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Wave functions with terms linear in the mterelectromc coordlnates to take

care of the correlation cusp. I. General theory

Werner Kutzelnigg and Wim Klopper

Lehrstuhl firr Theoretische Chemze, Ruhr-Universitit Bochum, D-4630 Bochum,

Federal Republic of Germany
(Received 17 July 1990; accepted 9 October 1990)

_ The matrix elements needed in a CI-SD, CEPA, MP2, or MP3 calculation with linear
ryo-dependent terms for closed-shell states are derived, both exactly and in a consistent

_ approximate way. The standard approximation B guarantees that in the atomic case the error

~ due to truncation of the basis at some angular momentum quantum number L goes as ~L ™7,

at variance with L =%

in conventional calculations (without r;, terms). Another standard

approximation A has errors ~L 5, but is simpler and—for moderate basis sets—somewhat
better balanced. The explicit expressions for Méller—Plesset perturbation theory of second and
third order with linear r, terms (MP2-R12 and MP3-R12, resPectlvely) are.explicitly given in

the two standard approximations.

I INTRODUCTION

The slow convergence of the traditional configuration
interaction (CI) expansion is due'™ to the 1nab111ty of this
expansion to describe the correlation cusp*

llm( ov ) —%\I/(rn:())’

rll_’o (7?‘12
which itself is a direct consequence of the singularity of the

(1.1)

Coulomb repulsion. It implies that the exact wave function s

linear in r,, for small r,,.°

For two-electron atoms the CI expansion can be done in
two steps. In step 1 one expands the wave function into par-
tial wave contributions, which is particularly simple for an §
state

\I/(I‘I,rz) = Z ¢1 (rl,rz)P,( COS 0[2), -
]
and then one further expands each partial wave amplitude as

Y (rpr) =3 ChoXp (1) X, (r2). (L.3)
g '

Both expansions (1.2) and (1.3) are slowly convergent.

Schwartz> has shown long ago that the second-order contri-
butions (in terms of a 1/Z expansion) E {® to the partial
wave increments of the energy E* of the He ground state go
as

E®= —45256)(+p~*+0{U+p~F 14

and Lakin® has pointed out that the partial wave increments
E; (nonexpanded in 1/Z) are O [ (I +{) “4] as well. This
means that the error of a CI expansion truncated at some
maximum /value L goesas (L + 1)~ 3 whichis pretty slow.

The convergence of the expansion (1.3) has not yet
found a mathematical analysis, but numerical experience
clearly indicates® that this expansion converges more and
more slowly for increasing / due to the increasingly singular
nature of the partial wave contribution 7. /r%* 'to r;; *. This
means that evaluating the E, numerically with the expansion

(1.3) for sufficiently high [ in order to be in the asymptotic
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region for the partial wave expansion is not a safe procedure.
In fact fast convergence for a single partial wave is only pos-
sible if one expresses ¥, as a function of _ and r_."*

The convergence of the partial wave expansion (1.2) is
speeded up considerably if one allows explicitly for terms
lmear n 7y, i.e., if one replaces (1.2) by

\I’(l'pl'z)' = :r12¢(r1:r2) +x

x="3 xi(rur) Pi(cos &1y),
F

(1.57)
(1.6)

where ¢ is some single-particle model reference function,
e.g., the eigenfunction of the bare nuclear Hamiltonian
(without electron interaction) or a Hartree—Fock-type wave
function. The second-order perturbation energy E* now
consists of a term. A(Z’ that can be evaluated in closed form,
and partial wave increments E ¥ thatgoas (/ + §) ~ *rather
than (/44) ~*3 This can be understood in the following
way. Insert the ansatz (1.5) into the inhomogeneous differ-
ential equation which determines the first-order wave func-
tion ¥V (with the bare nuclear Hamiltonian as H,).
One gets

(Hy— E))x'V = — (U, — E))¢, (1.7)
ie, y'V satisfies the same equati(‘)n as 'V, just with the

interaction potential g,, = 3 replaced by the “residual in-
teraction operator” U ,:

Up=1[T+ Tz’%rlz] -+ 812

1 ry

= =112 .y, _v,).

47)

(1.8)

The operator U, is much less singular at #,, = O than is g,,.
In the special case of the ground state of He-like ions one
finds®

Uy, = er'{"'le 12¢,
2

(L.9)
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which vanishes for r, —0. '

A similar speed-up of the convergence has also been
found in CI calculations of two-electron atoms.® The next
step was a generalization of this method to atoms or mole-
cules with more than two electrons. Some preliminary appli-
cations on second-order Mgller—Plesset level®!! were very
encouraging. This is confirmed by the numerical results in
the forthcoming papers of this series.!>!?

In this paper the theoretical background for many-elec-
tron closed shell calculations with linear r,, terms will be
given, i.e., we derive all matrix elements needed in Mdller-

Plesset theory to second or third order, in configuration in--

teraction with singly and doubly substituted configurations
(CI-SD) and the corresponding (size-extensive) coupled-
electron pair (CEPA) calculations.

On this level in addition to two-electron integrals (tradl—
tional ones and new ones), three-electron integrals like

(g12=’le)

{(P(1,2,3)|r,815]9(1,2,3)), (1.10)

(p(1,2,3)[r1,815723|9(1,2,3)), (1.11)
and four-electron integrals like

(p(1,2,3,4) 715823734 9(1,2,3,4) ) (1.12)

arise. Closed formulas for these integrals are available for
atomic calculations in terms of Slater-type orbitals
(8TOs),'* but these formulas are complicated and théir
evaluation is time consuming. For molecules in terms of
Gaussians, formulas have been derived!>!¢ that involve a
one-dimensional numerical integration for integrals of type
(1.10) and (1.12) and a two-dimensional numerical integra-
tion for type (1.11). Again the evaluation is time consuming.

However, even if fast procedures for the evaluation of
these integrals were available, one would have to face the
problem of the large number of these integrals; while that of
two-electronintegralsis ~ /N4, there are ~ N ® three-electron
and ~ N8 four-electron integrals. The storing and manipu-
lating of these integrals could be handled only for extremely
small basis sets.

We have therefore decided to avoid three and four elec-
tron integrals entirely, and how we did so is a key feature of
the present method. We have even managed to avoid two-
electron integrals of the type

(@(1,2)|r7 'r,le(1,2)) (1.13)
which are time consuming in the molecular case because
they require a one-dimensional numerical integration.'s

In a complete basis it is always possible to express three-
electron integrals of the types needed here, in terms of two-
electron integrals, e.g.,

(@1 (1)@, (2)@3(3) [712813| @1 (1), (2)@3(3))

= ¥ Ae1(D@ ()1 (3) |, (1 )@, (), (3))

bBar

X <¢p(1)¢7q 2)p, (3)|g1s|@:1 (1 @,(2) @3 (3))

= Z <¢1(1)¢)2(2)Ir12l¢p(1)¢q (2))5:'3

b.a,r
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XA@, (D@, (3)|gi3]@ (1) @3(3))8,,
= S @ (D@2 (2) [rial g, (D 2(2))
4

XA@, (D@3 (2) [g12]@i (1 @3(2)). (1.14)
If one makes such a “completeness insertion” in terms of a
given and hence incomplete basis, one introduces errors.
However, the errors are—depending on the type of the inte-

‘gral—of very different magnitude, as can be seen from the

study of these integrals in the atomic case in terms of a par-
tial wave expansion. Some integrals have a finite partial wave
expansion. Take, e.g., the integral (1.14) and assume that
@1, @, and @; are all s functions, then only s-type @, func-
tions contribute to the sum on the right-hand side and it is
sufficient to have a complete s basis in order to get the exact
result. It is relatively realistic to require that a basis is chosen
such that its s part is sufficiently close to complete. The four-
electron integral (1.12) also has a finite partial wave expan-
sion and is easily evaluated by means of a completeness
insertion.

The partial wave expansion of the integral (1.11) does
not break off. However, as is shown in the appendix A, its
partial wave increments go as (/4 ) —% i.e., the error in
truncating the basis at some L goes as (L + 1) ~7. Com-
pared to the truncation error of traditional CI, which is of
O([L + 1] ~?), the truncation error introduced by evaluat-
ing (1.11) via a completeness insertion is rather small.

This paper is organized as follows. In Sec. II the basic
notations are introduced. We use a Fock-space formalism
and a tensor notation of matrix elements introduced pre-
viously.!”!® Section III contains the matrix elements needed
for a closed-shell CI-SD, CEPA, MP2, or MP3 calculation.
However, these expressions contain sums over complete sets
that cannot be used directly. In Sec. IV both the exact evalu-
ation of these sums and a hierarchy of approximations are
discussed. The so-called “standard approximation” is pre-
sented and justified. The matrix elements in the standard
approximation are given in Sec. V, where two variants 4 and
B are also presented which differ only for one matrix ele-
ment. Approximation B is usually superior, but more com-
plicated than approximation 4. Section VI deals with the
elimination of spin while in Secs. VII and VIII the respective
expressions for second- and third-order Méller-Plesset theo-
ry are given.

Il. NOTATIONS

We choose the following convention for labels of spin—
orbitals or the corresponding creation, annihilation, or exci-
tation operators

i,j,k,... occupied in the reference Slater determinant ¢
a,b,c,...  unoccupied, but contained in the given basis
DrGslsene arbitrary, but contained in the given basis
a.f3,%,... unoccupied, belonging to a complete set

K, A ld,.... arbitrary, forming a complete basis.

The basis functions are assumed to be orthonormal,
with (p,q,7,...) a subset of (x,4,4,...) and (a,b,¢,...) a subset
of (a.3,%,...).

J. Chem. Phys., Vol. 94, No. 3, 1 February 1991
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The tensor notation for matrix elements and for excita-

tion operators, introduced previously'”'® is used
X8 =(q|X|p), (2.1a)
Y2 = (¢, (1)¢,(2)| Y(1,2) ], ()9, (2)) = Y7,
(2.1b)
ab = afa, = ala,, (2.2a)
ab? = afa’a,a, = dlala,a,, (2.2b)

where X is a one-electron operator, Y a two-electron opera-
tor,a’ = a;f, is a creation and a, an annihilation operator for
the spinorbital #,. Antisymmetrized matrix elements are
written as

Y =yH_ Y% (2.3)

“Excited” configurations—with respect to a closed-shell ref-
erence Slater determinant §—are designated as

$i=alp;, #7 =af (2.4)
with the adjoints
(B¢ ={gL] = (Blas; (5 * = (84| = (Blaly. (2.5)

We define (implying the Einstein summation convention
over the indices a,/3 independently)

by = Wrisaild = Flaife; 7= (g)*. (2.6a)
The matrix elements of 7,, are written as
s = (Pa ()P (2) 7]t (1) (2)). (2.6b)

The function ¢ takes care of the necessary term linear in 7,,.
We construct a function that is equivalent to ¢, but orthog-
onal to all excited configurations expressible in the given
basis

¢y = Wy {Flpail —Flai’}s = iN;Risails,  (2.7)

where N, i isa normahzatlon factor, to be determined later,
and with

N i, f ,b b
R:sz ={ s for ad¢(a,b) or Bé(a,b) ) (2.82)
0 for ac(a,b) and Be(a,b)’
Ris=RY; — R, (2.8b)

In a CI-type approach it is recommended to use an orthonor-
mal basis of n-electron functions. In Méller—Plesset pertur-
bation theory one prefers an unnormalized counterpart of
2;5,.,., namely

by = §R Lpagl (2.9)
We shall need operators in normal order in the particle-hole
sense and designate them by a tilde like @3, a22.'™" For the
operators a‘,}", al,, aj?, al, it makes no dlﬁ"erence whether
or not one puts the tilde.

The Hamiltonian in the particle~hole picture is (with
the Einstein summation convention implied)'®'

H=E,+HV 4+ H®, (2.10a)
Ey=h}+(gh—gh; 8(12)=(rp)~", (2.10)
HY =f3as fi="hi+85—gi (2.10c)
H'® = jgray = gnae (2.10d)

We assume that the Hartree—Fock energy £, has been made
stationary, which implies the usual Brillouin condition

=fi=0. (2.11)
We shall also refer to a “generalized Brillouin condition”
fa=fi=0 (2.12a)
and an “extended Brillouin condition”
fa=rfi=0. (2.12b)

For the justification and the possible use of these conditions
see Sec. V.

lil. PRELIMINARY EXPRESSIONS FOR THE MATRIX
ELEMENTS

The functions ¢,¢?,¢;”,<}5,.j form an orthonormal set pro-
vided that

(¢"16,) =A\NIR R,
=1N2 {r"""r‘ ,j ie — v}
=1, (3.1)

which determines N, ;- Asitstands, Eq. (3.1) cannot be used
since it involves a formal summation over the complete set
{a} of virtual orbitals. We shall show in Sec. IV how to
evaluate expressions of this type either exactly or in a consis-
tent approximate way.

The matrix elements of the one-particle part H'" of the
Hamiltonian (2.10) in particle-hole formalism are

(B|H Vg5 =[5 =0, (3.22)
(P|H V|¢3") = (3.2b)
($|H |d;) =0, (3.2¢)
(BE|H Vg7 = 8if s — 857 F, (3.2d)
(Pl H V) =0, (3.2¢)
(BE|H V|gy;) =0, (3.26)

(G VH D\g3) = (518] — 8163 (82 £ + 84t — 85 £
) — UL+ S-S

— 8k (8284 — 538%), (3.28)

N.. — . — .
-2i (8580 — 858 (RUf 5 + RL D),
(3.2h)

(BIH O1B,) =

NuN,

(G;SAM|H“)|‘2:;:> SR {2(5k51 5k51)R fBRZ,g v

- (a,'ff; +8fE— 8if 1 — 8
XRRIT. (3.2i)

Use has been made in (3.2a) and (3.2e) of the Brillouin
theorem (2.11). The corresponding expressions for the ma-
trix elements of the two-electron part H® are

($1H 2|5y =
(P|H |85 3;;;”,

" (3.32)
(3.3b)

J. Chem. Phys., Vol. 94, No. 3, 1 February 1981
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(BI1H @1y =—F ”g"”_aﬁ, (3.3¢)
($E|H @) = 3L, (3.3d)
($K|H | g%y = 588 + St — 87g%° — 883, (3.3¢)

(BhIH gy = " {612/R Y + 8/2R b — 28R 1},
(3.3)
BKLIH P |gty = (8285 — 6382)855 for ij#kl,  (3.3g)
~ N,
(K| H @\, =T"§f;’l_{'] =0; for ij#k,l, (3.3h)
N,
¢kllH(2)l¢u) _ kl SVR Y —kf—aﬁ‘ aﬁ; for l,]-‘,ﬁkl (3.31)
(L |HP|g3) = (6565 — 83808} — 8483 — 58
— 828; for 1 #j, (3.3))

(Gl D13, = { g‘” BiR i for 1),
(3.3k)
(¢"|H ‘2’i¢j Huly {R 2RI —2R 8GR Y
for l;éj, (3.31)
($5|H @ |5y = (5184 — 5382)8) + 825 — 658 + &)
— 82(8h +85) — 83(85 +2°)
— 828y +E, (3.3m)
(BLIE P15, =L (R by — 2@ + EDR L,
—2(85 +85RY, (3.3n)
¢”[H‘2’|¢) Nz jRaﬂ’—lj —2R7’5(g$ +g,,,
xﬁ Us + iR Fg5R s (3.30)

IV. EXACT EVALUATION OF THE MATRIX ELEMENTS
AND A HIERARCHY OF APPROXIMATIONS

The matrix elements derived in Sec. ITI contain expres-
sions like [e.g., in Egs. (3.1), (3.2i), and (3.3¢)]

APBl, —AYBY,, 4.1)
where (a,f3,...) is a complete set of virtual spinorbitals,
(a,b,...) the corresponding set in the given basis. One can
either try to evaluate these expressions exactly or to approxi-
mate them. The approximations discussed here consist in
introducing completeness insertions, e.g., in replacing a sum
over a complete basis by a sum over the given basis, e.g., in
assuming

CiD.=~CID), (4.2)

(«c is an arbitrary element of a complete basis, p of the given

basis). This type of approximation has at least one merit,
namely that it becomes exact in the limit of a complete basis.
The crucial point, on which the justification of completeness

insertions rests, is how fast the introduced error goes to zero
when one extends the basis.

A brute force approach, which may be called the zeroth
approximation, consists in inserting completeness relations
in terms of the given basis in all matrix elements of Sec. IIIL.
This would imply that expressions like Eq. (4.1) are set
equal to zero. In this approximation ¢; as defined by Eq.
(2.6) is a linear combination of the ¢, and ¢; given by Eq.
(2.7) vanishes. All the matrix elements involving ¢, vanish
as well and the normalization integral NV; becomes unde-
fined. This “zeroth approximation” is hence nothing but tra-
ditional CI without any terms linear in 7,,.

Before we study better approximations let us consider
the exact evaluation of Eq. (4.1). We note that (see Fig. 1)

AFBly =ABBY — ABY, — AYBY, + B4l
' (4.32)
A szA —A% B'j _‘Ak7B By nm’
(4.3b)
——AZ’,’ ” ——A"’IB —Ai‘,’B” — A
+A£'Ianm -4 kIBn/I +A le:lzq'
(4.3¢)

The first term on the right-hand side of Eq. (4.3c) is easily
evaluated (since x and A refer to a complete basis)

AGBY, = (4B, = (k(1)I(2)|A(1,2)B(1,2)]i(1)j (2)).
(44)

The second, fourth, and sixth terms on the right-hand side of
Eq. (4.3c) are trivial, since they only involve functions of the
““given” basis. In the third and fifth terms on the right-hand
side of Eq. (4.3c) sums over the complete basis sets {x} or
{24} and the finite set {k} or {I} as well are implied. To get
closed expressions we write

X
o B
/_.—_/;_\
n a
y
m m
q
b b
)\ﬁ-
p
L
n a
\..___..“___V______/
4

FIG. 1. Illustration of the spaces spanned by basis functions with different
labels: «,A: arbitrary elements of a complete basis, p,g: arbitrary elements of
the given basis, »#,m: functions occupied in the reference Slater determinant
&, a,b: elements of the given basis orthogonal to (m,n), a,53: elements of the
complete basis orthogonal to (m,n).

J. Chem. Phys., Vol. 94, No. 3, 1 February 1991
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AmBY = {k(1)](2)]4(1,2) |x(1)m(2))

X{k(3)m(4)|B(3,4)]i(3)j (4))  (4.5)

and take Eq. (4.5) as a sum (over x and m) of (factorizing)
four-electron integrals. Noting the completeness relation

Y (1)YE3) =8(r; —r3) (4.6)

we can rewrite Eq. (4.5) as a three-electron integral. (After
replacing r, by r, we rename r, asr,.)

ABY, _
= (k(1)I(2)m(3)]4(1,2) B(1,3)|i(1)m(2)j (3)).
4.7
(One must still sum over m, i.e., over all occupied spinorbi-
tals.) '

We proceed similarly with sums over products of three
two-electron matrix elements. The first of these [arising,
e.g., in Eq. (3.30)] is that in which a fourfold sum over
complete sets is implied:

y g __ A Tol'k A ij i A if A f i A
AFBILCls =AGBEClL, —~AFBCl, —AGBIGCE, —~ AGBRCl, —AGBYCL + AGBL.Ch, + AGBHCY,

; mipny 1y mApupn (i knp mve ij knp umey i
+Akl mlcnv +Ak1‘Bmz{C,u,n +Ak1 Kncrjnv +Ak1Bt<nC

mnp vo i mvp no if vim p no i nmp o i
_AlemnCvo#Akl mvcno—AkIvaC;:o +Ak1Bn€ncgp

(p—following m,n,0— designates here an occupied rather
than an arbitrary spin orbital).

The first term on the right-hand side of Eq. (4.8) is a
two-electron matrix element

ABBHCY, = (4BC)Y,. (4.9a)
The sixth and seventh terms on the right-hand side of Eq.
(4.8) are also very simple:

AG'BYY CZV =A7TBOY .

. (4.9b)
The twelfth to fifteenth terms reduce to three-electron inte-
grals like Eq. (4.7), the sixteenth term finally is a product of
three two-electron integrals. There remain three types of ex-
pressions, the second to fifth terms, the eighth and eleventh
terms, and finally the ninth term. Take the second term [we

simplify the notation of Eq. (4.5)]
A II?IABIILH‘:{C?LV = (ki |4 p|mA ) (mA |By,|tev) {uv|Cse|if)

= (kim|A,B3,Cs,|mji). (4.9¢)
It becomes a three-electron integral like Eq. (4.7). For the
eighth term we get
ABCl = (ki |4 12|mA Y {mA | Bss|nv) {nv|Css|if)

= {kimn|A ,B5,C,,)mjni), (4.9d)

i.e., a four-electron integral.
The ninth term is

ATBILC L, = (k| Ay|mA ) (mA |Bag|un) {un|Cse|1j)
= (kimn|d,B3,Cs4|mnij),

again a four-electron integral, but of a different type.

Two other sums over products of three fwo-electron ma-

trix elements different from Eq. (4.8) are those with a triple
sum over a complete set. The first of these is
AFB3C s
=AUBCL —AGBCL —AGB I CY,
—AUBACYL + ARBC, + AUB R C,
AR

e Cl, —A¥BCY, (4.102)

mp

(4.9e)v

— mnypp ov if
pm 4 ki 2 mn C ov

(4.8)

and the second
AFBECLs
=AGBCL, —AGBCY, —~ABWCY,
—AYBCL + ARBCE + AYBICL,
+AGBT™CY —A',;‘,’B;;’,;’,C’,’,D. (4.10b)
The first expression on the right-hand side in (4.10a) can be
rewritten as
A%B i Co, = (kl |A5]KA Y{mi | B3| mv) {xv|Csglif)
= (klm|A4,,B,,C,,|iim}, (4.11a)
i.e., it is essentially of the type (4.9¢).

The third term of Eq. (4.10a) is of the type (4.9d). The
fifth to seventh terms are of type (4.7), while the second and
fourth terms on the right-hand side of Eq. (4.10a) are of the
type '

AMB™CY = (kl|A|kA Y{mA |B3,\mn) {kn|Css|if)

= {klmn|A ,B;,C,,|inmj), (4.11b)
very much like Egs. (4.9d) or (4.9¢).

For the first expression on the right-hand side of Eq.
(4.10b) we get

A4 '1?113 AmCl, = (kl |42 |k Y{Am|Bs,|mv) (KVICSGII:I.)
= {klm|A4,B,;C,5|imj). (4.11¢)

The other terms in Eq. (4.10b) are of types already
discussed. v

If one wants to evaluate all the matrix elements of Sec.
III rigorously, one has to include three- and four-electron
integrals, which is rather tedious and time consuming, both
as far as the evaluation of each individual integral and their
number is concerned. One would be limited to very small
atoms or molecules and to very modest basis sizes.

In order to derive approximations that consist of com-
pleteness insertions in terms of the given basis, one must
carefully analyze the errors that one makes in doing so. A
good measure of this error is the convergence of the partial
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wave expansion for atoms. The details are given in Appendix
A. : .

We remember that our matrix elements do not consist of
single expressions like the left-hand side of Eq. (4.32) but
rather of differences like on the left-hand side of Eq. (4.3c)
of expressions involving sums over complete basis sets and
the same expressions summed over the given basis set.

Let the given basis be saturated up to a given / value and

let it not contain functions with higher / values. Further, let
Ayp = Fpp; By, =g, = 1/r,,. Then the truncation error of
Eq. (4.1) is O(I ~?). If we separate this error according to
Eg. (4.3c) into two contributions we get

rygl —righ, = 1 — gl =0 %), (4.122)
while
— g, + gl — rigl, + rifgl, =0, (4.12b)

provided that /is larger than a required minimum value. The
reason for this is that the partial wave expansion of Eq. (4.7)
breaks off after some finite /.

In what we call the standard approximation we shall
hence neglect differences like Eq. (4.12b), and rather take
care that the largest / of the basis is large enough and that up
to this / the basis can be regarded as saturated.

It turns out that the integrals Egs. (4.7), (4.9d), (4.9¢),
and (4.11b) have finite / expansions while the / expansions of
Egs. (4.4), (4.9a,b,c), and (4.11a,c) are infinite. The partial
wave increments of Eq. (4.4) go as ~["* for A =r,,
B =g, and as ~[~® for A = B =r,, (see Appendix A),
but this does not matter since Eq. (4.4) is easily evaluated in
closed form. The same holds for the integrals Eqs. (4.9a,b)
or even (4.9c), which is also easily evaluated in closed form,
€.8

(klmlr12g32r32lmji> = (klmlflzlmji)

= 87kl |ry5|my). (4.13)
Equation (4.11a) can be reduced to the case (4.7) that has a
finite / expansion. The only integral that has a nonterminat-
ing /expansion and is hard to calculate is Eq. (4.11c). Fortu-
nately this integral has, as shown in the Appendix A (for
A =C=r,, B=g;) partial wave increments that go as
I~%. This is why in the standard approximation these inte-
grals will be evaluated via completeness insertions, which
means that one need not evaluate them at all.

It has so turned out that in the standard approximation
only two-electron integrals are needed. In this approxima-
tion the truncation error which was ~ (L -+ 1) ~? in the
standard CI is reduced to ~ (L + 1)~ 7, at least to second-
and third-order of MP-perturbation theory.

It is consistent with the standard approximation to as-

sume that the generalized and the extended Brillouin theo- -

rems (2:12) hold, which simplifies the matrix elements of
H Y considerably. Of course Eq. (2.12a) is satisfied if ¢'is
the exact Hartree-Fock wave function, i.e.; that reached in a
basis set limit. We must hence require that the basis is close
tosaturated on Hartree-Fock level. Equation (2.12b) holds
for atoms if the basis is saturated up to a given / value and

truncated after this /. This is more or less what we need in the

standard approximation anyway.

A drawback of the standard approximation is, of course,
that it is not strictly variational, i.e., it does not furnish rigor-
ous upper bounds. However, since the convergence to the
exact energies is much faster than conventionally, one
should not overestimate the importance of staying in the
frame of the variation principle.

If one cares for a strictly variational approach, it is not
only necessary to evaluate all matrix elements exactly, one
must also abandon the generalized and the extended Bril-
louin theorems. This implies that one also needs integrals
like I" Ve rj{# , where ¥ represents the nuclear attraction po-
tentlal These integrals (which are avoided in the standard
approximation) require a numerical integration.'®

V. MATRIX ELEMENTS IN THE STANDARD
APPROXIMATION

In the standard approximation the normalization inte-

sa

gral (3.1) becomes ( = always means: in the standard ap-

proximation)
(#98y) =INZ{(PE — (A — rerl + e},
‘ (5.1)
where
(P)F = (i(1) j (2)|72, ]i(1) j (2)). (5.2)

By virtue of the extended Brillouin theorem (2.12b), (3. 2h)
vanishes

($41H V|3,) =o. (5.3)

The integral (3.2i) vanishes unless at least two labels agree, .
ie.,

@y = -, ey g,

for l‘#j, (5.4a)
(PH P |gy) = vy R"Sf"R —fi—=fh  (54b)
(¢"’|H“’[¢U) =0 for k#z’,j; 1 #5,7. . (5.4¢)

The standard approximation of Eq. (5.4a) is obviously
- - NN, : -
(@"1H 1gy) = =LAl — (A

— 1l Y (5.5)
while for Eq. (5.4b) some reformulations are necessary. We
first note that

[firlls = @BILS (D) +F ] 1)
= el + S = 16— il
= (@BILT(D) + T2),ra] i)
— {aB|[K(1) + K(2),r121|5) ,
7B8om F FipSom

= — 284, + 2ul,
ﬁrﬁrzp gm
fa 7/3 Z;’JUJLV rmlifm aﬁfm (56)
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with

ully = (@B Unli) = — KaB| —=r(V, — V)Ii). (5.7)

F12
|
JUEr |2 saNz 5’; ab i
(¢ |H l¢u>=*'{7z Brlaé fb d} f
i = P (Lfirlis + () —[fr]’
—7?}"([f,r]" +(rf)’ —[f,]

N
SU 7P — 28k + 2l + 77 g;"m

— PP ( — 280, + 288, + T gn + Thgr —
In the spirit of the standard approximation we get
FOEly — PR, = PE — T, =2 -, (59)
Pl _pbal, Zpeal, _ vl =3 _mml (5.9b)
where we have used that
Fag€a=1; rpU,p= —ir,(V,-V,), (5.10a)

<¢(I:2)lr|2(v1 - Vz)l}/’(l,z)) )
= — WPV, = Varp] [#(1,2)) = — 3 (5.10b)

for arbitrary 1.
We further note that (see Sec IV and Appendix A)

T.ZI?" aﬂg”:n bgpm

= 2[(r2) — (P gl —FF e g (5.11a)
while

FiPepe T, — Fgpe v, = ou -7, (5.12b)

N}

= e 1 _1'
ki
+ [ = (PP =R +

(1H )3,

For canonical spinorbits (f 1 = &i€;) this reduces to

i
— i,

<¢']|Hm‘¢t/> = ij {1+7%%

+ [ = (] =57, e

+[('2)[j_‘(r)ji q_ir] }
o ~ (5.14b)

Thsghy, —

fo =T + [ (D] = ()

[Py —

In deriving Eq. (5.6) usehas been made of Egs. (1.8) and of
(2.11) and (2.12a).:

For [ f,r]4, arelation analogous to (5.6) is derlved just
with .53,y replaced by a,b,c. We now use Egs. (2.12b)-and
(5.6) to rewrite Eq. (5.4b) as

— (Y /3) ' ’
— (Y —fi—

j -—
i '“ap 7

T

P, 4T PP} ) (5.8)

such that (5.12b) can be neglected in the standard approxi-
mation.

The summation of the first expression on the right-hand
side of Bq. (5.11a) over the complete set {p} can be done in
closed form

()8 = (iim|ri,8s5|mji)
" = <Um| (A + 13 — 2ry1,) 85| myji)
= (im|rig,2|mi) + (|| /) (im|g o mi)

— 2§ |r1|j) (zmlr,glzlmt) (5.13)

while the analogous summation of the last term in Eq.
(5.11a) leads to a three-electron integral of type (4.7),
which has a finite partial wave expansion. We can hence
evaluate it via replacing p by r, i.e., by summing over the
given basis. It is probably more consistent to proceed for the
first term in (5.11a) in the same way, i.e., not to use Eq.
(5.13), but rather to replace p by »in both terms on the right-
hand side in Eq. (5.11a).
The final expression for Eq. (5. 4b) is then

P 18 + [ () — (P — 4757, 8

N = T |} —f i = (5.142)

This expression is perfectly in the spirit of what we have
called the standard approximation. It has nevertheless
turned out that an additional simplification of Eq. (5.14b) is
possible as a valid approximation, namely to ignore the
terms involving the commutator [ K,r,,] altogether. In Eq.
(5.14b) only the part — #,,K is considered, because the oth-
er part Kr,, gives only rise to truncation errors ~/~7, com-
pared to ~/~* for the r\,K part. One can argue that the two
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terms have opposite sign and cancel each other to some ex-
tent, such that in spite of the different / behavior one should
neglect both parts of [K,r,] rather than just one of them. If

one neglects [K,r,,] entirely, i.e., rather approximates it in v

the given basis, Eq. (5.14a) is replaced by

o AND
(¢"H P¢y) =-4—{1 + 8oy — Ty
+ [Py — (A - EE L,
+ [P — P

— T | fou} —fi = f) (5.14¢)
In practical calculations'® it has turned out that the approxi-
mation (5.14a) is generally superior to (5.14c). But the re-
sults based on Eq. (5.14c) are usually quite acceptable and
obtained more easily. Since in all applications published so
far®!! (5.14c) was implied, we shall call this the approxima-
tion A4, and reserve the name approximation B for the strict
standard approximation characterized by Eq. (5.14a). This
is the only place where approximations 4 and B differ.
Whenever we refer to standard, this always applies to both 4
and B.

The most important contribution to the difference
between approximations A and Bisthat withm = iorm = j,
ie.,

[P — (P — 77, 188 (5.14d)

and the corresponding expression with / and j exchanged. It

is surprising that such expressions arise, since matrix ele-

ments like g% usually do not occur. In the matrix element of
H'Y 4+ H® these contributions cancel, as we shall see.
They must, however, not be ignored if one artificially takes
the matrix elements of H") and H '? separately asis done in
Moller-Plesset perturbation theory (see Secs. VII and
VIII).

We come now to the matrix elements of H®. For Eq.
(3.3c) we get

GIH |G, = ‘f{g;‘ff g}

‘f {1 -7} (5.15)

The result for Eq. (3.3f ) is
LH 1B, = S~ gt} (>-162)
<¢§|H<2>|$,.,.>=o for k #iy. (5.16b)

Equations (3.3i k) become

@113,y = TV gola g, — 202V —
for zg;ék,l, (5.17)
(L1 H DB, =0 for 1 #]. (5.18)

The last term in Eq. (3.31) and the middle term in (3.30)
need special attention.

R1%g4RY, =R1g%Ri, —RY¢ZRY;
FY

8 yotlij I=ij
= Iy vt ad llgcjrgtd a_rq
d_al=ij I d
+ 7785 aa — gﬁzrga +7101 2P
dal= at
+FI}; ¥ c{ crzd
s d, al Fr8galz
=7} yj'“és—— FigyThy — T8 s
I—..
+ Tige e (5.19)

The first two terms on the last right-hand side of (5.19)
involve a Coulomb integral g;’ and are of type (4.11a), their
truncation error goes as I~ , while the last two terms involve
an exchange integral g7’ and are of type (4.11c) with a trun-
cation error ~/~7. We need hence only keep the first two
terms. We note that [see Eq. (4.7)]

g‘;}"ﬁa = (Walglz"lswﬁ
= (Yj8|r13812|1l))
= (¥8]|r12813l41)

= r%gl (5.20)
since g,, and r;; commute. Hence
rgrl, = rifri.gg
= ("2),7 «f
= (ilj| P il ), (5.21a)
R PR b = {(P)] — (P — 575, el
—{(A— (A — T e,  (5.22a)
FH,) = Ny {Z1 2™ — 2™ — 77, ]
- [2(#):.‘,!— 22— Frrd 18
+ [207)F — 202 — T 18} s 1
(5.23a)
<¢”!H""|¢/
"{g [27] —2(™)] - 77, ]
—[2(™)F 2(’2)11 77 ]
X [8h +gal — [207)F — 2(P)if — 7P ]
X[k +¢l] — 27 + i%Bn L} (5.24a)
Note that
N2
——g,j[Z(r“) —2(A)} 7t ] =gl (5.25)

For the evaluation of the second and third terms in Eq.
(5.24a) one can either use Egs. (5.21a) and (5.13) for the
contributions involving 7°, and replace the summation over &
by a summation over r—or, what is more consistent, replace
the summation over « everywhere by a summation over r.
Instead of exchanging the last two factors in Eq. (5.21)
one could as well have exchanged the first two with the result
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g, = girie
ﬁg?}l("z ),’{1

= (gl |r; ' 1), (5.21b)
R iR Y =g {4 — (V% — i}
— g {PV — M~ B}, (5.220)
@"lH‘;l?v>
— L {E 207 — 202 - F,
msé 20, — 202, — 737, ]
+ gl [2(A)Y — 202V — 7, 1} (5.23b) .

If one exchanges [ with j in the second and third expressions
and takes the complex conjugate one sees that the matrix
defined by Eq. (5.23a) is, in fact, hermitian.

In an analogous way an alternative expression to Eq.
(5.24a) is obtained:

(G‘Z’UIH(Z)I;”Q
ia‘gx! +_{ 2 ’W—pzrils
— oI ]

— [&f + & 1[2¢™) 57— 20%Yy; — 77,
— [&F + g1 [20Mh —2(PYE — 77, 1 1
(5.24b)
which is the hermitian conjugate of (5.24a).

As we have mentioned after Eq. (5.14) the somewhat
strange-looking terms with g% in Eq. (5.24a) or gj in Eq.
(5.24b) cancel with corresponding contributions in Eq.
(5.14a) or (5.14b) if one constructs the matrix element of
H(l) + H®@) I

Thestandard approx1mat10n for Eq. (3.3n) is obv10usly

AL AR

It is not compulsory to make the standard approxima-
tion. One can, e.g., renounce on assuming (2.12b). How-
ever, all expressions then get much more lengthy, and it does
not appear that one gains anything, provided that the basis is
not too small.

(5.26)

V1. SPINFREE FORMULATION

For a closed-shell reference state ¢ a spinfree formalism
is recommended. We replace the excitation operators (2.2)
by their spinfree counterparts:'’

EQana+a

Z aR-qSﬁ’

mE=afB

(6.1a)

E8= (6.1b)
where capital letters label spmfree orbitals and in Eq. 6.1 a
and f3 exceptionally refer to spin.

The normalized singlet excited conﬁguratlons in analo-

gy to Ba. (2.4) are

1993

1

P} = ——2—E¢¢, (6.22)

oY —%{(14‘611)(1‘*"643)} VXAEHF+ ETNe

= g’,‘qu, (6.2b)
O =L (B4R E%g
23
L Zas, (6.2¢)

3

We deﬁne the matrix elements [cf. Eq. 2.1]
Y2 ={([RS]1*|Y|[PQ]")

= {(1 + 6PQ)(1 +6Rs)}_1/2(Y£g + Ygzgz):

(6.3a)
RS*([RS]~1Y|[PQ]—
=Y Y (6.3b)

The counterpart of Eq. (2.6) is (we keep greek lower case
letters for spinfree orbitals of the complete set because greek
capital letters are not unique. Note that o,/8 now don’t mean
spin functions)

¢IJ-—Z "

a<5
=41 + 8,5) rf,JBE 5 (6.42)
b5 ——l- S HLES
a<fB
1 —_
= FLEB. (6.4b)
ap™~ 1J A
43 :

If no summation sign is given, summation over all labels
independently is implied. One can multiply Eq. (6.4b) by
(1 + 8,5) - without changing anything since 7, = 0. The
corresponding functions orthogonalized to the given basis
arc

¢u =4N7(1+ 6a,B)R chJ,BE (6.52)

~ 1 —
b5 =——=NFRIGE (6.5b)

with § and R deﬁned in analogy to Egs. (2.8) and (6.3).
The corresponding unnormalized funetions are
b5 =11+ 6aB)R Z;E 7%,

$ir = IRIEFS.
Note that there is no factor 1/43 in Eq. (6.5d).

The spinfree Hamiltonian in particle-hole formalism is
of the form Eq. (2.10a) with

(6.5¢)
(6.5d)

E,=h}+2g7 — g5 (6.62)
H‘”—f”Ei; f:=h;+2g§zmgﬁk,, (6.6b)
H® =ig"E ' (6.6¢)

Here E are the splnfree excitation operators in normal order
in the particle-hole sense.

For the normalization integrals we obtam

J. Chem. Phys., Vol. 84, No. 3, 1 February 1991



1994 W. Kutzelnigg and W. Kiopper: Correlation cusp. 1

¢” [¢u> =N (1 +5a,3)R

(" |657) =4 N 5)YRURE,

=1 2 R "ﬁR ) s 21 n A
N 5 RiR e =4V 525 —Fiffia ] (6.7¢)
= + 32 ;-2 ¥4 1 Son’ +PQM’-IJ]
S {208~ (4 8) 7 Ly PR IR-OR (6.7d)
Ta
o B We get the following nonvanishing matrix elements of the
(P52 = {(1 4 8po) (1 + 8rs) } ~H{(PAIRE + (M)ES one-electron operator H" :
(6.7b)
)
<¢"IH“’|¢"> =8¢ — 6T, (6.82)
KL O\ 328 = {(1+ 8,5) (1 + 81 (1 + 8cp) (1 + Sxp )}~ V2 (8585 + 8585) (£485
SR04 £ fHOE £ FEEY) — (5455 + 838E)(F 185 +F56F £ 1567 ££16D)} (6.8b)
. - NN . + +
(G VNP5) == {1 + 8 ) (14800} ”2{2[(1 +8ap) (1 +8,5) ] /*(8787 £ 8761 IR ELfGR
* +
— (14 8,5) (855 + 65 T £ 85f T £ 61/ R z‘;lRZ,»}. (6.8¢)
' ]
The reformulation of these expressions as well as of the anal- F, = 2 Z e Zkl |H, — E,| 2_,)
ogous matrix elements of H? follows essentially the same g ° d
lines as in the case of spin—orbitals. The results are somewhat . -
lengthy and will not be given here. We shall however give the +2Re Y XV idy)- (7.3¢)

spinfree results for second- and third-order Mdller—Plesset
perturbation theory in the following two sections.

Vil. SECOND-ORDER M@LLER~-PLESSET THEORY
(MP2-R12)

Starting point is the Hylleraas functional
F= (\I/“’IH E,|¥) +2Re (¢|V E, |\II“))
(7.1)
with ¢ the Hartree-Fock function and with the ansatz
Y= s S dlgp+ 3y
i<ja<b
for the first-order function W' ” (in spm—orbltal formalism).

In the standard approximation the coupling terms between
¢ and ¢,j vanish i in view of Eq. (5.3), such that™

(7.2)

F= F+ F, (7.32)
=3 > > X dudl(¢ulH, - E,|47)
iejhkelacbecd
+2Re Y ¥ dl(g|V|$7

icjach
=33 3 dydl,(8ify + 8uft — 8af L =8 D)

i<ja<beccd .

1,81+ 8k — 1 — 8 D)

-3 S di

i<f k<la<b

+2Rez Zdv 585

i<ja<h

(7.3b)

i<j
One can now mmlmlze F, with respect to the d %, and F, with
respect to the c% If we use canomcal spmorbltals
(f% = €,64) the expressions (7.3) are considerably simpli-
fied [see Eq. (5.14b)]

=33 {dfdl (e, + € — & — —€) +2Red 2},

i<ja<b | (7.42)
=z {Ic"[%($,|H, — E,|¢y)
+2Recg|¥ 13,0}

- 'Zd{|c'3’[2(U,, +Q, — V) +2Reci¥,}, (7.4b)
U, =4[5 — 7, (7.52)
0, ZH{[ PV — (P — 77 1

+ [PV = (P - e (g ), (7.5b)
vy = {2 — g} (7.5¢)

Minimization of Eq. (7.4a) with respect to d §’ leads to the
conventional MP2 expressions

dif =g, +€ —€,—€,)", (7.62)
mln(F,)—Zz 182 (e; + € — €, ——e,,)“' (7.6b)
icfa<h

whlle on minimizing F, with respect to ¢7 one gets
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4
A
min(F,) = — 3 |V >/ (U; ~ V), (7.7b)
i<j
B
C]j - I/,j/( Ul/ + Q,/ lj (7.7C)

i<j
Equations (7.7a) and (7.7b) hold in the approximation 4,
(7.7c) and (7.7d) in the approximation B.
In the spinfree formalism we get (again for canonical
orbitals)

+
Fi=3%% [d?.I'BdLJB(eA + € — € —€))
22 gry ]

+2Redu gAB}+Z > {diPd s (e + €5

T<JA<B
— ¢ —€;) +2Re3d 1555 1 (7.8a)
=3 {lf WU L0 —VE) +2RecH V)

I<J

+33{Ic? (U5 +Q5 — Vi) +2Rec” V5 }
f<d

‘ (7.8b)

with the minimum conditions
d§f= g,I’JB(GI +6 —€—€5)7" (7.92)
7=z (e,+eJ—eA —€5)7 (7.9b)

min(F) =3 > (282, + ¢, — €, — )"

I<J A<B

)2 (e + €, — €y —GB)WI
(7.9¢c)
Equation ( 7.9¢) is equivalent to (7.6b). For F, one gets

+33 3 (@

I<JA<B

¢y = s/US+Q8 —Vi5), (7.10a)
= — V,,/(Uu +Q5 Vi) (7.10b)
min(F) = — S |VH/UE +Q5 ~ViE)
I<J
=3 Wul/WUWi5+Q5 — Vi), (7.10)
I<J
Vi s——aﬁ{Z— gf?rfa@(l+6pg)], (7.11a)
Vi =H{2 -2 (7.11b)
sa + o+ _
7 =l[3— ri’?uf-fg(l+5m)], (7.11c)

Qr Zi[[(rz)u lru (1+5pg)]8MM

X(1+ 860" + | (P — P iPr %

X (1 +5PQ)]g’z‘gz{4(1 +51R)”2}(1 + 8,172,
(7.11d)

U = {3 — 7L, (7.11e)
Q5 —H[( — JPRRREL 187
+ [(P)VF — tFPPE 1gkar } - (7.11F)

In conventional MP2 the results from the spinorbital for-
malism and the spinfree formalism are identical. In MP2-
R12 this is not longer the case (except in the limit of a com-
plete basis). The cusp-relation requires*® that for high
enough / c; approaches 1 for a natural parity singlet state,
but 4 for a triplet state and § for an unnatural parity singlet
state. For spinorbital pairs that are mixtures of singlet and
triplet states a “compromise” ¢ is obtained that does not
guaranteean (/ + 1) ~® convergence of the remaining terms.
The use of spin-adapted pairs is hence compulsory.

In conventional MP2 it also does not matter whether
ones uses canonical or localized orbitals. This is again differ-
ent in MP2-R12. (For details see paper III of this series.'?)

VIli. THIRD-ORDER MOLLER-PLESSET THEORY -

The third-order energy E*’ of the MP expansion can be
expressed in terms of the first-order wave function ¥V giv-
en by Eq. (7.2). It is convenient to decompose E® into
three parts E,, E,, and E_ corresponding to the traditional
expression, a mixed term and an r,, term, respectively.

E(3)=Ea+Eb +EC' (8.1)
In the spinorbital formalism we get
kz > S dilalHPeds,  (8.2a)
i<j la<bc<d
E,=2ReY 3 ¥ di{¢e|H P |g;)c, (8.2b)
icjkelcad
E =Y ; cu (" | H @|d, el (8.2¢)
icf

The matrix elements needed in Egs. (8.2) have been derived
in Secs. IlIT and V.

It is recommended to decouple £, £,,and E, into par-
ticle—particle (pp), particle~hole (p#), and hole-hole (h4)
contributions, according to whetheér matrix elements,
g% (pp), &% or gi (ph),or finally g}’ (hh) are involved.

L, =E»” 4 EPh 4 (8.32)
E,=E}, (8.3b)
E,=EY” E? + E™, (8.3¢)
Ef=3 3 3 digadl, (8.42)
icja<bcecd

Ef =% N digds, (8.4b)
Lik ab,c

Ehh z kz 2 bgzl ab, (8,4C)
icjk<la<b

EPZ —iRe S 55, (85

i<} :
E?= 1%2( g o — 4F) Y7, (8.62)

izf
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EPS 43 {[20P)] 2] — 7, 18

il

— [2(P) = 2PV =TT 18 deye”s . (8.6D)
NSNS S el OO =20~y
L (8.6¢)

The corresponding expressions in the sp‘infree formalism are

E=S S 5 dPed b+ S 3 I7udk
; IKJA<B

<B CLD I<JA<BC<D .
(8.7a)

Eﬁhz_i_ ;[ av [gC,-{—Sg'é,]d
ILJ,K A,B.C

W. Kutzelnigg and W. Klopper: Correlation cusp. I

AL
@+ s s e gt o
X (14 8,5)(1+8¢,)(1 +8c5)}2
+ o+ %
EM= dAB g KLg I
%KZLAZB kL 81 4 4B

-+ X > Y dgEydls

I<J K<L A<B

(8.7b)

(8.7¢c)

o+
Z du gg% rpg(l + 8pp )’y
73 g3 N :

Nk o B - X
~Lrey 5 agegen

I<J CcD

Er=—LRe

(8.8)

+ 1T

+
L [ IJgPQ rRS(l +5PQ)(1 + 8rs)

pp
<
16 <y

+
—4rg]+ 7 3 et UIFetgs — )

van|sa - seslag v pin|r -] 89w)
i
. P +
B = ”%‘,',chic’f{[z(rh - r,Sr%(1+6pg)] R6(1+5RJ>”2+[2(’2)1L — PR B+ 500)]
% g5 (1 + 841) 7 H(1 +81L)‘”*— 3, cne {[20P) —7ifrie)etts — 2PV, —7igrigleis (8.9b)

{zm

K<L

1
El=g X X i
I<J
.
Lo

+
— rxi rPQ(1+5PQ)}+ ZCELCH ‘

T<d

x{2 ¥, —Fers, (8.9¢c)
An analysis of the various contributions to £ o in terms of
their partial wave increments in the atomic case leads to the
following result.

E? as given by Eq (8 5) or Eq. (8.8) goes as
(I+4) =% E? as given by Eq. (8.6a) or Eq. (8.92) as
U+ _5 20 finally EZ" [Egs. (8.6b)—(8.9b)] and E""
[Egs. (8. 60) (8.9c)] as (I+14) ~° Obviously E¥” is the
most important correction to the conventional E ® followed
by E~.

One sees that the contributions to £ #* have a very simi-
lar structure as those neglected in approximation 4 for E®.
In fact the contribution of E'® neglected in approximation
Adis

1
> legl*Gy == 3 ey {[207)]
i<jf i<f

+ [2(?)3_—-'1 e ]g:{z}

— 77 18
(8.10)

Cornpare this with the contributions withj =/ to E%"
- Z ley ML[207)] 7575, 185

+ [2('2 ; — o, 185} (8.11)

o

or rather the corresponding expression symmetrized
between / and j :

—‘;—Z ley P{[2P)]
i<j
+ [2(P) — 77 (8% + g} .

One sees that in E? 4+ E @ the terms containing g% o
cancel and those with g’ in Eq. (8.12) combine with corre-
sponding contributions in Eq. (8.10) to terms with g gl. N

If one has evaluated E*® by means of approx1mat10n A

one should make an approximation of the same kind for
E® | ie., one should exclude J = L in Eq. (8.9b).

d?Tﬁ;] (gg —F ;)

(8.12)

ACKNOWLEDGMENTS

The authors are indebted to R. N. Hill for a copy of the
FORTRAN program for the evaluation of the integrals derived
in Ref. 14. Financial support by Deutsche Forschungsge-
meinschaft and Fond der Chemie is acknowledged.

APPENDIX: THE PARTIAL WAVE EXPANSION OF
TWO-, THREE-, AND FOUR-ELECTRON INTEGRALS IN
THE ATOMIC CASE

Let f (r,,) be some function of ,, with the partial wave
expansion

Fo =3 (=3 fitrer)Picosdyp)  (AD
l=0 =0

. and g(r,,) be another function of r\, with an analogous ex-

pansion. A two-electron integral
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A= {p(L2)|f (r2)g(r)|@(1,2)) (A2)

can then be expanded in partial waves as well. The situation
is simplest if (1,2) only depends on ; and r, and on no
angles. We shall here only consider this case. The generaliza-
tion to arbitrary ¢(1,2) is straightforward, but somewhat
tedious. However, the essential results are hardly changed.?°

Under the assumption ¢(1,2) = @(r,,7,) only “diag-
onal” terms contribute to Eq. (A2), i.e,

A= 4; 4, ={p(12)]fgPcos #,)|p(1,2)).
=0
(A3)

The angular integration in 4, can then be carried out

4, = 87 (1 + 1 -1 J |¢7("urz)lzf;("l’rz)gl(rl”'z)

X7 drdr,. (A4d)
We first consider the case
fi=g=0a Yy =rr]"0 (AS)
The factor
hgrorh =it (A6)

in Eq. (A4) is then strongly peaked around r_ =r_ . In
order to get the leading term in an expansion of powers of
(I+1) ~ ' wecanreplace @(r_,r, ) by ¢(r, ,r, ) and inte-
grate over v from O to 7_ . Then only an integral over r_
remains. We rename the integration variable as r.

4, =161 +1) " '(21+3) -‘Jw lp(r,r) [P dr
(]
+O([1+3]179

=82+ D2 [ lp(nn P dr
é (4]

+O([1+4]7%) (A7)
For the case f (r,) = r3 ' and g(7,) = ryp,
(712) L L (A8)
= (r = —
YN R B YIS R
one gets by the same procedure®®
1
= 1672 -1
4 =16m(d+D [ (21 +3)Q2L +5)
_ 1 ]
2 -1YQ2I+3)
XJ lp(rr)?P dr+O([1 +4]17%)
= — 1277 +1) *“J.w |@(r)|?r dr
0
+O([1+4]79. (A9)

For f{r,,) = g(r,,) = r,, one obtains

1
QI+ 3)2QI+7)

_ 2
QI+5)QI+3)20—-1)

A, = 16r’(1+5)-‘{

1
+ 2l -1D2I-3) }
X[ len PP dr+0 [ A4+H )
0
=80 (I +})~*

XL lp(rnr) 27 dr + O([1+4] ~®). (A10)
One sees that both the angular and the radial integration lead
toa factor ~ (/4 4) ~ ' each. If one replaces r; ' by 7,5, two
more factors ~ (/+4) ~' arise, one that is explicit in Eq.
(A8), the other because there are two terms with opposite
sign such that the leading terms in (/ + ) ~ ' cancel.

For two-electron integrals with three factors

B = (p(L)|f (rp)g(ru)h(rp)|@(1,2))

the partial wave expansion is, @ priori, a threefold sum,
which for ¢ = @(r,,r,) reduces to a double sum. We define
the partial wave increment B, as

B, = <¢ l{ﬁ}g(r12){h1}‘¢7>
+ 3 (@l he)

(ALD)

i—1
+kz() (¢‘{fk}g("12){h1}|¢’> (A12)
in each term in the sum Eq. (A 12) only those partial waves
of g contribute which are compatible with the triangular in-
equality. For the special case f'= & = r,, g = #3 ', the sum
Eq. (A12) has been evaluated in closed form with the
result"*®

B1= _'1_2‘2‘—77-(1‘“}'%)—5

xr le(r) PP dr+ O([I+1]7%.  (A13)
0o

The dependence on the fifth power of (/4 4) ~ ! can be ra-
tionalized if one realizes that each term in the sum Eq.
(Al12) goesas (I + 4) ~ 6, while the number of terms is of the
order /.

We now come to three-electron integrals, first to those
with two factors

D = (¢( 1’2’3) lf(rl2)g(r23) |¢( 1,2:3))
If one expands fand g one gets

(Al14)

D={p(1,2,3) lsz (riur) g (ryr3) Py (cos &43)
Xi

X Py ( cos ,3) |@(1,2,3)).
Noting that

(A15)
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P, (cos F5) Py cos Fa3)

(4m)*?
= Y7(1
(2k+1>(21+1)n§z« “@®

XY ()Y (2)Y*(3) (A16)

one sees that integration over ¢ °r, gives a nonvanishing con-
tribution only for a finite number of k values, so does integra-
tion over d °r, for a finite number of / values. The expansion
Eq. (A15) hence breaks off after a finite number of terms.
For the special case that ¢(1,2,3) is built up from s orbitals
only, k and / must be equal to 0 and D reduces to a single
term. Then evaluation of D by means of a completeness in-
sertion only requires a basis of s AO’s. The highest angular
momentum necessary for a completeness relation is easily
found. (See Appendix A of paper II of this series.'?)

Three-electron integrals with three factors are of the fol-
lowing types:

. E= <¢7(11273) V(rlz)g(rIZ)h(rl3) I¢7(1’2,3)>, (A17)
F=(p(1,2,3)|f (P2)g(r3)h(r3)|@(1,2,3)), (A18)
and we also need to consider four-electron integrals

G = (p(L,2,3.8)|f (r2)8(r3) A1) |@(1,2,3,4)),”
' (A19).

H={p(1,2,3,4)[f (r2)g(ri3)h(r,)|e(1,2,3,4) oo
o (A20)
The four-electron integrals Egs. (A19) and (A20) have fi-
nite partial wave expansions like Eq. (A14); the three-elec-
tron integral (A17) has a finite expansion as far as the par-
tial wave expansion of 4 is concerned, with respect to fand g
the integral (A17) behaves as Eq. (A4), i.e., for f=r,,
g = r;; ' the partial wave expansion goes as (/ -+ }) ~ *or for
f=g=ryas ([+1) ~° Fortunately this partial wave ex-
pansion need not be made. One simply rewrites
S r)glrn) =k(ry)- (A21)
[with for the examples just given k(#) =1 and
k(r,,) = r3,, respectively] and can then reduce Eq’.'f(A17)
to (A14). Equation (A18) is, in a way, the least pleasant
integral since it does not break off after a finite number of
terms. Fortunately its partial-wave expansion is very rapidly

convergent. The angular factor in the expansion of Eq.
(A18)is :

P;( cos ¢,) Py ( cos 13) P cos T3)
_ (4m)*
2+ D@k+ D@+ D
X S YIOYHRYYE2)

mm'm”

XYY (Y7 (3). (A22)
Consider again the simplest case that ¢ is built up from s
AOQs only. The integration over the angular variables of the
first particle yields a nonvanishing result only if j=1,
m = m". Similarly one finds j = k, m = m’ and finally

j=k=1, (A23)

The integral (A18) hence reduces to a single sum (summa-
tion over m yields a factor 2/ + 1)

m=m=m".
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B F = (47)3 z QI+1) ‘2f¢3(r,,rz,r3)f}(rl,r2)
=o

 X& (Pt )y (Pt VAR dr) drydrs. (A24)
Let us now study the result of the radial integration in Eq.

(A24). To - simplify the argument we first take
f=g=h=r;" If we define
r, = max (r;Fars), B
r. = min (r,r,r), (A25)
V. <hp<r,,
we see that
! 1+ 25
ﬁgh¢,=f;;rm7; fehrinn == T (A26)

Forlarge/ this product strongly peaksatr_ =r,=r_,and
we can replace @(r,r,,73) by @(r,r,#) where r = r_ . Wecan
then integrate over  _ from O to 7, with the result

204 4
1 Rt

2+3 A

>

(A27)

then over 7, from O to »_ with the result

> (A28)
(21 +3)(21+5)°

such that

R =ur4 - J‘gv(r,r,r)rs dr+O([1+4] ).
: (A29)

In Eq. (A29) a factor 6 accounts for the six possible
orderings of 7,,7,,75.

We now coirie to the integral in which we are actually
interested, namely Eq. (A18) with f=h=r,, g=r;"

For the product fgh we get three different expressions
depending on whether 7, = ¢_,r, =rp,0orr =r_.

>

1 rore*? 1 :
foh = — Fai , ‘
QI+3)? A*2 @2+3)2l-1)
¥ 1 '
X - 7 + l\ 2 12’
7ot I (21— 1)
for r,=r,, (A3la)
PP . A
QI+3)? A+ 2r+3)@2-1)
P RAYL 1w
r? AL -2 A
for r,=r, - (A31b)
1 P 1
Jeh = S Ty .
(214 3)* prit* (214+3)(21-1)
A gty 1 rors
X| =+ 2 | + T
e AT L @I-1D A
for ry=1r_. (A3lc)

We multiply Eqgs. (A31) by 7 ra/~. and integrate first over
. then over r,. The result of the first integration is
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1 r?.l+8 1
0 —
(214322 +5) A~ (20 +3)(2] — 1y -
X[ 1 rgl+6 1 . r(ZJI+§
A+5 A2 243 A
+ 1 O (A32a)
(21— 1)2(21 +3) P-4
1 B 1
(21 +3)22+5) A 2I+3)Q2I—1)
X[ 1 I’g1+6 + 1 rgl+8
L2445 A A3 A
+ 1 N (A32b)
(21— 1)2(21+3) A2
1 ’%I—i—s_- 1
QI+3)2Q+T7) A 2I+3)Q2I—1)
x[ 1 ;%;+6+ 1 e
2A45 A-2 245 A
rzl+6
+ 1 0 (A32¢)

(21— 1D?*Q21+3) A-?
while the second integration yields

1 1
[(21-!— N2Q+5Q2I+9)  2+3)CQI-DQI+TD

1 1
X
[21+5 + 2z+3]
L, (A33a)

+ ! }
I=1D2QI+3DRI+ES)

1 1
[(2l+ N?QI4+5)QI+9)  Q2+3)HQI-1

- 1 1
2<[(21+5)(21+7) + 21+ 3)(21-!—9)]

1 9
, A33b
,f Q21— 1D2QI+3)Q2I+T) }r> ( )

1 1
{(21+ 322+ 2[+9) 2I+3)2I—1)(2[+5)

1 1. ]
N -
{2l+7+21+9

+ __1 = )]r9> : (A33c)

Q@D R2I+T :
The final result of the radial integration is hence

}g I+ *GJ |@(#,rr) |27 dr. (A34)

Together with the (/ +4) ~*from the angular integration we
get a final (J41)~ 8 dependence of the partial wave
increments. ‘ ‘
F, =701 +4)~ sfkp(r,r,r) PP dr+0Q1+4]17".

' (A35)
This corresponds to an asymptotic truncation error AE, of
the energy for a partial wave expansion truncated at some /

AE, = 107°(1+ 1)'7f¢ |(rror) |7° dr

+O[U+1)"0]. (A36)

The results for the numerical example for @ a product of
three equal normalized 1s functions with
. :

553 f e dr=35/(8-7297°a) (A37)

areillustrated in Table L. Both the rapid convergeﬁce and the

TABLE L. Partial-wave expansion of the integral af|@(1)@(2)@(3)|*ri75; 'risd *rid °ryd *ry with @ = {@*2/m)e = "

“ Asympt. " Corr. Trunc.
! Exact® Asympt.®" Trunc. Err® Trunc, Err? Err* -
0 ~ 2.847 608 025 o 0.035958 570 0.060 137 174 —0.024 055 147
1 0.035 608 715 0.016 391 492 0.000 349 855 0.000 468 857 —0.000 119002 .
2 0.000 326 493 0.000 275 314 0.000 023 363 0.000 027 441 —0.000 004 078."..
3 0.000 020 045 0.000 018 655 0.000 003 317 0.000 003 663 — 0.000 000 346
4 0.000 002 599 0.000 002 498 0.000 000 719 0.000 000 768 - 0.000 000 049
5 0.000 000 514 0.000 000 502 0.000'000 204 0.000000214 —0.000 000 010
6 0.000 000 134 0.000 000 132 0.000 000 070 0.000 000 073 — 0.000 000 003
7 0.000 000042 - 0.000 000 042 0.000 000 028 0.000 000 029 - 0.000 000 001
8 0.000 000 016 0.000 000015 0.000 000 012 0.000 000 013 -~ 0.000 000 001
9 0.000 000 006 0.000 000 006 0.000 000 006 0.000 000 006 ~ 0.000 C00 000
10 0.000 000 003 0.000 000 003 0.000 000 003 0.000 000 003 -~ 0.000 000 000
b 2.883 566 593
f 2.883 566 595 -

*Exact partial-wave contributions.

® From the asymptotic formula (A35).
©Error of the expansion truncated at /.

9 Asymptotic truncation error from (A36).

*Error of the expression truncated at /, but corrected for the asymptotic part of the remainder.
fClosed expression derived by R. N. Hill (Ref. 14) and computed with his program. .
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TABLE II. Partial wave expansion of the integral af|@(1)@(2)@(3) 21,71 'd3rd *rndr; with @ = (/7 )e .

Asympt. Corr. Trunc.
'l Exact® Asympt.® Trunc. Err® Trunc. Err? Err*
0 2.994 876 280 0.192 623 719 0.153 490 441 -+ 0.039 133 278
1 0.187 819019 0.067 375776 0.004 804 700 0.004 796 576 ~+ 0.000 008 124
2 0.004 177 684 0.003 143 484 0.000 627 016 0.000 631 648 ~ 0.000 004 632
3 0.000 478 047 0.000417 487 0.000 148 969 0.000 149 893 ~— 0.000 000 924
4 0.000 100 080 0.000 092 422 0.000 048 889 0.000049 117 — 0.000 000 228
5 0.000 029 220 0.000 027 725 0.000 019 669 0.000 019 739 ~ 0.000 000 070
6 0.000010 562 0.000010 176 0.000009 107 0.000 009 132 — 0.000 000 025
7 0.000004 434 0.000 004 312 0.000 004 673 0.000 004 684 ~ 0.000 000010
8 0.000 002 079 - 0.000 002 035 0.000 002 594 0.000 002 599 -~ 0.000 000 005
9 0.000 001 062 0.000 001 044 0.000 001 532 0.000 001 535 -- 0.000 000 003
10 0.000 000 581 0.000 000 572 0.000 000 952 0.000 000 953 — 0.000 000 001
2 3.187 499 048
f 3.187 500 000

*Exact partial-wave contributions.

®From the asymptotic formula (A41).
“Error of the expansion truncated at /

¢ Asymptotic truncation error from (A42).

<Error of the expression truncated at /, but corrected for the asymptotic part of the remainder.

fFrom Eq. (A37).

validity of the asymptotic formulas (A35) and (A36) are
obvious. If one truncates at / = 4 and corrects for the trunca-
tion error by means of (A37) one gets the integral accurate
to eight significant figures, for a truncation at /=2 to six
significant figures. Without the correction (A37) one loses
one significant figure.

Less rapidly convergent is the partial wave expansion of
the integral E (A17) with f=g =17, A= 1/rp,.

This integral is relatively easily evaluated in closed form

N‘Sfrfz L -2 trt0222 dr o dr, dry = 51 .
ris 16

(A38)

The evaluation of the exact partial wave increments (which
are given in Table II) is rather tedious and is not outlined
here. For the asymptotic formula like (A35) we rewrite the
partial wave increment of the integral.

) |¢<1,z>12(¢<3)(2crui—rf—;r:ér; dr, d, dr
- 211 1 f g(L2)(r PR dr, dr, (A39a)
g(1,2) = 4rlg(1.2)? dml«p(a)ﬁ;i—r%
.—_447|¢(1,2)i2{r1“J: dri|p(3) |7
+J.°° dr3]¢7(3)lzr3}. (A39b)

We then use Eq. (A10) to get
fg(l,Z)(rlz)irfrﬁ dr, dry=5(1+1) ‘sf g(rr)? dr
0

+ 0 ~9). (A40)

The final result for a product of three Ls Slater functions is

25-17-337
=22 220y —e A4l
"= 567290 TP (A4D
while the truncation error of the energy is given by
5-17-337
AE, =——" """ (]+1)"5 Ad2) .
1= 3567200 T 1 (A42)

The correction for the asymptotic truncation error by means
of (A42) is now even more effective than in the case of Table
I; one gains two to three significant figures by this correc-
tion. The corrected truncation error appears to go as
(I+ 1)~ %inTableIand as (/ + 1) ~7 in Table IL.

Tables I and II illustrate that it is justified to evaluate
integrals like that in Table II—which go as (/ + }) ~ ®—ex-
actly, but to use truncated partial wave expansions for inte-
grals like that in Table [—which go as (/ +4) % Touse a
truncated PWE for both types of integrals would be less
balanced.
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