=Yy
)/3()6, yv Z) - : ° ° .
x =yl lx—z| ly—x| ly—zl lz—x[ lz—yl
Therefore it is natural to make the ‘Ansatz’
Ki=p+k+0,
and look for 1, &, ¥ solving
Ap=-TI1 , Ak=-Ip , Ab=-T;.
First, it is easily seen that with p(x) = |x|?, x € R3, the function
N -2
R 1 Z 1
pax) = —8<Z Tﬂ(xj) + Z 1—6M(xj - xk)),
j=1 1<j<k<N
satisfies Al = —I'1, it € CO(R3N).
Further, it suffices to find functions « and v such that
2—7
K0, y) = = () loglr? +yh) Fxax, y) , k1 € CHURS),
with (Ax + Ay (x, y) = yalx, y), (3.6)
and v € CM1(RY) with
(A + Ay + A)v(x, ¥, 2) = y3(x, Y, 2), (3.7)

since letting

A Zz . 1
K(X)ZZ Z k(xj, xg) , VX)=—3 Z v(x;j, X, X;)

1<j<k<N 1<j<k<I<N

gives (A = Z?]:l Aj)

VA
AR =7 Y (A + ApK) (3 = —Ta),
1<j<k<N

. 1
AV(x) = -3 Z ((Aj 4+ A+ ADv) (xj, x5, x) = —T3(x).
1<j<k<I<N

The functions « and v are constructed in Appendices A and B. Lemma 3.1 then follows
from Lemma A.1 and Lemma B.1. O


Pierre-Francois Loos
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To finish the proof of Theorem 1.1 it remains to prove that £3 € CLI(R3Y).
Using (H — E)Y =0and H = —A + V, we get the following equation for {3 (see
(1.5) and (3.1); set F = F, + K3 and ¢ = {3, and use that AF, = V)

A3 +2V(F 4+ K3) - V3 (3.8)
n (AK3 +IV(F + K3)2 + E>§3 —0.

Note that, by Lemma 3.1 and (3.3), the coefficients in (3.8) are (locally) in L*°. There-
fore, by Proposition 2.2, {3 € CLe(R3N) for all « € (0, 1). We need to improve this to
Cl,l (RSN).

Using AK3 = —|V F»|? reduces (3.8) to the equation

ALz +2V(F + K3) - Vi3 (3.9)
+ (IVK3*> +2VF - VK3 + E) i3 = 0.

This eliminated one of the terms in Eq. (3.8) for 3 that was only in L°°(IR3N ), and not
continuous, namely |V F> 2.
To deal with the two remaining ones (containing V F»), re-arrange Eq. (3.9):

ALy + VFs - (2V§3 + 2;3v1<3) (3.10)
+ (|v1<3|2 n E>§3 F2VK; Vi3 =0.

Define W = (¥, ..., ¥y) : R?N — R3N by
W(xy,...,xn) =2V +2053VKs. (3.11)

Thatis, ¥; = (W1, ¥;2, ¥, 3) : R3 — R3 with

983 K3 . :
U =2—==+2;3——, jefl,...,N}, ie{l,23} (3.12)
9xj,i 9xji
Then
VF, - (2Vi3+203VK3) = VF, - W (3.13)

Since K3,¢3 € CH(R3) for all o« € (0, 1), we have ¥, ; € C*([R3N) forall j €
{1,...,N}ie{l,2,3}and € (0, 1).
Next, let W; ; : R’ =D — R be defined by

Wi, ey Xm0y Xty oo s XN) = W (X1, oo s Xm0, 0, X1 -, X)), (3.14)
that is, by setting x; equal to zero in W; ;.
Furthermore, define, for j < k, j, k € {1,..., N}, the functions ®; z) : R*¥ — R3
by
D, ..., xy) = (3.15)
WXy, ..., Xj—1, %(x,/ F XK Xl o e s Xk, %(Xj + XK)s Xk41s -+ > XN)
Wi (1, ey Xty SO0 A X0 Xjds e Xk 1y 36+ X, Xk 1y e s XN).

The proof of Theorem 1.1 will follow from the following two lemmas:
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Lemma 3.4. Let \i{j,,‘, D k),i be defined according to (3.12), (3.14) and (3.15). Assume
the functions uj i, v(j ki solve the equations

ij,,- S
Auj’i = 3|x_]| \l»’j’l‘, (316)
Uxj; — Xk
Av(ji,i = — ZH D k)i (3.17)
J

Thenuj;, v, € Cl’l(R3N).

Lemma 3.5. Let \il, D k) be defined according to (3.12), (3.14) and (3.15). Then the
functions

I xj —x; [

cot— (e - W) - o), (3.18)
4|)C/'—)Ck| ( J ) (,k)

VA Xj A

— v, — 3.19
2|.X| ( J J) ( )

all belong to C*(R3N) for all a € (0, 1).

Let us first finish the proof of Theorem 1.1, using the two lemmas.
Let the function U : R3" — R be defined by

3 N 3
U= D wii+) Do vk (3.20)
i=1 j=1 i=11<j<k<N
with the functions u ;, v(j x),; solving Egs. (3.16) and (3.17). Then

Z A 1 x; —
AU = Z x/. ) Z _u.cp(j’k), (3.21)

2 |x;] 1<j<k§N4|xj_xk|

and, due to Lemma 3.4, U € CL-1(R3V),
Let W = ¢3 — U, then due to (3.10), (3.21), and the form of V F> (see (3.3))

Z Xj ~
AW:Z—EM—J,l'(‘1’1—‘1’;)—(|V17<3|2+E)§3—2v1<3.vg3
j=1 j
1 xi —
- R a— '[(‘Ifj —‘I‘k)—fbu,k)}. (3.22)
ey Al
<j<k<N

Using the fact that K3, {3 € cle (RSN), and Lemma 3.5, we conclude that the RHS in
(3.22) belongs to C*(R3M) for all & € (0, 1) . Due to Proposition 2.4, W € C>%([R3")
foralla € (0,1),andso ¢z = W+U € CLL(R3N) (since U € C11(R3N) as mentioned
above).

This finishes the proof that ¢3 € CHI(R3N)Y, and therefore ¢3 = e93¢3 € CHHRVN),
since G3 € CL1(R3N).

To finish the proof of Theorem 1.1, it therefore remains to prove Lemma 3.4 and
Lemma 3.5.
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Proof of Lemma 3.4 . Firstly, for u ; ;, this is a straightforward application of Theorem 2.6,
withk =3, d =3(N — 1) and

Xii
gE—]’l . X =x; eR3,
|1 !
Z p 3(N=1)
an’j’i y X E(xl,...,Xj_l,Xj+1,...,)CN)GR .

Ithas already beennoted that ¥ ; € C* (R3N) foralla € (0, 1) and therefore (see (3.14))
alsoW;; € CYR3* VD) foralle € (0, 1).Clearly, 72 € C*(R3\{0}) € C*(R3\{0}),

[
x],-

and P (f;’—]’l) = 0, due to the anti-symmetry of the function 7:;. Therefore, all assump-

tions of Theorem 2.6 are fullfilled and it follows that uj; € C11(R3V).
Secondly, for v(j )i, we make an orthogonal change of coordinates: a =\/L§(x =

Xi), b= «/Li (xj + xi), the other coordinates remaining unchanged. Due to the specific

definition of ®; 1) ;, this brings us to a setup exactly as the one above for u ; ;. Since the
orthogonal change of coordinates does not change the regularity, the conclusion follows
as before.

This finishes the proof of Lemma 3.4. 0O

Proof of Lemma 3.5 . First, note that the function G ; = W; —\; satisfies G; € C¥(R3N)
forall « € (0, 1), and

Gj()C], ,-xj—l,o,x]'+1,,,, ,)CN) =0
forall (xi,...,Xj—1,Xj41,...,%N) € R3IWV-1)
Therefore, due to Lemma 2.9,
Z xj i a (3N
EW (W — ;) e C*®RY) forall a€(0,1).

Secondly, for the function

I xj —x

Far——— {(‘1’/ — W) - q’(;:k)}s

the same orthogonal change of coordinates as in the proof of Lemma 3.4 brings us in the
same situation as the above, again due to the specific definition of ®; x). The conclusion
follows as above.

This finishes the proof of Lemma 3.5. 0O

This finishes the proof of Theorem 1.1. O

3.2. Proof of Theorem 1.5. By Remark 1.6 it suffices to prove that (1.24) holds. We
proceed similarly to the proof of Theorem 1.1, but here we need to estimate carefully
all the involved quantities uniformly (i.e., independently of xo € R3*"). For notational
simplicity, we will prove (1.24) only in the case R’ = 2R.

For the proof we need the following regularised version of Lemma 3.1.
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Lemma 3.1°. There exists a function G3 ¢yt : R3N & R, G3.cut € C“(R3N), such
that the function

— T

2
K =7
3,cut (x) 127

Yo @y x (s Dx (D InG +xD)
1<j<k<N

+ G3,cut(X) = F3,cut(x) + G3,cut(x) (3.23)
(for F3,cut, see (1.21)) solves the equation
AK3 ot = = |V Freul® + reuts

with F> cu as defined in (1.20) and reye € C* (R3M) for all @ € (0, 1). Furthermore,
G3,cut can be chosen such that for all p > 0 the following estimate holds:

1G3,cutll et (Byy (x0,0)) T ITcutllce (Bsy (x0,00) < C, (3.24)

for some constant C = C(p) > 0 independent of xo € R3V.

Proof. The proof of Lemma 3.1’ is analogous to that of Lemma 3.1. Instead of u, «, v we
will use functions ey, Kcur and ey to be defined presently. With x being the function
defined in (1.18) we define

Hew®) = X (XDR() = x(xDlx P, (3.25)
ke (¥, ¥) = X (DX (DR, ) (3.26)
1 2 Xy
= X OID(=xD) (0P 1)
1 2 Xy
= X G = D) (WP 1)
2—-m 5 5
= x(EDx YD — =@ M InG= + 37 + K1 cur(x, ).

(Note that &1 cuc(x, ¥) # x(xDx (lyDx1(x, y)). Let vey be as in Lemma B.2, we then
have

Aveyt = y3 + hy, (3.27)

||cht”CU(Bg((xo,yo,zo),p)) + 12w llce (B ((x0.y0.20).00) < €

with y3 as in (3.5) and with C independent of (xg, yo, z0) € R and p > 0.
For jtcyt, note that

Aot = AlX* + Apten — |x1%) (3.28)
=6—A((1— x(x)Ix[*) =6 — hy,

where obviously,
leullerasceoom + 10l co gy = € (3.29)

with C independent of xg € R3 and p > 0.
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and the

For kcyt, Using Ak = y; (see (3.5) and (3.6)), that Ay(|y|2;T“;|) = 4‘;"“;',
support properties of x, we have that
Akccur = v2 — {1 = x(UxDx(yD}(1 = xBlxD) — x BlyD)y2
xX-y
= {x @D = xxD) + x Gl (1 = x(IyD) } (2 + L
+ R1 4+ Ry + R3,

x .
=yn—Hyp-G(n+ ﬁ) + R+ Ry + R, (3.30)

where

Ry = x(IyDr Axx (Ix]) + x (1yD2Va x (Ix]) - Vxk
+ x(xDe Ay x (yD + x (xD2Vyx (IyD) - Vyk,

_ 1 2y X
Ry = —ZX(3|y|)|y| Iy Ac(( = x(xD)—=)

x|
1 y by
— Z(A.x(3 22 (] - =
3 (Brx GNP (= x (D)
1 v (R -
= 5 (TaxyD) - ¥y (TP = x (D)),

and where Rj3 is Ry with x and y interchanged.
Using that k € C1*(R®) for all @ € (0, 1), and the support properties of x, it is
easily seen that

IR llce(Bs((xo,y0),00) = C, (3.31)

with a constant C independent of (xq, yo)) € R and o > 0.
Since for all (x, y) € RO,

1
[yl

.. NG
) [v0a |x||;|)) = |x8—2y|

1
Vya| < 652 +
x|
we get, using the support properties of H and G, that
”H VJ/ZHLOC(]Ré) = C ) HgV(VZ + %) ” L®°(R%) =< C.
Again using the support properties of H and G, this implies that

IH v2ll ot (s ((xo.30).00 = € (3.32)
X-y
[G(r2+ |x||y\)“c0~1<36<<xo,yo>,p>> =C,

with a constant C independent of (xq, yo) € R® and p > 0.
From (3.30), (3.31), and (3.32) we get

AKcut =" + h/( s ”h/c”C“(BG((xo,yo),p)) =< C, (3-33)
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with a constant C independent of (xg, yo) € R® and p > 0. Note that (see (3.26) and

(A.2))

(x,y)
[(x, y)I

ke, ) = x (DX WD + )G
Therefore, due to the compact support of x,

et cull 11 (Bs((xo,y0).00) = €

with C independent of (xo, yg) € RO and p > 0.
Observe that

IVE? = |VF > + V(F — Facw) - V(F2 + Facur)

and that
V(F, — Few) - V(F2 + F2 cut)
N
= Z Vi(Fy = Frew) - Vi(Fa + Facu)
=1
N X=Xk
= ij + Y bk - ;
— |x] 1 |
j= <j<k<N
where

, N
__[1 + x (Ix;) + X/(Ixj|)|xj|}<aj + Z aj, “)

bi=—5

, 1
Bl = {1+ 1 = xe + X'l = xaDlx; —xk|} x
N N
X (t_ij —ax + Z &(j,,) — Z a(k,l)),
I=1,1%] I=1,1%#k

.z / :
iy = =S (0= xxD) = x Gyl L

x|

- 1 , Xj — Xk
i = 3| (1= x ey =) = X'y = el =l | L=
J

Clearly (using the support properties of x), for all § € N3V,
188Dl oo mawy + 18P b(j.ao |l Lo giny < C(B).
Define

1 N
Giou = ZZ (WP ) i

Z b - (‘x _xkzx’_xk)x(lx/'—mcl).

\/E |x1_x|

l</<k<N

)). G € Cl(S).

(3.34)

(3.35)

(3.36)
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Then, due to (3.36) and the support properties of y,

1G1,cutllc1(Byy (x0,0)) = C- (3.37)
for some constant C = C(p) > 0 independent of xg € R3V.

Using A(|x]|2 ’l) =455 x] ; and A(|x"_xk|2 ij:iil) =4 i] i ;» we see that

AGl,cut = V(FZ - F2,cut) . V(FZ + F2,cut) + R’ (3-38)
with

S AG5iDE))- (12

j=1

R =

SN

x|

)
N 3 X/t
ZZV] X(|xj|)bl’)' (|le W)

j=1li=1

+

N =

Xj— Xk |2 Xj — X¢
Aty = sDhgp) (P =)

4>|~

lxj — xkl

(==

1 -
+ 5 Vix(xj —xkDbgjr.i) -V
) /( J G )1) /2 x; — xl

j<ki=1
N - .
Zb =L (1= xxjD)

+ 5(,/,10' 1— x(Ixj — x)).

Xi— Xk
=
<j<k<N |

|x; — xg
From (3.36) and the support properties of x, we see that

IR o1 B3y (x0,0)) = C> (3.39)

for some constant C independent of xo € R*" and p > 0.
Define

G3,cut = Gl,cut + G2,cut (3.40)
with

G2,cut = l’:‘cut + ’el,cut + ﬁcuts
) 1/ 72 1
Heut (X) = _6(2 T,U«cut(xj) + Z Eﬂcut(xj - xk)>,

j=1 1<j<k<N

. VA
K1,cut(X) = Z Z K1,cut (X, Xk)s

1<j<k<N

. 1
b = =5 D, vewl¥j, x, 1),

1<j<k<I<N
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Then, with K3 ¢y defined as in (3.23), we have, using (3.38), (3.27), (3.33), (3.28),
(3.35), (3.4),

AK3cu = |VF2* = [V eul* = T1 — T2 — T3 + rew
= —|VFcul® + reus (3.41)
where, due to (3.27), (3.33), (3.39), (3.29),
l7cutll ce B3y (xo.0)) < C, (3.42)

for some constant C = C(p) > 0 independent of x¢ € R3N.
Also, using (3.40), (3.27), (3.29), (3.37) and (3.34),

1G3.cutllcr1 By (x0.p0) < Cs (3.43)

for some constant C independent of xy € R3N and p > 0. Now, (3.24) follows from
(3.42) and (3.43). This finishes the proof of Lemma 3.1°’. O

Let K3 ¢yt be the function constructed in Lemma 3.1 above. Define (see (3.23), (1.19),
and (1.22))

G3cu = ¢ PR Kaaty — omCragy . (3.44)
Note that for all p > 0 (using Lemma 3.1°),

||F3,cut - K3,cut||C|=1(B3N(xO,p)) = ||GS,cut||C1~|(B3N(x0,p))

and this quantity is bounded independently of x¢. Hence proving (1.24) is equivalent to
showing that

183.cutl c11 By (x0.R)) = CRINE3 cutll Lo (B3 (x0.2R))- (3.45)

Using that {3 cut = e’G3<°"‘¢>3,Cut, the estimate (3.24) (twice), and the bound (1.25), we
get, forall 0 < p < o/,

123 cutll et By x0.p0) < ClIE3cutll oo By 0,97 (3.46)

with C = C(p, p’). Proving (3.45) is improving (3.46) to o = 1.
The function &3 ¢y satisfies the equation

Af3,cut + 2(VF2,cut + VKS,cut) . VgS,cut
+ (AP cut + AK3 cut + |V Frcut + VK3 cutl + (E — V) 83,00 = 0.
We can rewrite this as
AC?»,cut + 2VF2,cut . (V§3,cut + §3,cutVK3,cut) (3~47)
+ ri,cut Vg3,cut + r2,cutl3,cut = 0,
with (since AFy = V and AK3 eyt = —|V Fa cutl? + reur)
Il,cut = 2VK3,C[H7
racut = AP cut + Feut + VK3t + (E = V)
= A(FZ,cut — ) +rew + |VK3,cut|2 + E.
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By the construction of F> and F; ¢y (see (1.9), (1.18), and (1.20)) it is clear that for all
p >0,

IA(F2,cut — F2) llco(Bay (xo,0)) < C.

with C = C(p) independent of xg € R3N . Due to Lemma 3.1’ (see also (1.18)), VK3, cut
is C%, and we have for all p > 0,

IV K3, cutllco (Bsy (xo,0)) < C, (3.48)
with C = C(p) independent of xg € R3N . This, together with (3.24), means that
7} cutllco (Bsy x0,0)) = C, j=12, (3.49)

where C = C(p) is independent of xg € R3N .

In order to finish the proof, we introduce a localisation. Let f : R - R, 0 < f <1,
be decreasing and such that f(f) = 1 fort < 0 and f(t) = O for r > 1, and define, for
p>01A>1,

0(x) = 6,,(x) = f(Ep =l — ). (3.50)

(So 6(x) =1 on B3y (xg, p) and 6(x) = 0 outside B3y (xg, Ap)).

Clearly the derivatives of 6§ are bounded independently of x¢. Below, all constants
C = C(p) also depend on A > 1; we omit this dependence in the notation. On the set
B3y (X0, p)), 083, cut satisfies the following equation:

A(9§3,cut) + ZVF2,cut ' (v(9§3,cut) + (9€3,cut)VK3,cut) (3.51)
+ ri,cut - v(94’3,cut) + r2,cut(9§3,cut) =0.

Using (3.51) we will deduce that

108, 2 S3.cutll 11 By (xo. R)) = CRNE3,cutll Lo (Bsy (x0.2R))» (3.52)

from which (3.45) clearly follows (since & = 1 on B3y (Xg, R)). To prove Theorem 1.5,
it therefore remains to prove (3.52).

Proof of (3.52). Let W; ; oy be defined as W¥;; was in (3.12) but with ¢3, K3 replaced
by 9;3,Cut’ K3,Cut’ that iS (J € {15 LECECIE ) N}a l € {19 2’ 3}),

a(o K
Vjicu = 2% + 2(9§3,cut)ﬂ- (3.53)
Xji 0xj,i

(Here, 0 = 0, ﬁ). We define ‘i'j,i,cut, D (j k),i,cut analogously to \i'j,,-, D k), defined
in (3.14) and (3.15). Using (3.48) and (3.46) we get that for all 0 < p < p/,

” lej,i,Cllt ”C‘)‘(B3N(Xo,p)) = C(Io)||0§3,Cut||C1~a(B3N(X0’p)) (3.54)
< C(p, ', R, cutll Lo (Bsy (x0. ) -

We then have the following result, similar to Lemma 3.4:
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Lemma 3.4°. Let uj ; cut, V(jk),i,cut be the solutions to Egs. (3.16), (3.17) (with \ilj,i,
D k)i replaced by lflj,,-,cut, D(j k),i,cut) given by the Newton potential on B3y (Xo, ﬁR).
Then, for all p < V2R < p/, there exists a constant C = C(p, p, R) (independent

of Xo € R3N) such that
lujillcri By xo,p) < CIIE3cutllLoo(Bsy x0.0) (3.55)

IvGi ol et 1By (xo,p)) = CIIE3,cutll Lo (Bsy (x0.07) - (3.56)

Proof. Using Theorem 2.6 and Remark 2.7 (iv) and (v), we get the a priori estimate

Xj.i A
e j,icullert By o, o0 = C(Sup m ”\Ijﬁivcm|IC"‘(713N73B3N(X0,«/§R))
(o b))
J,icut Tt | e .
73n-3 B3N (%0,v/2R)) sl oS
(3.57)
Using (3.53) and (3.48) we have
I jii-cutll ca ey s o xo.v2Ry = IWiicutllco Gy s By (xo.v2R) < B)
= ClOG cull oo ray s Byy (s0.7/2R) xR
This, the compact support of 8, and (3.57) implies the estimate
||Mj,i,CU[||Clvl(B3N(X0’p)) <C ||C3,cut||C1.a(BSN(XOA/§R))- (3.58)

Combining (3.58) and (3.46), we arrive at (3.55). This finishes the proof of the estimate
(3.55) for Uj,icut-

The analogous estimate (3.56) for v k),i cut is proved in the same manner using the
same coordinate transformation as in the proof of Lemma 3.4 (see also the proof of
Lemma 3.5’ below). We omit the details. O

Lemma 3.5°. Let V; ; cut be defined by (3.53) and let \i'j,i,cut and @ x),i,cut be defined
by (3.14) and (3.15) (with ¥ ; replaced by WV j ; cut). Then the functions defined by (3.18)

and (3.19) (again, with an extra index ‘cut’) belong to C*(R3N) for all « € (0, 1). Fur-

thermore, for any p < V2R < o', their C*-norms on the ball B3y (Xq, p) are bounded
by

ClIZ3,cutll Loo B3y (x0,07)) (3.59)

with C = C(p, p’, R) independent of xg € R3V.
Proof. That the functions belong to C* (R3N) forall a € (0, 1) follows like in the proof
of Lemma 3.5.

To prove the bounds on the norms it suffices, by Lemma 2.9 and the triangle inequality,
to prove them for

”\I’kqivCUtHC”(Bw(Xo,p)) and ”q)(f*k)*"vc‘“)”C“(Bs/v(Xo,ﬂ))'

For Wy ; cut, the estimate follows from (3.54).
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To bound ®j 1) i cut, denote by #; ¢ : R3N — R3N the linear transformation (see
also (3.15)),

Lir(x) =

(X105 eev s Xj—1, %(xj + Xk), Xl o e s Xk—1, %(xj + Xk), X1y -+ 5 XN,
so that

D 1)icutX) = Wi cut(tj k(X)) — Wi i cut(t),k(X)).
Then, since |t x(z)| < |z|,
|D k), iscut () — Djsoicur (V)| - |V i cuctj (X)) — Wi cut .k (Y))|
Ix —y|* B 2,6 (X) — 1k (P)]*
‘\pk,i,cut(tj‘k(x)) - "Ijk,i,cut(tj,k(y»’
2,6 (X) — 1k (P)I¥ '

Due to the localisation 6 in the definition of Wy ; cur (see (3.53)), both of the terms on
the RHS of (3.60) are bounded by

(3.60)

C(’O)“§3’CUt||C1'a(B3N(X0,\/§R))'

The bound (3.59) for @ x),i,cut now follows using (3.46). This finishes the proof of the
bound (3.59) for the functions (¥} ; cut — Wi,i,cut) — P k).i,cut-

The proof for the functions W;; cut — Wj i cue 1S similar (see also the proof of
Lemma 3.4’ above), so we omit the details. 0O

To finish the proof of Theorem 1.5, define U,,; analogously to (3.20), using the functions
Ujicuts V(j,k)i,cut from Lemma 3.4’ Then, by Lemma 3.4, for any p < V2R < 0/,

N
Z X 1 x;j —xx

AUcu = EﬁTme— > M%?—TQMMW (3.61)
=1 = I<j<k<n TP T Mk

IUcutll et (Bay (x0,0)) < CIIE3,cutll Loo(Bsy (x0.0)- (3.62)

Define (0 = QR,ﬁ)

Weut = 9(3,cut — Ucut, (3.63)

then, using (3.51), (3.53), (3.61), and the form of V F; (see (3.3)), we get the following
equation for Wey:

VA N X
Achut - - E Z _]| . {q"j,cut - “Ilj,cut}
j=1
1 X; — Xk
- Z m . {(\I’j,cut - \I’k,cut) - q>(j,k),cut]
J

1<j<k<N

N
+ Z Vj(FZ - F2,cut) . \I"j,cut
j=1

— e VOG0 + 2@ | = A. (3.64)
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Here, A belongs to C* for all « € (0, 1), and, for all p < V2R < o,
| Allce By (xo0.0)) < ClIZ3,cutllLoo(Bsy (x0,0) (3.65)

with C = C(p, p’, R) independent of xq € R3N . For the first two terms in (3.64) this

follows from Lemma 3.5’. For the third term, it follows using the form of F, — F3 cut

(see (1.9), (1.18), and (1.20)) and (3.54). For the last term we use (3.49) and (3.46).
By Proposition 2.4 this means that W, belongs to C%2 and we have the estimate

[Weutllet1 (Byy xo, R)) = I Weutllc2.e (B3 (x0, R)) (3.66)
=< C(R)(” WCUt||L°°(33N(X0,\3/§R)) + ||A||C”‘(B3N(X0,%R)))'

Using (3.63), the triangle inequality, and then (3.62) (with p = V2R and p’ = 2R), we
have

” Wcutl|L°°(B3N(X0, %R)) =< C(R) ||§3,Cllt ||L°°(B3N(X0,2R))'
This, (3.66), and (3.65) with p = +/2R and p’ = 2R, gives the estimate

IWeutll 1 (Byy (xo, R)) = CRINE, cutll Lo (B3 (x0,2R)) - (3.67)

Using 083 cut = Weur + Ucut, (3.62) (with p = R and p’ = 2R) and (3.67), the estimate
(3.52) follows. O

This finishes the proof of Theorem 1.5. O

A. Construction of the Function «

In this appendix we construct the function « that gives rise to the terms of order 2 In(r)

in the function K3 solving AK3 = —|VF2|2 (see the previous section, Remark 3.3 in

particular). Therefore, « is responsible for the C!-%-singularities in the wavefunction .
More precisely, we prove the following:

Lemma A.1. Let the function y> : R® — R be given by

e = (5 1)

x—y
|x — ¥l

, x,yeR. (A.1)

Then there exists a function k : R® — R of the form

2—7

(x,y)
|(x,y>|>
=k(x,y) +k1(x,y) , Gg €CHI(SY) (A2)

K, y) = = @ InGP 4+ ) + (243D G

3

satisfying Ak = .

Remark A.1. Note that by Lemma 2.10, k1 € CL1(R®).
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Proof. Recall that bgé) = Ran(Péé)) is given by the linear span of the harmonic, homo-

geneous polynomials of degree 2 in RO restricted to S°.
By Lemma C.1 we have that

6) _ Xy _ 16(2—7'[)
(Pz Vz)(rw)—clm s Cl—T,

where 72 = x> + y2, 0 = (x, y)/r € . Letk(x, y) = %(x -y) In(x? 4+ y?). Then

AP
(Ax + Ay )k(x, y) = Clm = (P, y2)(rw).

Letting k1 = k& — k this reduces the problem (of finding « such that (A; + Ay)x = y»)
to finding « such that

(Ay + Ay)Kl = )’)2 (A.3)

A~ XYy ( )

= —Cl——5. A4
V2 V2 15 )’2

Due to the above,
6) A
(P P2) (rw) = 0.

Therefore, by Proposition 2.8, there exists a solution «1 to (A.3) such that x| (rw) =
r2G (), with G, € C1¥(S’) forall @ € (0, 1).

To verify (A.2) we need to prove that in fact G, € C L1(S%). We will do this by
proving that x; € C1(R® \ {0}), since then Gy = k1/r*e CH1(SY).

To prove k1 € C1 (RS \ {0}), we analyze Eq. (A.3) for k| in the vicinity of singular
points of the function 7, on the sphere S°. There are two types of singular points: (a)
(x0, x0) € S, (b) (0, yo) € S° (resp. (xp, 0) € S°). The function « is C™ in a neigh-
bourhood of all other points on S° due to Proposition 2.4 (since, for r > 0, y» is C®
away from points of type (a) and (b), see (A.1) and (A.4)).

(@)LetU, C RObea neighbourhood of a point (xg, xg) € S (ie., 2|x0|2 = 1) such that
for some ¢ > 0, |x| > ¢, |y| = c for (x, y) € U,. Choose new coordinates: Let

(x1,x2) =t(x,y) =& —y,x+y).

Then

X1 <X1—X2 X1+X2> X1

-1
ot )(x1,x2) = = — - Gu(x1,x2)
( ) lx1] Nxp —2x2]  [xp + x2] ¢

B

with G, € C(t(U,)). Since G4(0, x2) = 0 for xz # 0 (that is, for x = y 5 0 in the
original coordinates), we have, by Lemma 2.9, that )/zol_l € CO'I(I(U,J)), and therefore
y2 € CON(U,) c C*(U,) for all @ € (0, 1). Since (x - y)/(x2 + y2) € C®(U,), we

have (see (A.4)) y» € C¥(U,) for all « € (0, 1). By Proposition 2.4 we get from (A.3)
that k1 € C>%(U,).
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(b) Let U, C R be a neighbourhood of a point (0, yp) € S (i.e., |yo| = 1) such that
for some ¢ > 0, |y| > ¢, |[x — y| > c for (x, y) € Up. Then

X y X =y
e = (- L) £
x| Iyl/ |x =yl
- _*. Y L.(L_u>_1_x—y
[x[ Iyl lx[ Nyl |y — x| Iyl lx =yl
Note that
>y X7y € C®(Up)
[yl [x =yl
and that

X — X X
LIy L Gy,
lxl Nyl 1y —x| x|

with G € C*(Up), Gp(0, y) = 0 for y # 0. Therefore, by Lemma 2.9 and (A.4),

Pr(x, y) — (— ﬁ |y|) e CO\(U,) C C¥(Uy) forall « € (0, 1).
X
Let x5 be such that
X
(Ac+ A= —— 2 | ec (U)).
x| Iyl

The existence of such a function is ensured by Theorem 2.6, since y # 0 for (x, y) € Up,
and P(3) (I I) = 0 due to the anti-symmetry of ﬁ
Then (see (A.3)) k3 = k1 — k2 solves
y

. X
(Ax+A))Ks = o, 1) — (= FRE |> € C*(Up) foralla € (0, 1),

so by elliptic regularity «3 € C>%(Up) ¢ CH1(Uy). Since ky € CH1(Uy), this proves
K1 = ko + k3 € CHL(UY). Together with k| € C%%(U,) from above, this implies
G, =k1/r? e CH1(SY), and so k| = r? G, € CHI(RY).

This finishes the proof of the existence of « solving (3.6), and having the form (A.2),
with G = G, .

B. Construction of the Function v

In this appendix we construct a function v solving (3.7).
Lemma B.1. There exists a solution v = v(x, y, z) to Eq. (3.7) satisfying

(1) v is invariant under cyclic permutation, i.e., v(x,y,z) = (voo)(x,y, z) for all
x,y,z € R where o (x, y,2) = (z,x, y).
(i) v € CLI(RY).
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The idea is to change coordinates, to the centre-of-mass frame for (x, y, z). In these
new coordinates, the problem of solving (3.7) turns out to reduce to a problem in 6
variables only. By an extra symmetry of the function y3 (see (3.5)), namely permutation
of the three electron-coordinates x, y, and z, the logarithmic term that occured in the
function « (see (A.2)) does not occur here. This is because the projection on hgs) of 13
(the function that y3 transforms into in the new coordinates, see (B.2) below) vanishes,
due to this extra symmetry.

Proof. Make the following change of coordinates (each entry below is a diagonal 3 x 3-
matrix with the listed number in the diagonal; we will use this notation repeatedly; here,
x,y,z € R%)

1l 9 Z
y]| =T | x]|= NG x2 ]. (B.1)
z X3 4 1 1 X3
vV3ioV2 o Ve
Then
(v30T)(x1, x2,x3) = (B.2)

X2 X + \/gx3 X2 X — \/§x3 X + «/§x3 X2 — \/§X3

X2l |xa ++/3x3] 2l o —3x3] x2 +3x3] |x2 — V/3x3
= p3(x1, x2, X3).

That y3 is independent of x; is the fact that y3 only depends on the inter-electron coor-
dinates (x — y, y — z, £ — x respectively), and not on the centre-of-mass coordinate
(Xem = 0 +y+2) =x0).

The function y3 is invariant under cyclic permutation of the electron-coordinates
x, y and z, that is, (y3 o a)(x, v,2) =py3(x,y,z)forallx, y,z € R3 with o(x,y,2) =
(z,x,y). This gives that

(73 0 R)(x1, X2, x3) = 73(x1, x2, x3) for all x1, x2, x3 € R?, (B.3)

with R the orthogonal transformation given by R = 7! 0 o o T, that is by the 9 x 9-
matrix (again, each entry is a diagonal 3 x 3-matrix)

1 0 0
R=[0 cos(¥) sin(ig—ﬂ
0— sin(%”) cos(F-)

Note that R is a rotation of (x2, x3) by 27” around x (all in R?), that is, R> = Io, where
Iy is the identity on R°.
Define the function y3 by
73(x2, x3) = 73(x1, x2, x3) ,  (x2,x3) € RO (B4)

(since y3 is independent of x1, this is well defined). Then, due to (B.3),

(73 0 R)(x2, x3) = 73(x2, x3) for all x2, x3 € R, (B.5)
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with (each entry still being a diagonal 3 x 3-matrix)

_ _1 ¥ cos(Z) sin()
R= (_é _2%) - (—sm(%”) cos(zgn)) (B.6)

Observe that if ¥ = V(x7, x3) solves (for 3, see (B.2) and (B.4))
(Ax, + Ay = 73, (B.7)
then trivially the function v defined by v(x1, x2, x3) = v(x2, x3) solves
(Ax, + Axy + Ay)0 =73

Since 7 is orthogonal, the function v = ¥ o7 ~! will then solve (recall that ;3 = y307)
(Ax + Ay + Az)v = y3, that is, (3.7). The problem of solving (3.7) therefore reduces
to solving (B.7).

Observe next that (see (B.2) and (B.4))

73(Ox3, Ox3) = 73(x2, x3) forall @ € SO(3), x2, x3 € R>.

This and (B.5) gives, by (iii) of Lemma C.2, that 7?(6) y3 = 0. Therefore, by Proposi-
tion 2.8, there exists a solution v to (B.7) with

(x2, x3) )
[(x2, x3)| )’
Gy eCh(S) forall € (0, 1).

(x2,x3) = (x3 + x3) Gy (

We proceed to prove that in fact Gy € C 2.2(S3) for all @ € (0, 1). We do this by
showing that v € C>*(R% \ {0}), using (B.7) and elliptic regularity (Proposition 2.4).
Note that there are two kinds of singular points of y3 on S: (a) x2 = 0 (and so
x3 # 0), (b) x2 = +/3x3 (and s0 x2 # 0 # x3) (resp. x» = —+/3x3). The function ¥
(and therefore, G) is C™ in a neighbourhood of all other points on S° due to elliptic
regularity (Proposition 2.4).
(a)Let U, C RObea neighbourhood of a point (0, xg) €S’ Ge., xg # 0), such that for

some ¢ > 0, |xo + \/§x3| >c, |xp — \/§x3| > ¢ for (x2, x3) € U,. Note that

X2 <x2+ﬁx3 x2 — /3x3 >

y3(x2, x3) = — - +
|2 |x2 + ﬁxﬂ |xy — \/§X3|

x2++/3x3  x2—+3x3

- X2 + +/3x3] . Ixa — +/3x3] B8
Write
x_2_<x2+x/§x3 +x2—\/_x3> X2 - Gy(x. x3).
2l \ 2 +V3x3] |2 — /33 X2
where G, € C*(U,), G,(0, x3) = 0. Furthermore,
x2++3x3  x2—+/3x3 c CoWL.

Ix2 ++/3x3] |22 — +/3x3]
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Therefore, due to Lemma 2.9, j3 € C%'(U,) c C*(U,) for all & € (0, 1), and so, by
(B.7) and elliptic regularity (Proposition 2.4), v € C 2e(U,).

(b) Let Uj, be a neighbourhood of a point (xg, xg)) € S° with xg = «/§xg (.e., xg #0+#
xg), such that for some ¢ > 0, |x2| > ¢, |x2 + +/3x3] > ¢ for (x2, x3) € Up. Choose
new coordinates: Let

(1, v) = T(x2, x3) = (x2 — V/3x3, x2 + v/3x3).
Then

()7017])@! %) u <u+v v)+u+v v
3 W=— ||+ — —.
lul  \lu+v[ v lu+ vl |v]

We proceed as above. Write

u u-+v v

u
— (== =)= — G, v),
Jul <|u+v| |v|) Jul

where Gj, € C“(r(Ub)) (since v # 0,u 4+ v # 0in t(Up)), Gp(0,v) = 0 for v # 0.
Furthermore,

u—+v v 00
PESTRRRY € C*(Up).
Lemma 2.9 implies that 7301 ~! € C%!((U})), andso 3 € C*1(U,) C C*(Up) forall
o € (0, 1). By (B.7) and elliptic regularity (Proposition 2.4) follows that v € C 2a(Uy).
Singular points of the form xg = —\/gxg are treated analogously.
From the above follows that 1 € C2*(R \ {0}), and therefore G; € C%*(S’), for
alla € (0, 1).
This finishes the construction of a function v € C11(R®) that solves (B.7), and has
the form

_ (x2, x3)
P(x2,x3) = (x5 + x3) Gy (— : (B.9)
|(x2, x3)|
Gy eC>%(S’) forall o € (0, 1).
As discussed above v defines a function v solving Eq. (3.7). Clearly, since v €

CLL(RY), we getv e C LI(R?). The solution v constructed in this manner does not nec-
essarily satisfy the invariance property (i). In order to force this invariance, we consider

3
1 .
Vym = 3 _le oal)(x,y,2).
j=

Since the Laplace operator commutes with o, and y3 is invariant under o, vy, satisfies
the conclusion of Lemma B.1. 0O

With the notation from the proof of Lemma B.1, we define

Vet (x2, X3) = x (13 + x3) V(x2, x3),

with x asin (1.18), and Dy (x1, X2, X3) = Veye (X2, x3) (as already defined). As discussed
above (for v) the function D¢y defines a function veyt = Per 0 7! : R > R (by the
linear transformation 7 in (B.1)). We then get:
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Lemma B.2. The function vy satisfies
Avent = y3 + h,
with yz asin (3.5)and h € C* (Rg)for alla € (0, 1). Furthermore, we have the estimate
IVeutlle 1.1 By ((x0,v0,20), B)) F 1l Co(By((x0, 0,200, R)) = Cs (B.10)

with C independent of (xo, yo, 20) € R% and R > 0.

Proof. We calculate, using (B.7),
(Axl + AXZ + A)C3)‘~}Cut = (sz + AX3)vCut = Aicut
=73+ {(A0V+2Vx - VU] — (1 = 0)73
= )73 + };
Using (B.8) and (B.9) we see that the term in {-} is C* and has compact support. The

function (1 — x)y3 is C* (this was proved in the proof of Lemma B.1) and homogeneous
of degree zero outside Bg(0, 2). Therefore,

121l ce 3y ((x0,x0.40). 1)) =< C-

with C independent of (x?, xg, xg ) € R?and R > 0. Since x has compact support, and
Ve C“(RG), we have

||"'cut||cl.1(39((x‘1),xg’x§)),R)) <C,

with C independent of (x?, xg, xg) eR%and R > 0.
Since 7 is an orthogonal transformation, (B.10) follows. This finishes the proof of
the lemma. 0O

C. Computation of ’P2(6) V2

In this appendix we compute P2(6) ¥2, the singular part of the two-particle terms in |V F> |2,

see (3.4) and (3.5). This is Lemma C.1 below. It follows from general results on P§6)n
when 7 has certain symmetry-properties (Lemma C.2). The latter is also responsible for
the non-occurrence of terms of order 72 In(r) (of regularity C-% only) in the function v
constructed in the previous appendix; see Lemma B.1.

Lemma C.1. Let

(x,y) e R? x R%. (C.1)

X y xX—y

nEx,y=(—-—--—)- ,
(IXI Iyl) lx — yl

Then

162—m) x-y

i 212 (x,y)eR3xR3.

(PY72) x, y) =
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Proof. This will follow from Lemma C.2 and Lemma C.3 below. Namely, by (i) and (ii)
in Lemma C.2 we get that, due to symmetry,

X-y
PO x,y) =c] ———= forsome c¢; € R,

that is, only the function x - y (restricted to S°) contributes to the projection onto h§6) of

the function y; in (C.1). That ¢ = 16Z=1)

5 1s the result of Lemma C.3 (which is merely
two computations). O

Lemma C.2. Assume 1 € L*(SY) satisfies
n(Ox, Oy) = n(x, y) (C2)

for all © € SO3) and almost all (x,y) € > C R?® x R3. Let Q| be the orthogonal
projection (in L*(S%)) onto

Span { Pilgs . Palss},
and Qj the orthogonal projection onto
Span { Pylgs} .

where Py(x,y) =x -y, Pa(x,y) =x* —y% (x,y) e R x R%.
Then

@) Py"n = Qin.
(1) Let n satisfy

n(x,y) = n(y, x) for almost all (x, y) € S’ c R x R3. (C.3)

Then 7)2(6) n = .
(iii) Let R be as in (B.6). Assume n satisfies

n(R(x, y)) = n(x, y) for almost all (x,y) € S C R?® x R. (C.4)
Then 732(6)77 =0.

Proof of Lemma C.2 . Suppose (i) is proven then the proofs of (ii) and (iii) are simple:

Proof of (ii) . Due to (i) we only need to prove that
/ () = y?)do =0.
S5
This follows using the symmetry (C.3) of 5 (which preserves the measure dw of S°):

1
/n(x,y)P(x,y)dw=—/ n(x, y)(P(y,x) + P(x,y)) do,
S5 2 Jss

and when P(x,y) = P(x,y) = x? — y2, then P(y,x) + P(x,y) = 0. This
proves (ii). O
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Proof of (iii) . Using (i) and (C.4) it is enough to show that
P(x,y) + P(R(x,y)) + P(R*(x, ) =0,

when P(x,y) =x-yor xZ— y2 (since R preserves the measure dw of S3). This follows
by direct calculation. O

It remains to prove (i):

Proof of (i) . Recall that hgs) = Ran(PSS)). Define b3 ;,, by
§2.im0 = Span {f e b | £(Ox, Oy) = f(x,y) forall O e 50(3)} .

Note that 7356) n € b2,iny because of (C.2). We need to prove that

h2.inv = Span { Pilss , Palgs}.

Since every function in b ;,, can be written as a finite sum of spherical harmonics of
degree 2 it suffices to consider a real, harmonic polynomial P which is homogeneous
of degree 2, and which is invariant under the action of SO (3):

P(Ox, Oy) = P(x, y) forall O € SO(3). (C.5)

Identifying P with a quadratic form on RO, there exist real symmetric matrices A, B,
and C, such that

Px,y)=x-Ax+y -By+x-Cy. (C.6)

The condition of harmonicity of P becomes Tr[A + B] = 0. We prove that A, B, and
C have to be multiples of the identity matrix I3 on R3. To do so, let us first restrict to
x = 0. Using (C.5) and (C.6) we get

y- By = P(0,y) = P(00,Oy) = Oy - BOy,

for all O € SO(3). Let A be a (real) eigenvalue of B, with corresponding eigenvector
v: Bv = Av. Let y be any vector in R3. Then there exists an O, € SO(3) such that
Oyy = pyv for some py € R, and therefore y - By = Oyy - BO,y = Allyll?. Since this
is true for all y € R>, we get B = Al3. A similar argument (with y = 0, and letting x
vary) shows that also A is a multiple of the identity. Finally, the condition of harmonicity,
Tr[A + B] = 0, implies that A = —B = —Al3.

Finally the term x - Cy. This will be treated similarly. Due to the above (see (C.6)),
x-Cy= P(x,y) — A(y*> — x?). Therefore, (C.5) implies

x-Cy=0x-COy forall O e SOQ3).

By arguments similar to the above, we find that C is also a multiple of the identity I5.
Since P(x, y) = A(x2 — y%) 4+ x - Cy, this finishes the proof of (i). O

This finishes the proof of Lemma C.2. O
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Lemma C.3. Let Q) be the orthogonal projection (in L*(S°)) onto

Span{P1lgs} , Pix,y)=x-y , (x,y)eR3x]R3,

and let
X y X =Yy
y2(x,y) = (———) , (x,y)eR3 x R3.
x| Iyl |x—yl
Then
X-y 1612 — )
=c|—-, = —. C.7
Dy =5 Ty i (€7
Proof. Note that, with
P 9
Y(w) = 1lss (@) ’ _ (x,y) ’
| Prlss ||L2(S5) X2+ y?
we have [|Y | 2ss) = 1, and so
Do) = Y (@) fg V@) do (€8)
1 / Pilgs(@) ya(@) doo § - 2
=Y. 2z lisgslw)y2lw)dw ¢ - —5——5.
” Pylss ||L2(S5) ? Xty

We need to compute the two integrals in the brackets.
Since P; is homogeneous of order 2 and y» of order O (as functions on R9), we have

R8
f Pi(x, y)ya(x, y) dxdy = / Pilss (@) 12(@) do.
Be(0,R) 8 Jss

Therefore,

/ Pilgs (@) y2(@) deo = 8 / Pi(x, ¥)y2(x, v) dx dy. (C9)
S5 Bs(0,1)

Choose coordinates (|x|, |y, |x — y|, ) for RS (with Q three necessary angles). Note
that

1
Pl(x,y)=x~y=5(|x|2+|y|2—|x—y|2) . (x,y) e RIXR3,

and

r2(x,y)

_ Ikl + Iyl( P AP e -yl

), (x,y)e]R3xR3.
lx — yl 2|x[lyl



226 S. Fournais, M. and T. Hoffmann-Ostenhof, T. @stergaard Sgrensen

Then (see Hylleraas [12, (45d)]; let s = |x|, t = |y],r = |x — y])

1
/ Pi(x,y)y2(x,y)dxdy = —(/ dQ) X
Bg(0,1) 4

1 p1—52 ps+t
X / / / (s + 12— (s + 1) (25t — (s> +1* —r?)) drdt ds
0 JO [s—1]

12—
T4 48
Using (C.9) and (C.10) this means that

Q. (C.10)

[ i@ nwdo =27 [ s i

24
Next, observe that, again due to homogeneity, we have

2 RlO )

and so

2
H P1|85 ||L2(S5) = IO/BG(O’I)(X . y)2 dx dy (C12)

Since x -y = %(le2 +y)>—|x — y|2) we get (using coordinates as above)
/ (x - y)*dxdy
Bs(0,1)

1 1 pV1=52 ps+t 5 5 2
= - dQ2 / / / sC+ 15 —r7) srtdrdtds
4(./ ) 0o Jo |s—t|( )
T

= — Q
1280 d

This means (see (C.12)) that

2 T
H Pl}SS ||L2(SS) = 1_28/ dQ. (C.13)

Now (C.7) follows from (C.8), (C.11), and (C.13). This finishes the proof of Lemma
C3. O
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