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Wave functions with terms linear in the interelectronic coordinates 
to take care of the correlation cusp. III. Second-order M0l1er-Plesset 
(MP2-R12) calculations on molecules of first row atoms 

Wim Klopper and Werner Kutzelnigg 
LehrstuhlJur Thearestische Chemie, Ruhr-Universitat Bachum, D-4630 Bachum, Federal Republic 
a/Germany . 

(Received 17 July 1990; accepted 9 October 1990) 

The MP2-R12 method (MIISller-Plesset second-order perturbation theory with terms linear in 
the interelectronic cooJdinate r 12) in the approximations A and B as outlined in paper I of this 
series is applied to the ground states of the molecules H~ LiH HF H 0 NH CH Be N ... ' , '2' 3' 4' 2, 2' 

F2, ~H2' and CuH in their experimental equilibrium geometry, and to the van der Waals 
interaction between two He atoms. In all cases MP2 correlation energies are· obtained that are· 
supposed to differ by at most a few percent from the basis set limit. For CH4 the dependence of 
the energy on the symmetric stretching coordinate is studied, which together with other 
information leads to a recommended bond length of 1.086 A for the CH bond length. For H~ 
and F2 the canonical and localized descriptions are compared. The latter is superior for the K= 
shell contributions, otherwise there is alittle difference. For He2 in the localized representation 
rather good results for the dispersion interaction are obtained. The potential curve of Be? is 
significantly improved in MP2-RI2 as compared to conventional MP2. The examples CzHz 
and CuH show that the method is not limited to very small systems. 

I. INTRODUCTION 

The MP2-R12 theory is now applied to molecules. A 
general outline of the theory has been given in paper I of this 
series I and a short description in part Il2 as well as in some 
previous papers. 3

-
5 the MP2-R12 method is mainly MIISller­

Plesset perturbation theory to second order with first order 
pair functions that contain terms linear in the interelectronic 
coordinates r ij' Inclusion of these terms considerably speeds 
up the convergence of an expansion in a one-electron basis. 
In the atomic case the partial wave increments correspond­
ingto basis functions ofagiven I go as (l + !) - 4in aconven­
tional calculation, but as (l + ~) - 8 when the terms linear in 
r12 are included l

•
2 using the approximation B described in 

paper 1.1 

In paper II of this series,2 calculations on closed-shell 
atomic ground states from He to Kr were reported. There we 
have compared the results of calculations with a program 
written especially for atoms using STOs and angular mo­
mentum algebra, and of a general GTO program that can 
also be applied to molecules. With the "atomic program" we 
could afford to include basis functions with high I values and 
to make basis saturation tests, which would have been pro­
hibitive with the molecular program. Nevertheless the latter 
turned out to be quite competitive. The total MP2-R12 cor­
relation energies obtained with the molecular program differ 
generally by something ofthe order of 1 % from the estimat­
ed basis limit results, while conventional MP2 calculations 
with the same basis sets reached between 70%-80% of the 
basis set limit MP2 energy. The MP2-R12 results were rath­
er insensitive to details of the basis, provided that some fun­
damental requirements were satisfied. e.g., that for a calcula­
tion on Ne the basis contained up to f functions. 

While theoretical considerations I as well the experience 
with atomic calculations in terms of STOs2 indicate that ap­
proximation B is superior to approximation A, in molecular 
calculations with GTOs, approximation A usually yields re­
sults closer to the estimated basis set limit than approxima­
tion B, although the difference between the MP2 energies for 
the two approximations is typically of the order of 1 %. 

A few comments on the "molecular MP2-R12 pro­
gram" will be given in Sec. II. We shall then first discuss the 
very small molecules H2 and LiH, including the comparison 
with He and Be (Sec. III) and then report on calculations on 
the ten-electron systems HF, H20, NH3, and CH4 including 
Ne for comparison (Sec. IV). In the case of CH4 we shall try 
to settle an old controversy concerning its bond length. We 
then consider the diatomic nonhydride systems Hez, Bez, 
Nz, and F2 (Sec. VI) where we compare an approach based 
on localized orbitals with that in terms of canonical orbitals. 
Although the differences are not very large, the localized 
approach is definitely superior. The potential curve of Be? is 
much changed in going from MP2 to MP2-R12, i.e., fro~ a 
finite basis to the limit of a complete basis. We finally consid­
er some larger or heavier molecules like ~H2 and CuH 
(Secs. VII and VIII). The study of C2H2 has been chal­
lenged by the recent direct MP2 calculations of SaebllS and 
AlmlOf/' and CuH was a simple test case of a molecule in­
volving a transition metal. An MP2-R12 study of the carbo­
cations CHs+ , CzH3+ , and CzHs+ has been published else­
where.s 

II. METHOD AND COMPUTER PROGRAM 

The MP2-RI2 method has been presented previous­
ly.I,3.4 For a short description see Ref. 5. The MP2-R12 the-
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ory in a localized representation is outlined in Appendix A. 
We give here a few comments on the evaluation of the inte­
grals and the organization of the program. 

We have used a basis of Gaussian lobe functions, 7 p, d, 
etc. functions are constructed as linear contributions of 
Gaussian lobes.8 When we made this choice, we still believed 
that we had to evaluate three- and four-electron integrals 
explicitly, which was not too difficult for Gaussian lobes,9 
but rather hard for cartesian Gaussians. Furthermore we 
had a lobe integral programavailable1o that was quite effi­
ciently vectorized for the CYBER 205. Again it is very hard, 
if not hopeless to write an efficiently vectorized code for the 
CYBER 205 in terms of cartesian Gaussians. 

In the MP2-R12 method the following integrals are 
needed 

(a) (cpp(1)qJq(2) I r:
2

IqJr(1)CPs(2»), 

(b) (cpp (1 )cpq (2) IrdCPr (1 )qJs (2», 

(c) (tpp (1)CPq (2) Iri21qJr (1 )qJs (2», 

Cd) (cpp(1)qJq(2)1- ~ ::~(VI-V2)lqJr(1)tps(2»). 
The integrals of type (b) are by virtue of 

r12 = (ri + ri - 2rl '2 cos {}12)r I2 1 

reduced to integrals of type (a), those of type (c) are trivial, 
while type (d) can also be reduced to type (a). However, 
since the operator in (d) is non-Hermitian, integrals of this 
type are not invariant with respect to the eight permutations 
of the labels-with respect to which (a), (b), and (c) are 
invariant. This means that the integral list for type (c) is 
twice as long as that of the other integrals. In toto we need 
hence 5 times as many two-electron integrals as in a conven­
tional calculation. 

Integrals that vanish for symmetry reasons are not com­
puted. It would have been desirable not to compute integrals 

that are smaller than a given threshold, 11 but this is hardly 
compatible with an effective vectorization on the CYBER 
205. So we have renounced on this possibility, which is not 
too serious for the relatively small molecule studied in this 
paper. 

All two-electron integrals can be expressed in terms of 
the generalized error function 

Fm (x) = ft2me-xtl dt; m = 0,1,2,3,4. 

For x> 24 we use the asymptotic expansion of Fm (x), while 
the range 0 < x < 24 is divided into 15 360 intervals in each of 
which F4 (x) is represented as a third-order polynomial of x. 
The coefficients are stored. TheFm (x) with m <4 are evalu­
ated via the recurrence relation 

Fm(x) = 1 {e- x +2xFm+ l (x)}. 
2m+ 1 

This is only effective if a fast routine for e - x is available. The 
standard CYBER 205 vector exponential is too slow. We 
have therefore followed an idea of Berg and Billoire l2 to 
store e - x on a grid of x values and to evaluate e -- x as 

e-x;:::::e - X-Y{l + y[1 + Y(! + yi) p, 
where x + y is the closest grid point. This evaluation of 
Fm (x) vectorizes effectively with a performance of ~ 76 
MFLOPS on a CYBER 205 with two pipes. 

Some data on computer times are given in Sec. IX. 

III. THE HYDROGEN AND LITHIUM HYDRIDE 
MOLECULES 

The results for H2 and LiH-and for comparison He 
and Be are given in Table 1. 

The MP2-RI2 results are rather close (within a few 
tenths of a millihartree) to those from the Gaussian geminal 
method and also close to the estimated exact values. As we 

TABLE I. MP2 pair energies (negative in mhartree) of two- and four-electron systems. U 

MP2 MP2-RI2 MP2-RI2 GGb 

A B 

He l.r IS 36.46 37.40 37.35 37.37 

H2 R = 1.4ao lo-! lI.
g
+ 33.36 34.23 34.17 34.11 

Be Is' IS 39.12 40.37 40.34 40.34 
Is2s IS 3.17 3.24 3.21 3.25 

3S 2.20 2.21 2.20 2.20 
2.r IS 28.54 30.73 30.28 30.54 

I. 73.03 76.56 76.04 76.35 

LiH R = 3.015 ao la2 II. + 38.05 39.51 39.45 39.59 
10-20- tI. + 1.37 1.48 1.41 1.47 

'I. + 1.27 1.37 1.30 1.32 
2a2 II.+ 28.73 30.41 30.00 30.40 

I. 69.43 72.76 72.16 72.78 

• Basis sets: [iJ,k /I,m,n] means, for example, is,jp, kd primitive Gaussians in the contraction Is, mp, nd; with­
out!: uncontracted, He: [16.10.6.3], H2 : [14.8.4.119.8.4.1], Be: [20.12.8.3], LiH: [14.7.4.1111.7.4.1] for Li, 
[12.6.3.119.6.3.1] for H. 

b Gaussian geminals, Ref. 13. 
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have found generally for atoms,2 approximation A overesti­
mates the second-order correlation energy somewhat, while 
approximation B underestimates it. 

Our results with approximation A agree rather well 
with the Gaussian geminal (GG) results from the Monk­
horst group. 13.. 

From separate calculations of LiH, Li + , and H - we 
can evaluate the binding energy of LiH with respect to Li + 

and H - . The results on four levels of calculation are: 

SCF:7.156 eV, MP2:7.200 eV, 

MP2-RI2/A:7.217 eV, MP2-RI2/B:7.211 eV. 

Expe'rimentally one gets 7.151 eV based on the dissocia-
tion energies ofLiH: D g = 2..429 e V, 14 the zero-point energy 
of 0.087 eV,14 the ionization potential of Li [(Li) = 5.390 
eV,15 and the electron affinity of H A(H) = - 0.755 eV. 
The SCF value is closest to experiment. All MP2 calcula­
tions overestimate the binding energy between the two ions 
slightly (by 0.05 to 0.06 eV). It remains to be seen what one 
gets from a treatment of electron correlation beyond MP2. 

IV. THE TEN-ELECTRON MOLECULES HF, H2, NH3 , AND 
CH4 

In Table II the MP2-RI2 energies irnipproximati6n A 
and B of the ten-electron systems Ne, HF, tIzO, NH3, and 
CH4 in their ground states at the experimental equilibrium 
geometries are compared with values from the literature. A 
reliable estimate of the exact MP2 energy is available only 
for the Ne atom. 

The difference between the MP2-RI2/ A and IB values 
is some measure of how close we are to basis saturation. Thi~ 
difference varies from slightly above 1 % for Ne to almost 
3% in the case of H20. The distance to the exact MP2 results 
should be of the same order of magnitude, with the MP2-
RI21 A results probably closer and the MP2-R12/B values 
too small in absolute value. As we have'already observed for 
atoms2 the agreement with the extrapolations of Petersson et 
al. I 6-18 is surprisingly good. 

A discussion of the various pair contributions to the 
MP2 energy has been given in part II of this series2 for the Ne 
atom. The analogous results for HF are found in Table III. 
Note that Table III is based on a much larger basis than 
Table II. From our results we conclude that the exact MP2 
correlation energy of HF should lie between 380 and 382 
mEh • For this molecule an interesting recent calculation is 
available for comparison. 19 It uses a method proposed by 
McCullough, that is only applicable to linear molecules, in 
which functions of the two elleptic coordinates f1- and ')I are 
expanded as 

with Pk (')I) Legendre polynomials andlk (f-l) evaluated nu­
merically. Of course this expansion cannot be faster than the 
partial wave expansion in the atomic case, but going up to m{ 
= 3 (¢ functions) an MP2 energy is obtained that differs 

only by 12-14 mEh ;::::3% from what we regard as the basis 
set limit. To get the remaining 3% would, of course, be very 
hard, even with the method of Ref. 19, that is certainly very 
good in this case. . 

HF is the largest system for which a calculation with the 
Gaussian geminal method was performed,20 although only 
for some selected pairs. The results of Ref. 20 are good for 
the 1£1 and 2£1 pairs, but poor for the 3a2 pair, as can be seen 
from Table III. 

All pair energies for the molecules studied in this section 
(with the same basis sets as in Table II) are collected in 
Tables IV(a) and IV(b). It is most impressive how close HF 
and even H20 is to Ne, as far as both the total MP2 correla­
tion energy and the individual pair contributions are con­
cerned, while there are larger steps to NH3 and CH4 • 

In the case of CH4 the three functions that span the irr. 
rep. t2 (see Table V) are (unlike the threep functions in Ne) 
not symmetrically equivalent (only the third and fourth MO 
are equivalent). Unless one forces the three MOs to be equiv­
alent in the SCF calculation (what has not been done here) 

TABLE II. SCF and MP2 energies of the XH" molecules (ground states, experimental equilibrium geome-
tries), negative in mhartree .•. b 

Ne HF H2O NH, CH. 

ESCF 128546.96 100070.22 76064.75 56222.85 40215.68 . 
SCFlimitC 128547.01 100070.82 76067.5 56226. 40219. 
MP2(conv.) 350.75 339.75 309.65 280.00 237.90 
MP2-RI2/A 388.55 378.84 360.04 320.65 271.82 
MP2-RI 21B 384.14 370.38 350.32 313.07 265.33 
MP2limitd 387.8 
CBS· 382.44 378.80 360,47 324.75 274.25 

"Basis sets; Ne[16.1O.7.3J, HF[ 14.9.3.1] for F, [10.3.1] for H, H 20, NH" CH. [12.7.3.118.5.3.1] for 0, N, 
and C [7.2/5.2] for H. Results for other basis sets are found for Ne in paper II, for H20 in Table VI, CH4 in 
Ref. 5 and for HF in Table III. 

bHF: R. = 1.7328 ao; H20: R. = 1.80885 ao, IX.= 104.52°; NH3: R, = 1.91240 a", IX = 106.72°; CH.j: Rc 
= 2.052 27 a". 

e From Ref. 17, where original references are given. 
d From paper II. 
<Reference 17. 
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TABLE III. MP2 pair energies of the HF molecule (ground state, R, = 1.7328 ao), negative in mhartree. 

MP2a MP2b MP2-RI2lA" MP2-RI 2/Aa 

Pair GTO Semi-num. GTO GTO CBS" GGd 

1cr 36.91 38.89 40.63 40.56 4Q.42 40.2 
10"20" 4.81 5.02 5.15 5.11 4.95 
W 11.27 12.25 13.03 12.83 12.86 12.4 
10"30" 4.91 5.17 5.26 5.21 5.16 
30"30" 25.24 27.58 29.08 28.51 29.65 
30" 26.87 28.25 29.33 28.98 29.02 27.2 
10"111' 12.33 13.02 13.24 13.10 12.76 
20"111' 50.16 54.45 58.81 57.43 58.32 
30"11T 83.48 87.11 89.86 88.64 88.01 
1~ 90.04 96.14 100.20 98.34 97.64 

~ 346.03 367.88 384.59 378.71 378.8 

a Basis set [15.10.5.2] for F, [10.3.11 forH. 
"With the "seminumerica\" McCullough method, Ref. 19. 
C "Complete-basis set extrapolation", Ref. 17. 
d Gaussian geminal method. Ref. 20. 

TABLE IV. (a) MP2-RI21 A and (b) MP2-RI2/B pair energies (negativein mhartree )of theten-electron 
systems.· 

Pair"c Ne HF H2O NH3 CH. 

(a) I-I 40.26 40.57 40.41 40.65 40.82 
2-\ 5.52 5.05 4.67 4.25 3.76 
~2 12.03 13.05 13.64 12.60 10.79 
3-1 5.24 4.58 
3-2 28.87 29.53 
3-3 29.04 25.36 
4-1 5.84 4.02 
4-2 26.06 26.27 
4-3 41.06 32.00 20.52 
4-4 25.46 23.26 21.35 
5-1 7.25 6.25 6.34 5.77 3.42 
5-2 29.08 28.78 28.28 23.56 22.21 
5-3 44.17 39.74 
5-4 46.89 46.45 43.22 34.65 29.84 
5-5 26.99 26.09 25.85 25.46 . 16.67 

~ 388.5 378.8 360.0 320.7 271.8 

(b) 1-1 40.23 40.40 40.04 40.25 40.32 
2-1 5.50 5.02 4.44 4.02 3.57 
2-2 11.91 12.91 13.18 12.21 10.41 
3-1 5.11 4.25 
3-2 28.40 28.73 
3-3 28.74 24.95 
4-1 5.38 3.70 
4-2 25.25 25.55 
4-3 40.59 31.56 20.14 
4-4 24.81 22.86 20.92 
5-1 7.23 6.00 5.45 5.23 3.18 
5-2 28.59 27.82 27.07 22.78 21.51 
5-3 43.44 38.92 
5-4 46.39 44.87 42.19 34.05 . 29.35 
5-5 26.61 25.21 25.08 24.74 16.29 

~ 384.1 370.4 350.3 313.1 265.3 

• Basis sets and geometries: as in Table II. 
b Contributions of equivalent pairs are only given once. In the case ofCH. the three t2 MOs are not geometrical-

ly equivalent. 
"The symmetry classification of the MOs is found in Table V. 
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TABLE V. Classification of the MOs of the ten-electron systems. 

Ne HF H2O NHJ CH4 

I Is 10' la, la, la, 
2 2s 20' 2a, 2a, 2a, 
3 2p 30' Ib2 Ie It2 
4 2p 11T 3a, Ie It2 
5 2p 11T Ib, 3a, It2 

they will usually not come out so, especially in a calculation 
with Gaussian lobes, where the five d functions are not 
equivalent. 

For the example of H20 we have investigated the sensi­
tivity of the MP2 results on details of the basis. The results 
are collected in Table VI. 

One sees that on increasing the basis the MP2-RI2 cor­
relation energy does not reach its limit of ~360 mEh in a 
monotonic way, unlike the way it does-grosso modo-in 
conventional MP2 calculations. One sees that from the first 
basis with / on 0 with N = 67 to the largest basis with 
N = 106 the MP2-RI2 energy is nearly constant (variations 
ofless than 1%), while without/on 0 but otherwise large 
basis sets the correlation energy is overestimated by 2%~ 
3%. The second and the third basis with N = 44 and 55, 
respectively, yield with MP2-R12 almost the exact MP2 cor­
relation energy (in part due to a cancellation of errors) while 
with the same basis sets on conventional level only 73% or 
79%, respectively, of the basis limit is obtained. Basis sets 
without d AOs on 0, like the first one in Table VI, are not 
acceptable-because an essential completeness relation is 

not satisfied (see appendix A of paper II) and one over­
shoots the correlation energy considerably. Note that for an 
accuracy of say 2 mhartree two d functions are necessary 
even on Hartree-Fock level. 

In the case of CH4 there was an interesting problem 
concerning its bond length reo The experimental value of 
1.086 A of Kuchitsu21 has been questioned by W. Meyer, 
who got 1.091 A from his CEP A calculation,22 which could 
be regarded as a valid prediction since in other cases the 
agreement with reliable experimental values was within 
0.001 A. Various new experiments or new interpretations of 
old experiments, however, confirmed essentially Kuchitsu's 
value. Much more recently P. Siegbahn again found a theo­
retical value23 very close to that of Meyer by a similar but 
more sophisticated approach. Handy24 studied the same 
problem by MP2 and MP4 calculations paying special atten­
tion to the choice of the basis and found that the exponent of 
the polarization functions (mainly p on H) is rather critical. 
Handy's best MP2 value was re = 1.0829 A, while with 
Meyer's basis he got r. = 1.086 A. Therefore, following 
Handy's suggestion, we calculated this quantity on MP2-
R12 level, which should yield the basis set limit, with the 
result re = 1.0823 A. Combining this with Handy's estimate 
ofthe change from MP2 to MP4, a "recommended value" in 
agreement with the experimental one is obtained. This is also 
consistent with a very recent coupled-pair functional calcu­
lation ofSiegbahn2S with optimized basis sets. 

For the ion CH/ various structures are rather close in 
energy and one may wonder whether MP2-R12 results 
change anything with respect to conventional MP2 calcula­
tions. The results have been published elsewhere. 5 The order 
of relative stability of the various structures is not changed, 
but in MP2-R12 the C2u structure gets extremely close to the 
Cs structure (difference -0.2 kcal/mol). 

TABLE VI. SCF and correlation energy (negative in mhartree) ofH,O at the experimental equilibrium geom-
etry. 

Basis 

o Atom HAtom N° 

[12.7/8.5] [7/5] 33 
[12.7.118.5.1] [7.115.1] 44 
[ 12.7.218.5.2] [7.215.2] 55 
[12. 7.3/8.5.3] [7.215.2] 60 
[ 12.7.4/8.6.4] [7.2/5.2] 68 
[ 12.7.4/8.6.41" [7.2/5.2] 68 
[12.7.5/9.7.5] [10.5/7.5] 99 
[ 12.7.3.118.5.3.1] [7.2/5.2] 67 
[ 12.7.3.118.7.3.1] [7.2/5.2] 79 
[ 12.7.4.1/8.7.4.1] [7.2/5.2] 84 
[ 12.7.4. 1/8.7.4. I]C [7.2/5.2] 84 
[ 12.7.3.1/8.7.3.1] [ 10.3.117.3.1] 93 
[ 12.7.4.1/9.7.4.1] [ 10.3.117.3.1] 99 
[12.7.4.1/9.7.4.1 J< [ 10.3.117.3.1] 99 
[ 12.7.4.2/9.7.4.2] [ 10.3.1/7.3.1] 106 

a Dimension of the basis (number of contracted Gaussians). 
h Conventional. 
- With one diffuse d function (1] = 0.1 instead of 1] = 8.1). 

SCF MP2b MP2-RI2/A 

76023.7 188.2 548.6 
76056.8 262.4 361.0 
76063.1 283.2 361.5 
76063.6 294.0 368.9 
76063.9 301.6 368.2 
76063.9 297.0 366.3 
76064.4 306.2 371.5 
76064.8 309.7 360.0 
76064.8 315.6 357.3 
76064.8 320.5 360.0 
76065.0 315.8 358.4 
76065.6 318.5 358.8 
76065.7 323.6 362.3 
76065.6 318.8 359.2 
76065.8 330.4 360.5 
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V. THE HOMONUCLEAR mATOMIC,SYSTEMS He2. N2• 
ANDF2 

Description by localized vs canonical MOs . 

Conventional MP2 calculations' are independent of 
whether one starts from canonical or localized MOs. The 
working equations are moiecomplicated in'terms oflocal-, 
ized MOs, because the various pairs are coupled via the off­
diagonal elements of the Fock bperator. Such couplings 
make the MP2-R12 method more complicated in the local­
ized than in the canonical case as well. Details are found in 
appendix A. Due to this coupling the solution has to be dOlfe 
iteratively, unless one first performs a canoniCal calculation 
and transforms to a localized one afterwards. So usually one 
does not gain anything in a localized description-except. as 
recently pointed out by Pulay26 for large molecules, where 
contributions of pairs of distant LMOs can be neglected and 
the number of "significant" pairs is considerably reduced 
with respect to a ca1cu1i:ttion in terms of canonical MOs-. 

In (h¢ MP2-R12 method this '~nvariance no longer 
holds. This is easily seen for the example of a pair 6f"He 
atoms at a distance of lOao in Table YII. The essential infgr­
mation is contained in the coefficients C lJ for the, various 
pairs. In the localized representation'the coeffiCients C II and 
C22 of the "intra" pairs for two ~lectrons at the same He atom 
are rather close to the theoreti"cal value I and very similar to 
the corresponding values for a single He atom in .the same 
basis. A linear r l2 factor is hence very efficit~nt. For the "in­
ter" pairs of the two electrons' at different atoms-"-which 
describe the dispersion interaction-the variationally opti­
mized coefficients are smaller than 0.1. An r 12 factor is hence 
not very desirable for these pairs. 

The faCtor r l2 'has to account for the behavior of the 
wave function at small interelectronic distances. For an inter 
pair a small interelectronic' distance is very unlikely: The 
correct cusp is hence less important. On the other hand a 
linear factor rlzis certainly "wrong" for large distances be­
tween the electrons. In principle one oughtto use a damping 
factor which tends to 0 for large '12 and to 1 for small r 12• It 
is, in' fact, astonishing that' such a damping factor is never 
needed in atomic calCulations (as we have checked' in test 
calculation's): It appears that the exponential decay of atom­
ic wave· functions implies'that the probability for large 1'12 
also decays exponentially, such that the necessary damping 
is automatically taken care of. 

This need no longer be so for molecules if one works 
with canonical and hence delocaIized orbitals, while for lo­
calized molecular orbitals and ihtra-LMO correlation the 
situation should be similar as in atoms. For pairs of distant 
LMOs there is no automatic damping of the ri} factor, so if 
one determines the coefficient ClJ of this factor by minimiz­
ing the Hylleraas functional one gets a small C lJ,because the 
"damage" of an r if term at large distance is more serious than 
what one gains at small ri}' 

. For Hez at large internuclear distance the result ob­
tained in a localized representation is rather reasonable. One 
overestimates the attracfive interaction (at least in approxi­
mation A). This is so small that the inaccuracy,introduced 
by the completeness interactions is not negligible compared 
to the small interaction energy. 

TABLE VlI. MP2-R 1 U A pair energies (negative in mhartree) of a system 
of two He atoms at a distance of 10 aD' Comparison ofthe canonical and the 
loclllized_ representation. 

Pair, Canpnical Localized 

1-1 
2-1 

2-2 

I~ 

II. 

.l~ 

I~ 

El2 ) 

aBasis [16.8.4). ' 

ElJ 

18.6574 
37.3306 _.-
0.0014, 

18.6599 

74.6493 

ClJ ElJ e[j 

0.879 37.3306 0.885 
0.885 0.0005 0,087 
0.087 0.0014 0.087 
0.S7? 37.3306 0.885 

74.6631 

If we now look at Hez in the canonical representation, 
we find no difference for the triplet pair. Of course, this pair 
is uniquely· determi"ned and Ca and b are the LMOs) 

_1_{a(1)b(2) ~b(1)a(2)} 
.J2 ,-- ", 

:~_I_'-{Ug (1 )u" (2) ~ U
u 

(1 )~g (2)}. 
.J2' ' 

For the singlet pairs. the situation is more complicated 

ug (1)ug (2) =Ha(1)a(2) +b(1)b(2) . 

+ a(1)h(2)' -+- b(1)a(2)}, 

,(T" (1 )(Tu (2)= !{q( 1 )a(2).+ b( 1 )b(2) 

, -a(1)b(2):'" b(1)a(2)}, 
c ~;_ 

, . ~ {ug (l)uu (2) + O"~ (l )ug (2)} 
{i'. ' . 

= _1_ {a(1)a(2) _ be 1 )b(2)}. 
" J2 . ., 

The canonical singlet interorbital pair describes hence pure 
intraorbital correlationofLMOs, while singlet intra pair 
functions are mixtures ofinter-LMO and intra-LMO situa­
tions. Consequently the factor C 11 = cn will turn out to be a 
compromise between those for intra and inter LMO pairs. In 
view of the large magnitUde of the intra LMO correlation 
energy tlps pari will doininate and force the inter LMO pair 
part to have a much tooJarge rij term. This raises theepergy 
by ~ 14 fLEh' which is much if one is interested in dispersion 
energies, that are smaller by a factor 10, but which is a very 
small fraction (0.02%) of the MP2 correlation energy. 

The computation of the dispersion interaction between 
two He atoms from a supermolecule calculation has always 
been a hard challenge because the dispersion energy is a very 
small fraction of the overall correlation energy. Even for this 
kind of problem the MP2-R 12 method is very helpful. With 
MP2-R12/B we get (Table VIII) an interaction energy of 
- 2.0 and - 33.9 fLhartree for R = 10 au and 5.6 au (equi­

librium distance), respectively, compared to - 1.4 and 
- 17.7 fLhartree from conventional MP2 in the same basis. 

The exact values are close to -':l.~ and ~ 35 fLhartree, re­
spectively. MP2-Rl21B appears to do here quite. well. 
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TABLE VIII. The interaction energy (in p. hartrees) of two He atoms at 
two distances.' 

R = 5.6ao" R = 1O.0ao Heatomb 

SCF 29.2 0.0 
MP2 -17.7 -1.4 35161 
MP2-RI2/A -47.1 -2.1 37331 
MP2-Rl2/B - 33.9 -2.0 37131 

U Basis as in Table VII, localized representation. 
b Correlation energy of a single He atom in the same basis (also in p.har­

trees). 
" At this distance a counterpoise correction lowers the interaction energy in 
absolute value by 2 p.E" both on MP2 and MP2-RI2 level. 

The comparison localized vs canonical of the MP2-RI2 
calculation of F2, at its equilibrium distance is displayed in 
Tables IX and X. The total MP2-R12 correlation energies 
differ by less than 0.01 %, (Table IX), but somewhat larger 
relative changes are found if one compares just the contribu­
tions of the K-shells (Table X), where qualitatively a picture 
very similar to the He2 system (Table VI) is found. How­
ever, the difference of 4 mEh of the total K-shell contribution 
canonical vs localized has its origin mainly in the fact that 
the localization procedures mixes some amount of valence 
MOs into the core. In fact almost the same difference is 
found in a conventional MP2 calculation. 

The MP2-R12 pair energies for the N2 molecule in its 
ground state are found on Table XI. We have only consid­
ered the valence MOs. For these it does not matter whether 
or not one localizes them (at least as long as one does not 
include the K-shell AOs in the localization procedure). Here 
the canonical approach is more convenient. 

We have compared two basis sets I and II and with the 
large basis the schemes MP~-R12/ A and MP2-RI2/B. Un­
fortunately (but in agreement with general trends) the two 

TABLE IX. MP2-R 12/ A pair energies of F2 in a canonical and a localized 
representation .• 

Pair Mult. Canonical Localized Localized . 

C' (2) 42.27 
c-c" (1) 0.01 
Core 80.99 84.54 
b-c (2) 3.10 
p-c (6) 5.55 
p-c" (6) 0.77 
Core/valence 42.70 44.12 
b 2 (1) 27.88 
p-b (6) 23.89 
p2 (6) 25.51 
p-p' (6) 29.29 
p-p" (9) 11.06 
Valence 603.97 599.58 

~ 727.66 728.24 

• Basis [14.9.3.1]. c: core; b: band; p: lone pair; p-p': two lone pairs at the 
same atom; p-p": at different atoms. 

TABLE X. MP2-RI2/ A pair energies of the core MOs ofF2 in a canonical 
and a localized representation. 

Pair 

1-1 
2-1 

2-2 

2~ 

I~ 

3~ 

I~ 

Sum 

• Basis as in Table IX. 

Canonical 

EIJ 

20.223 
40.540 

0.000 13 
20.226 

80.99. 

Localized 

clJ ElJ Cu 

0.77 42.265 0.79 
0.79 0.003 0.03 
0.01 0.007 0.01 
0.77 42.265 0.79 

84.54 

calculations (A and B) have not converged to the same val­
ue (they differ by about 3%). Our experience let us expect 
that the exact basis set limit is between approximation A and 
B, and-for GTO basis sets-closer to approximation A. 
Our estimate of the basis set limit of the MP2 energy of N 2 at 
its equilibrium distance is hence - 418 ± 3 mEh • This is 
consistent with an extrapolation from conventional calcula­
tions with very large basis sets?7 

VI. POTENTIAL CURVE OF THE Be2 MOLECULE 

The Bez molecule with its unusually weak chemical 
bond has been a great challenge to computational quantum 
chemistry, and there are few examples comparable to Bez for 
which the theoretical results are extremely sensitive to the 
methods used, and also to the basis sets. For a review see Ref. 
28. 

It appeared hence worthwhile to. apply the MP2-RI2 
method in order to construct a potential curve that should be 
close to the basis set limit of MP2. The results are given in 
Table XII together with SCF results and conventional MP2 
values in the same basis. Again the agreement with the CBS 
extrapolation by Peters son et al. 29 is surprisingly good. The 
plot on Fig. 1 (in which also preliminary MP3-RI2 results 
are included) clearly shows how much the potential curve is 
changed by inclusion of the r12 term. The next step to per­
form would be to study the limit of excitation level in a corre­
lation treatment. 

VII. ACETYLENE 

We have performed MP2-RI2 calculations on acetylene 
C2H2 in its ground state at equilibrium geometry, because a 
rather sophisticated conventional MP2 calculation, using a 
direct MP2 program has recently been published by Saebil 
and Almlof.6 Our results are displayed in Table XIII togeth­
er with those of Ref. 6. These latter results are roughly in the 
middle between our MP2 and MP2-RI2 values. While with 
our basis a conventional MP2 calculation yields 82.4% of 
the estimated basis set limit (Le., the MP2-RI2 result), the 
basis of Ref. 6 allows to account for 93.7%. However, the 
basis of Ref. 6 is more than 3 times as larger as our basis. 
While Saeb16 and Almlofb needed 9000s on a CRA Y 2 our 
MP2-R12 calculation required only BOOs on a CYBER 205 
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TABLE XI. MP2 valence pair energies of the N2 ground state, negative in mhartree, at the equilibrium distance 
(R = 2.07 ao)' 

MP2b MP2b 

Pair" Basis Ie Basis lId 

20! 12.05 13.50 
2ug 2uu 9.25 9.59 

2cr. 15.32 15.86 
2ug 3ug 12:98 14.52 
3ug 2uu 25.63 26.94 

3~ 15.17 15.90 

20'" bTu 48.27 51.63 

2u,,111"u 49.35 51.17 

3u,,111"u 61.06 62.92 

In! 113.80 115.69 

~. 362.88 377.72 
% of418 86.8 90.4 

• Sums of the respective singlet and triplet pairs. 
b Conventional MP2. 

MP2-RI21A MP2-RI2/A MP2-RI21B 
Basis I' Basis lId Basis IId 

17.65 16.69 16.04 
10.30 10.40 10.24 
17.82 17.66 17.37 
18.06 16.92 16.27 

30.80 30.57 29.81 
18.05 17.79 . 17.30 
66.27 62.71 59.15 
55.25 55.19 53.97 
68.31 67.10 65.73 

129.98 128.02 123.40 

432.49 423.05 409.28 
103.5 101.2 97.9 

cBasis I: (14.1O.4]; 14s lOp from Huzinaga and M. Klobukowski, Theochem. 44, 1 (1988). 4d with Tf = 0.4; 
1.1; 3.1; 9.0; E(SCF) = - 108.98953 E". 

d Basis II: [14.10.4.1] as basis I with an additional! function with Tf = 3.0; E(SCF) = - 108.991 33 E". 
• Sums of the valence pairs. 

(which should be slower by a factor 2-4). From a compari­
son with our N 2 calculation we conclude that our result may 
overestimate the exact basis limit by 10 to 15 mEh • In this 
case the result of Ref. 6 would differ by only 3 ± 1 % from 
the basis set limit. 

An MP2-R12 study ofC2H4 and the ions C2H/ C2HS+ 
in their classical and nonclassical structures has been pub­
lished elsewhere.s 

TABLE XII. Potential curve of the Be! molecule in MP2 and MP2-R 121 A 
approximation." 

Rlao SCF MP2 MP2-RI2/A 

4.50 ·13.944 1.309 - 1.293 
4.60 12.499 0.684 - 1.781 
4.70 11.261 0.223 - 2.078 
4.75 10.708 0.042 - 2.189 
4.80 10.193 -0.111 - 2.287 
4.85 9.713 -0.240 - 2.349 
4.90 9.265 - 0.349 - 2.390 
4.95 8.844 -0.440 - 2.422 
5.00 8.450 -0.516 - 2.437 
5.05 8.080 - 0.578 - 2.442 
5.10 7.731 -0.630 - 2.438 
5.20 7.089 -0.706 - 2.403 
5.30 6.513 - 0.756 - 2.358 
5.50 5.518 - 0.805 -2.240 
6.00 3.661 -0.817 - 1.955 
6.50 2.391 - 0.791 - 1.750 
7.00 1.521 - 0.739 - 1.599 
7.50 0.924 - 0.662 - 1.474 

o 

-1 

-2 

-3 

4 5 

2027 

6 7 

• The entries are energy differences in mhartree with respect to two isolated 
Be atoms in the same basis GTO basis [14.9 J ]. 

FIG. 1. Potential curves of the Be! molecule from MP2 and MP3 calcula­
tions in a localized representation with a [14.9.3 J GTO basis. X: conven­
tional MP2;0: MP2-RI2; /::,.: conventional MP3; 0: MP3-RI2. 

J. Chern. Phys., Vol. 94, No.3, 1 February 1991 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

150.203.123.149 On: Sun, 13 Dec 2015 23:33:00



2028 W. Klopper and W. Kutzelnigg: Correlation cusp. III 

TABLE XIII. MP2-pair energies of acetylene (C2Hz) ground state nega-
tive in mhartree, at the equilibrium geometry. a 

MP2b•c 

Pair Ref. 6 

20; 9.83 
20'g20'u 7.75 

20-;, 13.37 

20'g l1Tu 41.49 
2a.l1T. 31.78 

ITT! 94.81 
20'g30'g 12.06 
2u.3ug 24.62 

I1T.3ug 44.91 

30; 13.83 

~ 294.45 

• Rcc = 2.2796 ao: RCH = 2.0037 aD' 

bConventional MP2. 

MP2b•d 

12.44 
8.82· 

15.28 
50.94 
35.58 

102.97 
15.43 
28.13 
49.38 
15.70 

334.67 

MP2-RI2/N 

14.45 
9.15 

16.19 ... 
57.33 
35.83 

109.84 
17.05 
29.62 
51.26 
16.41 

357.13 '. 

"GTO basis C: [12.7.3/8.5.3] H: [7.2/5.2], number ofGTOs: 98; SCF en­
ergy - 76.85066 E h • 

dGTObasis. C: [13.8.6.4.21.H~ [-8.6.4], numberofGTOs: 318; SCF energy' 
""-' 76.'85512 Eh • 

e Sum over singlet and triplet pairs. 

VIII. A TRANSITION METAL COMPOUND: CuH 

In order to show that MP2-R12 calculations are also 
possible for molecules containing transition metal atoms we 
have performed a calculation of CuR at the distance R. 
= 2.764 aQ• 

The results for the pairs that essentially belong to the 
Cu + core have already been documented in paper II of this 
series.2 On Table XIV we give the pair energiesJor those 
pairs that involve the bond. The total contributions of these 
pairs to the MP2 energy is 97 mhartree onc6nventional MP2 
level and 131 mhartree from an MP2-R12/Acalculation. 
Taking care of the change of the correlation energy of the 
core on molecule formation (MP2: 19 m$h MP2-R12: 31 

TABLE XIV. Pair correlation contributions (negative, in:mhartree) in 
CuH of the pairs that involve the CuH bond orbital (b). -

MP2 MP2-RI2/A 

Is b om 0.10 
2s b 0.48 0.70 
3s b 2.64 3.90 
2p b 2.42 3.00 
3p b 12.74 17.26 
3d b 63.98 88.04 
b 2 14.76 18.39 

~ 97.03 131.40 
Core inCuH 1182.24 1627.92 
Total 1279.27 1759.32 
Free Cu+ 1201.66 1658.64 
Free H- 26.70 28.94 
CuH .- (H- +Cu+) 50.91 71.74 

Basis as in paper II of this series (Ref. 2). 

mE h) and of the correlation· energy of H - we predict a 
change of the correlation energy from Cu + + R - to CuR 
6£51 mEh (MP2) or 72niEh (MP2-R12/Ar 

Like in the case of LiH (see Sec. III) we can compare 
various calculations of the binding energy of CuR with re­
spect foCu + and H- . The experimental value of9.82 eV 
results from D.(CuH) =2.85 eV,14 [(Cu) =7.72 eV, 
A(H) = - 0.76 eV. On various theoretical levels we get 
SCF:8.1O eV, MP2: 9.49 eV, MP2-R12/A: 10.05 eV. The 
correlation effect is now almost 2 eV (compared to 0.05 eV 
for LiH). Of the theoretical results the MP2-R12/ A value 
(we have not donelB) is closest to experiment (larger by 0.2 
e V). Again it remains to be seen what one gets beyond MP2. 
Of course, relativistic effects would then also have to be in­
cluded. 

IX; COMPUTER TIMES 

To illustrate the cost of MP2-R12 calculations, some 
computer times are listed in Table XV. Three calculations 
from which the results are presented inthis paper (and in 
paper II of this series in the case of Ca) are supposed to 
represent the current usage of our program. Because of the 
completely different symmetries ofthe three systems consid­
ered, it is hard to compare the individual timings, and some 
remarks may be helpful: (a) the time needed for integral 
evaluations trivially is the most time consuming step if many 
lobes are used in the basis, while the other times depend on 
the number of basis functions and correlated orbitals. Jb) 
Since the Fock matrix of Ca and N2 is.strongly symmetry­
blocked, the corresponding eigenvectors are very sparse, 
which results in better timing for the MP2 calculations in 
comparison with CR4 where this is not the casein a basis of 
Gaussian lobes, (c) MP2-R 12/B calculations -need 3 times 
as much computer time asapprQximation A. But in doing 
MP2-R12/B calculations, an MP2-R 121 A calculation is 
done first, which then can be seen as an intermediate result. 

X. CONCLUSIONS 

The idea to include linear r'2 terms in the wave func­
tions, together with the necessary completeness insertions to 
m~!ce the theory feasible, has turned out to be sus;cessful. In 
the framework of M01ler-Plesset second-order perturbation 
theory (MP2-R12) using Gaussian basis sets one is able to 
get correlation energies that differ by at most a few percent 
from the estimated basis set limit. The error in the correla­
tion energy as compared to conventional MP2 calculations 
in the same basis is reduced by a factor of the order 10, while 
the computational effort only increases by a factor arouI).d S. 
In principle the method is not limited to small molecules. 
However, the basis sets must not be too small; not fulfilling 
certain completeness' conditions may lead to unacceptable 
results. For each first-row or second-row atom the basis 
must contain a few d AOs and if possible anf AO. 

The MP2-R12 Il1ethod can be applied successfully to 
problems of structural chemistry, e.g., to the problem of the 
bond length of CH4 , the relative stability of carbonioum ions 
or thepotentiaIcufveOrne2;-0~r evenTne binding energy of 
CuR. We have not pushed applications of this type too far, 
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TABLE XV. Computer times in CPU seconds." 

Ca N2 

Basis X: [20.15.8.2] [14.10.4.1] 
H: 

Number of contracted GTOs 119 
Number oflobes 350 
Memory needed for two-electron 
integrals in Mbyte 191 
Number of correlated orbitals 10 
Integral evaluation 3547 
SCF calculation 83 
MP2-RI2!Ab 626 
MP2-RI2!Bc 1384 
Total 5640 

• On a CYBER 205 with two pipes. 
bConventional MP2 included, which is not separately programmed. 
"Using results of the MP2-RI2/ A calculation. 

142 
388 

384 
5 

5472 
196 
891 
1786 
8345 

since definite a~swers would require to abandon the MP2 
approach and to use some kind of coupled-cluster method. 
Work on these lines is in progress. 

The MP2-RI2 method can be formulated in a canonical 
or in a localized representation. For weakly interacting lo­
calized units, e.g, the He2 system, the localized representa­
tion is by far superior, while in ordinary molecules there is 
not much difference between the two representations. 

The MP2-RI2 method has been proposed in two ver­
sions, approximations A and B. Theoretical considerations 
as well as the experience with atoms strongly indicate that 
approximation B is better, insofar as with increasing basis 
size it converges faster to the basis set limit, and as practical­
ly it provides upper bounds to the MP2 energy. In the molec­
ular calculations presented here the MP2-R12/ A and MP2-
R 12/B correlation energies differ by a few percent with the 
results of approximation A usually closer to the estimated 
basis set limits. In special cases like that of the He2 system 
approximation B is definitely preferable. 
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APPENDIX A 

The MP2 method in a localized representation 

The derivation given in Paper I I is not limited to the case 
that the occupied orbitals are canonical. In fact Eq. (1.7.3), 
is valid even if the Fock matrixf~ is nondiagonal. Only the 
simplification (1.704) then no longer holds. As far as the 
conventional MP-2 part FI given by Eq. CI.7.3b) is con­
cerned, its minimization with respect to the coefficients d '!/ 
now leads to a linear system of equations in which the var­
ious d if are coupled. This can be solved iteratively in ne-

CH4 

[ 12.7.3.1/8.5.3.1] 
[7.2/5.2] 

89 
231 

232 
5 

2410 
105 

1211 
2279 
6005 

glecting the coupling terms in the first iteration. For the mol­
ecules studied in this paper it has become easier to first 
compute the d't/ in the canonical representation, i.e., from 
Eq. (I.7.6a) and then to transform them to the localized 
representation. 

In F2 given by Eq. (1.7.3c) coupling terms also arise in 
addition to the diagonal terms given by Eq. (I.7Ab) , namely 
couplings between pairs that have one common index, as 
given by Eq. (1.5.5) in either standard approximation. 

The extra term to F2 is hence 

1 '" '" { (-:'.2) Ij I=~j }fl Ij - ~ ~ r if - iril 'pq jC Cif 
4 i j#/ 

or in spinfree formulation 

1 '" ~{[(+2)IJ '" +PQ+IJ] IJ +(1+£) ~4 ~ k.J r IL -~ r ILr PQ c+clL UIJ 
I J".L P<Q 

X (1 + 0lL) + 3[ (r)~i - p+/fEPJQ ]c l
: ClL}lt . 

Minimization of F2 with respect to the C /j leads to a linear 
system of equations from which the optimum C /j can be 
obtained. 

APPENDIXB 

On the choice of the orbital exponents 

In appendix B of paper n2 some arguments were given 
how to choose the STO basis functions of higher angular 
momentum in order to account for a large part of the correla­
tion energy and to satisfy the required completeness rela­
tions. 

In analogy to Eq. (n.B.1) we get for a one-center over­
lap integral Sbetween two Gaussians with orbital exponents 
(31' (32 and principle quantum numbers n l , n2, respectively: 

S = re[n l + nz + 1]12) 
«(31 +(3z)(n,+n,+I)/2 

X (2(31) l2n, + 1)/4(2f32) (2n, + 1)/4 

[rent + ~)r(n2 +~) ] 112 

(Bl) 
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This reaches its maximum S = 1 forn, = nz and f3, = f32' 
For n" n2, andf31 fixed, S(f32) reaches it maximum for 

f3 -f3 2n2 + I 
2- , . 

2n, + 1 
(B2) 

This happens to be exactly the same relation as for STOs 
[Eq. (lI.B.2)]. Insertion ofEq. (B2) into Eq. (Bl) and use 
of the Stirling formula leads to 

Sma,,:::: [(2n + 1 )(2n2 + 1)] \f4(n, + n2 + 1) -112 

(B3) 

again exactly as in the case of STOs. 
Consider then an exchange-type integral like Eq. 

(II.B. 7). Instead of Eq. (II.B.8) we get 

1 fa"" 2(na + nb) - 2(/3. + /3b)r'd N 2 N 2 - r era' b 
k 0 

1 r(na + nb +!) 
k [2(f3a + f3b) fa + nh+ 112 

(2f3n
a 

(a+ 1I\2f3b,>nb+ 112 

r(na·+ ~) r(nb + D 
(B4) 

Stationarity with respect to variation of f3b is reached if 

nh +! 
f3b =--f3a (B5) 

na 

again exactly as in the case of STOs [see Eq. (II.B.IO)]. 
Like in paper II Appendix B we want to maximize prod-

ucts 

(a(I)a(2)((r~2)k)b(I)b(2») 
X (b(1)b(2) I (r12h la( l)a(2», (B6a) 

(a(1)b(2)I(r:
2

)kI C (1)d(2») 

X (c( 1)d(2) I (r12) k laC 1 )b(2» (B6b) 

with respect to variation of f3 h in the first case and f3 d in the 
second one. The result is 

2nb + 1 
f3b =f3a 2 1 ' 

na + 
(B7a) 

2nd + I 
f3d=(f3a+f3b+f3c) 2 2 2 3 

na + nb + nc + 
(B7b) 

Since in GTO calculations we always have 

n = 1+ 1 (B8) 

then for a given basis functions with la and f3a we need a 
partner with Ib and 

Zlb + 3 
f3b = f3a 21 3' (B9) 

a+ 

We have first found the optimum orbital parameters for "po­
larization functions" empirically, but the agreement with 

Eq. (B9) andf3a the most important exponent in a Hartree­
Fock calculation is striking. 

From these consideration it is obvious that, e.g., for Ne 
we need in addition to the Hartree-Fock basis at least one p 
function for Is and one (or rather 2 or 3 of them) d function 
for 2p; (the d functions for Is and 2s are less important), as 
well as onef function for 2p; for Ar again one p function for 
ls at least two d functions for 2p and 3p and twof functions 
for 2p and 3p with the latter more important than the former. 

Methane should be analogous to Ne, but thef functions 
are less necessary since p functions on H simulatef functions 
around Ne to some extent. 
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