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A hybrid scheme for the resolution-of-the-identity approximation
in second-order Mgller—Plesset linear- r,, perturbation theory
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3640, D-76021 Karlsruhe, Germany
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In the framework of second-order Mgller—Plesset lingar{MP2-R12 perturbation theory, a
method is developed and implemented that uses an auxiliary basis set for the
resolution-of-the-identityRI) approximation for the three- and four-electron integrals. In contrast to
previous work, the two-electron integrals that must be evaluated never involve morerikan
auxiliary basis function. The new method therefore scales linearly with the number of auxiliary basis
functions and is much more efficient than the previous one, which scaled quadratically. A general
formulation of MP2-R12 theory is presented for various @resaapproximations, and orbitals
(canonical or localized The new method is assessed by computations of the valence-shell
second-order Mgller—Plesset correlation energy of a few small closed-shell systems. The
preliminary calculations indicate that the difference between the new and previous methods is about
one order of magnitude smaller than the errors that occur due to basis-set truncations and RI
approximations and under the assumptions of generalized and extended Brillouin
conditions. © 2004 American Institute of Physic§DOI: 10.1063/1.1742904

I. INTRODUCTION (second-order R12 energywas developed in 1991 on the
) basis of Eq.(3), invoking an approximation to the many-
The second-order Mgller—Plesset linegs-(MP2-R12 00410 integrals called standard approximationMP2-

metlr(m(: wlas u:jtror(]jultlzed In 1§éltjwa?v|d?|nveg|m thetfran:e-b R12/A methodl. This program was recently parallelized and
work o closed-shell second-order Mglier—rlesset perturbag,1onged to include the standard approximation B as well
tion theory by expanding the first-order pair function

5
ui(jl)(l,Z) in a basis ofa) orbital productgab) and(b) func- (MPé—RlZ/B metho.}i i has b devel
tions that depend linearly on the interelectronic coordinate Ince 2000, a similar M}%%—RlZ_program as been devel-
fo=|r1—1s), oped by Vgleev a_nd Sc_hae _,Snd impressive results have
been obtained with their code!
ui(jl)(112)=t2b|ab>+cij(l_él)(l_éz)ru'ij>. (1) Furthermore, the MP2-R12/A and MP2-R12/B energies
A . are computed as intermediate results by the coupled-cluster
Here, Ql is _the prOJector onto the space spanned by thf?inearJr12 methods, not only for closed-shell systems but also
occupied spin orbital§ei(1)}i- - I.pq> is a short-hand no-  for ynrestricted Hartree—Fock and restricted open-shell
tation for the two-electron determinant Hartree—Fock referencé&-16
1 Recent work has been concerned with the evaluation of
Ipa)=|epeql = —{ep(1)eq(2) —@q(1)ep(2)},  (2)  the many-electron integrals, partly eliminating or modifying
V2 the standard approximations of R12 theory. Watidl. have
and throughout this paper, we assume implicit summatiogomputed the main three-electron integrals exactly for
over repeated indices. Occupied spin orbitals are indicategtoms;’ and Manby® and Ten-no and ManBy have inves-
by the indices,j,k, ..., empty(virtual) ones bya,b,c, ..., tigated alternative insertions of thiapproximatg resolution
and arbitrary ones bp,q,r, ... . of the identity (RI) as well as further approximations to re-
In 1991, the method was also implemented by Bearparkluce the complexity of the two-electron integrals of R12
et al. in terms of Eq.(1),2 but in the same year, the method theory to the computation of three-center integrals.
was extended by the present author to the form So far, the various implementations of MP2-R12 theory
) i T A have all used the main basis of atomic orbitals for the RI
uii’(1,2)=tgplab)+ ¢ (1—01)(1—Oy)rygkl).  (3) approximations of that theory. Only very recently, we have
The MP2-R12 method based on H8) is invariant to uni- proposed to use another, auxiliary basis set for that
tary transformations among the occupied spin orbitalspurpose?’
whereas the original method based on EL.was not. An The present paper is concerned with the utilization of an

integral-semidirect computer code, thsORE program  gyxiliary basis{XM,(l)};’,zl, which defines a set of ortho-

normal spin orbitalsp,, . Here and throughout the paper,
dElectronic mail: klopper@chem-bio.uni-karlsruhe.de primed indices refer to orbitals of the auxiliary basis. It be-
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comes clear in Ref. 20 that the MP2-R12/A method requireshe RI approximation, the two artge 1 and 2 lead to the
two-electron integrals of the typeuf’|x\’), where only one same working equations and to the same numerical results.
function (\') belongs to the auxiliary basis. In contrast to Distinct results only occur with an auxiliary basis or when
this single auxiliary function, the MP2-R12/B method re- the many-electron integrals are computed exaétly.
quires two-electron integrals of the typeg#|«’'\') and
(mv'|kN\") with two functions of the auxiliary basis.

However, we shall show in the present work that it is .
possible to design an MP2-R12/B method that requires nothE-;' MP2-R12 equations
ing more complicated than two-electron integrals that in-  In order to arrive at compact equations, we collect the
volve only oneauxiliary basis function. As the auxiliary ba- amplitudesty, and c}, into the matricesT and C, respec-
sis is usually large, this leads to substantial savings of bottively, and define further the following matrices:
computation time and data storage. The new approach is de-

Ukl _ A
noted the “hybrid MP2-R12/B" method, as it employs the  Vmn={(MnlgWiokl), (7
new approachwith an auxiliary basisfor the terms of the v -
MP2-R12/A method but the old approaghithout an auxil- Xmn=(Mn[W 1, 1K1, (8
iary basig for the extra, post-MP2-R12/A terms that occur in =~ — T T
the MP2-R12/B method. Fma= (Mn[Wiy(fy+ Fo) ki), 9
The present paper is organized as follows: The theory is —ap o2 2

presented in Sec. Il, computational details are given in Sec. Emn=(mnji1,(f1+15)|ab), (10
[Il, and numerical results are presented and discussed in Sec. b At

) . . . W= , 11
IV. The conclusions of the present work are summarized in mn = (Mn#7ab) @)
Sec. V. Geb=(mnlg;Jab). (12
Il. THEORY In the above-presented equatiorﬁ@, and fz are the Fock

_ _ ~ operators acting on the coordinates of electrons 1 and 2,
In this section, we present the MP2-R12 method in aespectively, and);,=r, is the electron repulsion operator.

spin-orbital formalism, using the notations of Refs. 15 andThe MP2-R12 correlation energy can now be expressed as
20. The theory is like usual second-order Mgller—Plesset per-

turbation theory, with the exception that it uses pair functions 2) 1
- +
of the form Ep2-r1z= 4 THGT+VC), (13
ui(jl)(l,Z)=t2b|ab>+c{jlw12|k|>, (4 and the MP2-R12 amplitude equations can be written in

A N . . i ) terms of two coupled equations,
with Wq,=Qq.r 1. The projectorQ, is defined in the fol-

lowing. {f, TV —{T,fJ+ETC—WT{C,f}+G"=0, (14
When an auxiliary basis is used, two different anedl .
and?2) can be madé¢Sec. Il A), and the MP2-R12 energy and FC—X{C,fo} + ET—W{T fo} +V'=0. (15

amplitude equations are given in a g_eneral and compact formerms of the typdA,f,} or {f, Al refer to 1-index transfor-
(Sec. I1B). The standard approximations A/ Aand B differ  mations of the 4-index intermediate with the occupied—

by the neglect of certain terms. These approximations angccypied f,) or virtual—virtual (,) blocks of the Fock ma-
also the approacB* are explained in Sec. IIC. The post- ik

MP2-R12/A terms can be computed efficiently by virtue of

intermediate orbitals, and the new hybrid approach consists fo O
of expanding these intermediate orbitals not always in the o fj' (16)
auxiliary basis but partly also in the main orbital bas&c.
Il D). Section Il ends with remarks on the computation of theSpecifically,
matricesP andL (Sec. Il B. cf, ikjlzcﬁljfio_’_ci(olfgj, 17)
A. Ansatze 1 and 2 it C}ikj|= f‘k’c” g0 19
The projection operatd®,, is defined differently for the ° - _ O_l _l k_o
ansaze 1 and2. With ansatzL, it contains the projection onto {Tfotdp=tolfo+tofl, (19
the full spin-orbital basis, whereas with ansa2zé contains i echii 4 eChii
the projection onto the space of occupied spin orbitals. {f, Thap=fatcnt fitac, (20)
rence: o T WEP= FEWED+ FPWED, @
ansatzel: Qq,=(1—Py)(1-P,), (5) _ _
. . . {W,f,}iP=WEPF &+ WiFf5 (22
ansatze2: Q1,=(1—04)(1-0,), (6)

R ~ Equations(13)—(15) are valid for both canonical and local-
where P1:|,‘\pp(l)><’\¢p(l)| and O;=[¢;i(1))(#i(1)| and jzed molecular orbitals, as the Fock matrix Eg6) is only
similarly for P, andO,. Without using an auxiliary basis for required to be block-diagonal.
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C. Standard approximations A, A ', and B

The key idea of the standard approximations of linear-

r» theory is to rewrite the integrals that involve products of
ri» with Fock operators. For example, consider the matri

elementsE2”, of Eq. (10). These can be rewritten as
E2 =(mn|[W],,f;+T,]|ab)+(mn|(f,+f,)W],|ab)
=(mnl[r Q. f1+,]|ab)
+(mn|(F1+T,)r 1,Q:7ab). (23
Under the assumption thg©,,,f;+f,]=0, we obtain

Eﬁqbn=<mn|[r12,fl+?2]Q12|ab>+<mn|(f1+f2)r12Q12|ab>

= Ut Koo = L FRWGP+ FPWES, (24)
with

Uah=(mnl[r,,t,+1,]Q; ab), (25)

K= (mn|(k,+ky)ri,Q:-ab), (26)

Lam=(mnir(k; +k;)Qjab). (27)

The only parts of the Fock operatf),; that do not commute
with r , are the kinetic energy operatﬁﬁ[ and the exchange
operatorRM (u=1,2). To arrive at Eq(24), we assume for

ansatzl that the space of all spin orbitals is closed under the

Fock operator(extended Brillouin conditionand for ansatz

2 that the space of occupied spin orbitals is closed under the

Fock operatofgeneralized Brillouin condition?®
Analogous to

E=U+K—-L+{f,,W}, (28
we obtain

F=B+Q—P+1{fo X} + H{X.fo}, @9
with

a1 ~T ot 4% ti+1,1A

Bin=5 (MWL T+ 5.1 0] + [ 11, B+ Tl W k1),

(30)

a1 Mk + K kq+ ko)W

Pin=5 (MNWiy(ky +ko)r 1o+ 115k +ko) Waglkl), (3D)

a1 ~ T .o+ k k. +k A

an:§<mn|w12r12(kl+k2)+(k1+kz)r12W12|k|>-

(32

In ansatzl, the projectorQ;, is the projector onto the
full orbital basis. HenceQ;,/aby=0 and thereforeE=0.
Moreover, not onlye=0, but alsoW=U=K=L=0in an-
satzl. In ansat2, howeverE is nonzero and must be evalu-
ated.

In Refs. 17 and 20, we have introduced the appr&ich
whereE" in Eq. (14) is not computed according to E(9)
but rather from the equatioB={W,f,}. It is important to
note that the latter equation is used to simplify Etd) but
not Eq. (15). This 2* approach may seem artificial or arbi-

X

Wim Klopper

trary, but the reason to restrict the simplification to Ety)

is that, by doing so, the results from t&& approach become
identical to those of the original MP2-R12 methods when the
auxiliary basis set is chosen to be identical with the main
orbital basis® In the present paper, results are presented not
only for thel and2 approaches but also for ti2& approach.

To summarize, the matri€" in Eq. (14) is computed as
follows in the various approaches:

Ansatz 1: E'=0", (33
Ansatz 2. E'=UT+KT—LT+{WTf}, (34)
Ansatz 2*: E'={f, ,WT}. (35

Up to this point, the formulation of MP2-R12 theory has
been completely general. The various approximations A, A
and B of linearr;, theory are obtained when certain terms
are neglected! These approximations are defined by rewrit-
ing Eq. (15) as follows®202

MP2-R12/A: BC+UT+V'=0, (36)
MP2-R12/A: BC+ 3{f,,X}C+ 3{X,fo}C—X{C,f,}
+UT+{fo WIT—W{T,f}+VT=0.
(37)

MP2-R12/B: (B+Q—-P)C+ 3{f,,X}C

+ X, fJC—X{Cf}+(U+K—-L)T

+{fo , W}T—W{T,f}+VT=0. (38)

Without auxiliary basis, approximation B is only 25%
more time-consuming than approximation A. If an auxiliary
basis is used, however, approximation B becomes much
more expensive than A because it requires two-electron inte-
grals with two indices belonging to the auxiliary basis. Only
one index belongs to the auxiliary basis in approximation A.
Approximation B is more reliable than approximation A, in
particular when an auxiliary basis is used. It then contains all
terms, in contrast to A, where some terms are omitted. Both
approximations are useful because it has turned out that the
results of approximation A usually converge from below to
the basis-set limit while the results of B have thus far always
converged from above. Therefore, approximations A and B
appear to provide upper and lower bounds to the basis-set
limit MP2 correlation energy.

D. Intermediate orbitals

The evaluation of the matrix elements of the preceeding
sections involves three- and four-electron integrals, which
are approximated by inserting the resolution of the identity in
an auxiliary basigRI approximation. We shall not give de-
tails here(cf. Ref. 20 but instead focus on the computation
of the matrices that occur in the MP2-R12/B model.

The computation of the matric€3 andK is straightfor-
ward when we introduce thiatermediateorbitals®

Downloaded 21 Jan 2013 to 150.203.35.130. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



J. Chem. Phys., Vol. 120, No. 23, 15 June 2004

Pmx = E ‘Pp’Kr% )
p’

Kb =2 (en(Dei(2]gidei(D ey (2),

in terms of which we obtain

1
Akl KF I kI* ) Skl K
mn:E(xmn+xmn+xm,kn+xmn*)
and
vab _ \a2ab A ab
Kan=Wrs +Wo .

Although straightforward, we note that the computation of
the matrixQ requires the evaluation of two-electron integrals
with up to two auxiliary basis functions. Consider, for ex- F,

ample,

X = (mn| Wl 1 k* 1y =(mnfr2 k* 1) — 9 r <]

~n' A *
—¢P Vrk +rp,vrk |

*|
mn p’y mn' uv

wherew,v=p,q for ansatzl andu,v=i,j for ansat22. The

. k*1 k* |
mtegralsruq, andr

iary basis according to E¢39).

This observation has motivated us to investigate a new
scheme, which we denote the “hybrid” scheme. In this hy-
brid scheme, the intermediate orbitals frare expanded in
the auxiliary basid ¢, } as before, but the intermediate or-
bitals for Q are expanded in the orbital badig,}. Hence,
we construct a second set of intermediate orbitals,

Pme = zp ‘Pngw

Kh=2 (en(Dei(2)g1d ei(1)¢p(2)),
and computeQ from

1
kIl _ kel | ke Nkl ki
mn_i(xmn+xmn+xm°n+xmn" )

rather than from the intermediate orbitadg,« .
tant to note that the matrik remains unchanged in the new

hybrid scheme.

E. The matrices P and L

(39

(40)

(41)

(42

(43

p'» INVolve two auxiliary basis functions,
since the intermediate orbital,« is expanded in the auxil-

(44)

(49)

(46)

It is impor-

We have so far only considered the matri€@sand K,

not P andL. Concerning the hybrid approach, nothing need
to be done abouk, since it is either zerdansatzl) or it
involves integrals with only one auxiliary function at the

most, as desiretansatz?),
— ’ ’
Lan=ThoKS, +TalKe, for ansatz2.

The matrixP was originally given by*%°

(47

S

Resolution-of-the-identity ~ 10893

TABLE I. Nuclear Cartesian coordinates &g .

Molecule Atom X y z
CH, (*A,) c 0.000 000 0 0.0000000 —0.1892343
H 1.625683 1 0.000 000 0 1.1265904
H -1.6256831 0.000 0000 1.1265904
H,O (@) 0.0000000 0.0000000 —0.1243090
H 1.427 4502 0.000 0000 0.986 4370
H —1.427 450 2 0.000 0000 0.986 4370
NH3 N 0.000 000 0 0.000 0000 0.000 0000
H 1.766 326 0 0.000 0000 0.728948 1
H —0.8831630 1.529 683 2 0.728948 1
H -0.8831630 —1.5296832 0.728948 1
HF F 0.000 0000 0.000 0000 0.000 0000
H 0.000 000 0 0.000 0000 1.7305529
N, N 0.000 0000 0.000 0000 1.0375721
N 0.000 000 0 0.0000000 —1.0375721
C 0.000 0000 0.000 0000 1.2188433
(¢} 0.000 0000 0.0000000 —0.9144234
F 0.000 0000 0.000 0000 1.3335187
F 0.000 0000 0.0000000 —1.3335187

1 ! !
Dkl _ "q" et =kl —uq per’'—=kl_ —p'ypr =kl
Pmn_z(?ﬂn Kpmr@’ rmnKMqu’ rmnKpJ

"k gl etk otk
AT T, e Ky Mo =T KT

—kI

' '
KL T P

__p,V rl_kl _rlql
ron KT Fron KoTprgr

p'r’
g e nekl e p' ekl = e wk

rmn Kr’r,uq’ rmr];Kr'rp'V'{_rmr];Kr’r;w

"t q'—k "o q'—k "t v—k

e KT —Thn K g —Tin KT,
HTRLKLTE), (48)
whereuw,v=p,q for ansatzl and ., v=i,j for ansat2. The
energy contributions originating frof have been extremely
small in all of the previous calculations, and when we re-
place some of the primed indicéwhich refer to auxiliary
orbitaly by the standard orbital indices in the spirit of the
new hybrid scheme, the matri® vanishes completely.
Hence, in this scheme, the computationFois omitted.

Ill. COMPUTATIONAL DETAILS

The geometries of the seven molecules are identical to
those used in previous wofR The Cartesian coordinates are
given in Table | to enable a complete reproduction of the
numerical results, if desired. All calculations were performed
in the augmented correlation-consistent polarized valence
X-tuple zeta basis sets (aug-ccXX) of Kendall, Dunning,
and Harrisorf>?with X=2, 3, 4, 5. Only the valence orbit-
als were correlate@frozen-core approximationand the aux-
iliary basis set of Ref. 20 (¥14p8d6f4g3h2i for C, N, O,

F, and Ne, and $%6p4d3f2g for H) was used for the RI
approximation of MP2-R12 theory. The sextuple-zeta basis
with X=6 was not considered as orbital basis, since this
basis is virtually as large as the auxiliary basis set, yielding
like results for the full and hybrid MP2-R12/B methods. The
new hybrid MP2-R12/B scheme has been implemented into
the DALTON program, which was used for all of the calcula-
tions of the present work.
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TABLE IlI. Valence-shell Mgller—Plesset second-order correlation energi€s?® in mE,) as obtained from
the MP2-R12/B method using various approximations.

1B 2B 2B

System Limit Basis Hybrid Full Hybrid Full Hybrid Full

CH,(*A,) 155.9  aug-cc-pvDZ  131.99 13261  139.02  141.03  138.44  140.28
aug-cc-pvTZ 14825 14843  150.67 151.01 15044  150.67
aug-cc-pVTZ  148.42  148.40 15070  150.99  150.44  150.62
aug-cc-pv5Z  154.86  154.93 15526 15530  155.10  155.13

H,0 3005 aug-cc-pVDZ  249.45  251.04 26611  269.05 265.88  268.60
aug-cc-pVTZ 28221 28254  289.69  290.36  289.61  290.11
aug-cc-pvQZ  292.89  293.16 29653  296.89  296.41  296.64
aug-cc-pv5Z  297.80  297.92  299.05  299.14  298.82  298.88

NH; 2645 aug-cc-pVDZ ~ 224.62 22575 237.15  239.87 236.88  239.37
aug-cc-pVTZ  251.63  251.66 25649  256.88  256.43  256.68
aug-cc-pvVQzZ 25955  259.63  261.90 262.06 261.82  261.88
aug-cc-pV5Z  262.83  262.89 26358 26359 26340  263.41

HF 319.7  aug-cc-pvDZ  258.64  260.61 278.95 282.06 278.95  281.93
aug-cc-pVTZ 29644 29696 306,51  307.39  306.48  307.14
aug-cc-pvQz  309.39  309.77 31451 31501  314.33  314.67
aug-cc-pv5Z  316.09 31617  317.92  317.98  317.63  317.66

N, 4210  aug-cc-pvDZ  353.46 35528  374.67 379.44 371.85  375.98
aug-cc-pVTZ  396.84  397.11 40522  406.22  404.64  405.30
aug-cc-pvQZ  410.31 41072 41503 41560 414.64  415.04
aug-cc-pV5Z  417.08  417.29  418.86  419.01 41843 41854

co 4039 aug-cc-pVDZ  337.81  339.63 358.97 36350 356.45  360.30
aug-cc-pvTZ  379.27 37946  388.11  389.09 387.68  388.39
aug-cc-pvVQZ  393.03 39353  397.93 39852 397.63  398.04
aug-cc-pV5Z  400.00 40012  401.80  401.89  401.39  401.45

Ne 320.1  aug-cc-pVDZ 25040  252.63 27351  276.65 27431  277.56
aug-cc-pvTZ 29243 29294 30480 30576 30458  305.32
aug-cc-pvQZ  306.97  307.29  313.60 314.16  313.35  313.72
aug-cc-pv5Z 31543 31552  317.93  318.00 31754  317.57

F, 611.7  aug-cc-pvVDZ 49349  497.19 53341 53993 532.72  538.88
aug-cc-pvTZ  567.09 567.97 58594  587.74 58569  586.97
aug-cc-pvQZ  590.86  591.47  600.84  601.79  600.24  600.89
aug-cc-pV5Z  604.49  604.44  608.10 608.09 607.46  607.38

IV. RESULTS AND DISCUSSION the basis sets aug-cc-pVDZ, aug-cc-pVTZ, aug-cc-pVQZ,
and aug-cc-pV5Z.
We have comput_ed the vglence—shell Mgller—Plesset  T4pje 11 and Fig. | show thah g4 is at least one order
second-order correlation energies of the Ne atom and th8f magpnitude smaller thaa,,, and also much smallgal-

. . 1

molecu_les Cb.' (in its “A; sFate), H:0, NHs, HF, N, CO, most an order of magnitugi¢han the difference between the
and F, in the fixed geometries of Table I. These are the same L .

A Standard approximations A and B. Hence, it appears perfectly
systems as studied in Ref. 20. The results are collected in ble t v th hvbrid h
Table 1l, which shows the energies obtained from the ap_reasona € 10 apply the hew hybrid approach.
proachesl, 2, and2* in the standard approximation B. The
energies obtained from the approach of Ref.(@Ader the
header “Full”) are compared with the energies from the new
hybrid schemdunder the header “Hybrid). The estimated TABLE Iil. Mean absolute deviationéin mE;) of the full R12/B results
basis-set limits are those of Ref. 20. with respect to the basis set limif (), with respect to the R12/A approxi-

Table Il shows that, except maybe in the aug-cc-pVDZMalon @a-g), and with respect to the hybrid approadiifiiq) -

basis, the differences between the full and hybrid approachgsy, Ansatz X=2 X=3 X=4 X=5
are indeed very small. Most important, these differences are

much smaller than the errors due to other approximations,A,"rnit ! gggg iggg Z'gg i'gg
assum_ptions, or truncations. Thi_s is documented in Table IlI o 3930 13.34 530 216
and Fig. 1, which show the differences between the fulla,_ 1 6.83 1.76 1.03 0.39
MP2-R12/B results and the estimated basis-set lidj ), 2 11.38 3.14 1.38 0.50
the differences between the full MP2-R12/B results and the 2" 10.54 2.99 131 0.46
corresponding MP2-R12/A calculationd {g), and the dif- Anyori ; é'gg 8'22 8'23 8'(1)2
ferences between the full MP2-R12/B and hybrid MP2- o 3.43 0.63 031 005

R12/B results §yy.ig) for the approaches, 2, 2* and for
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100 T . T T auxiliary basis. Hence, computation times and data storage
requirements grow only linearly with the size of the auxiliary
basis, which translates into substantial savings in comparison
with the full MP2-R12/B approach of Ref. 20.
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