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Density fitting for the decomposition of three-electron integrals
in explicitly correlated electronic structure theory
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Frederick R. Manby
School of Chemistry, University of Bristol, Cantock’s Close, Bristol BS8 1TS, United Kingdom
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It is shown that the convergence of R12-type explicitly correlated electronic structure theories can
be improved by rearranging the three-electron integrals before using a resolution of the identity to
decompose them into expressions involving only two-electron integrals. The new scheme is
illustrated for some test systems within the explicitly correlated second order many-body
perturbation theory. €2003 American Institute of Physic§DOI: 10.1063/1.1600431

I. INTRODUCTION

. . (i] [X12Pof 12l i) =2 (ijK|Xqaf 13l ki), 2
In calculations of molecules with post-Hartree-Fock k
methods, it is laborious to handle the large basis sets that a{gnereP,, is a one-electron projector in the occupied space,
required to obtain converged orbital-based configuration in-
teraction(Cl) calculations. The exact wave function at small . .
o . . Pn= 1(n))i(n)|. 3

r,, obeys the cusp conditidhand the description of this : El: [i(mXi(m| @
cusp converges slowly with respect to the maximum angul .
momentum in the one-electron basis. Various alternatives t he two-body operatois,, can take the form of the single

(L) — -
pure orbital-based methods have been proposed, and it ngmmlitftcir,Kléle [TlJ;Té’flﬂ’ orhof thée SOUIOrT)b repul
proven long ago that the inclusion of two-electron basis>OM 12 - IN methods one chooség=ry,, but one

functions in the Cl expansion leads to greatly improved®®" alternatively expand,, as a linear combingtion of
convergencé P greatly imp GTGs®® The use of the transcorrelated Hamiltorfiahdis-

The penalty is the introduction of three- and four- penses with the requirement of the integrals with the Cou-
electron integrals, which are so numerous that application mb operator because of the commutability betwegrand

are restricted to light atoms and very small molecules. Thét € Ioc?le_IEJ(t;entlal |r;_ the ortlgmal Har?lltgnlgs;]n.t'me advan-
key to any practical explicitly correlated method lies in the allges ors s olverr] |near12| e_rmls are |r|s ); ﬁ% e(zjmany-
efficient handling of the many-electron integrals. Thus, forS'ectron integrals have relatively simple ormsand sec-
example, the weak orthogonality functional can be used t&ndly Fhat the short—rang_ed nature of Gaus_S|ans may confer
eliminate all four-electron integrals from explicitly correlated _rll_amerrllcal alnd com_putatloral. adRVf; tagers], 'nl Iagger slystems.
MP2 theory with Gaussian-type gemin&BTG).2 Transcor- et ree-e ectron mteg{as In R met | be caicu-
related methods’ (in which there has been recent interest inlated explicitly for atoms but in either case it is disadvan-

conjunction with multi-determinantal treatmehfsintroduce tageous to maintain the three-electron integrals in full as

a three-particle operator into the Hamiltonian, but no higher_thelr number increases prohibitively with the size of the one-

rank operators arise. Even calculations which require Onlflectron basis. _ . - .

three-electron integrals rapidly become impractical for large Klopper and I_(utzelmgg avoided the explicit ge_neranon

systems, and the only class of methods which have traan thr_ee-elec_tron mtegrals by the use of the resolution of the

scended the restriction to very small molecules are thosléjem'ty(Rl) in their R12 method to give

which rely on the resolution of the identitiRl) to break up - o . ‘

many-electron integrals into sums of products of two- (ijk[X1of 1dlikj) =2 (X1l 12 (4)

electron integral§. P

Henceforward, we denote orthonormalized occupied, B o i ok

virtual, and general orbitals in a given basis setijs., <'Jk|x12f13|1k'>_2p (X2 p F12ji"s )

ab..., andpaq..., respectively. In MP2 methods with an ex-

plicitly correlated geminalf,,, the construction of the Hyl- Where we have used the abbreviated notation for the inte-

leraas functional requires the evaluation of three-electron indrals, (Xio)fs'=(pd|XyJrs). In Egs.(4) and (5) the equali-

tegrals in the direct ties hold only for an infinite set of orbitals; nonetheless,
useful approximations arise when the Rl is carried out either
with the original set of MOs or with an auxiliary Rl basf.

(i] |X12P2f12|ij>=§k: (ijk|X1af 141k} @) Since the two-electron integrals in the RI expressions in-
volve three occupied orbitals, the maximum angular momen-
and exchange forms tum required in the RI basis becomek 3. for the highest
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occupied angular momentur,.., in an atomic calculation. L o o
Thuss-, f-, andi-functions contribute for systems with, p-, <|1k|r121f13|1k|>=pEA dir pk f12) 8 1D
and d-occupied shells, respectively. This is the main bottle- ) _
neck in Rl methods, especially for the treatment of mol-I the direct and exchange forms. Then the maximum angu-
ecules with heavy atomic elements. lar momentum required for the RI in Eg&LO) and (11) is

In this article, we propose a novel decomposition'®duced from &,..t0 2L o in the atomic limit; the integrals
scheme for the three-electron integrals using density fitting™Vith the operator,f;,, involve just two occupied orbitals
The method reduces the maximum angular momentum rekesides the auxiliary functionp. Thus for s, p-, and
quired in the RI expansion fromL3 .. to 2L ... We present d-occupied ghells, we require, d-, andg—functlons instead
the formulation in the following section. Numerical results ©f S f-, andi-functions in the RI expansion.

. . H H _ L H
are shown in Sec. Il for the calculations of some atoms and ~ FOr the integrals with the operatot;,= K(12_) , using the
molecules. fact that the operator includes at most one differential opera-

tor, the sum of integrals is rewritten as,

(par|K{5'fgstuy+(sqrK{5'f .4 ptu)
Il. COMBINING THE RI APPROACH WITH DENSITY
FITTING =(1qr|K5f13 (ps)tuy+((ps)qr|K 5 f1g 1tu).  (12)

Inth Koni ing th fh Then we obtain the desired expressions of direct and ex-
nt. € present work on |mpr_ovmgt e convergence of t echange components substituting the indices and using the
RI, orbital products are approximately represented as

completeness insertion,

(Nai(r=> dAEA(r), 6 . oo 1 ,
HOHN=Z, dEAD O kK ik = 5 3 UK R
whereE A(r) anddﬁ are auxiliary basis functions and expan- (L\A] ok
sion coefficients, respectively, and we have assumed the or- +(K1 >pk<f12>11' ), (13
bitals to be real. To distinguish the expansion of the density - )
with the Rl in explicitly correlated methods, we refer to the  (ijk|K {3 f1gjki)=— 2 (KIS (f1)P
former as density fitting. Since the basic idea of density fit- P
ting was first introduced by Boys and Shavittsuch ap- .
proximations have been used for improving the efficiency of +% dﬁ(<K(1Lz)>,lajk<f1 Rli(
the computation and manipulation of electron repulsion inte- '
grals in density functional theo’}), MP2!°> and other +(KE) A F1250). (14

theories'® One of us(FRM) has recently introduced a den- . . .

L . . The first term of the exchange integral in EG4) has the
sity fitted MP2-R12 theory which has essentially the Sam%orm of a standard R decor% ositign HowE(ed\r/EZr the maxi-
numerical properties as the original MP2-R12 formulation,mum angular momentum is upsually ﬁwch Iess’than) 3

Cl

but at a fraction of the cost. ) ) . oo e
since the integrals involve the same occupied indices. For

There exist efficient ways to determimiﬁ for specific oms saturated in degenerate shells, the vector coupling co-
purposes, but the simplest expression utilizes the three—cent%} g ' piing

. . . o : efficients survive just fof=0 in the total energy because of
verlap integrals with orthonormaliz xiliary function . . - .
overlap integrals with orthonormalized auxiliary functions, the independent summation over the coincident orbitals. As a

- — result, onlyL .. is required in the auxiliary basis for a satu-
d{?:<'|A|J>:J dri(r)Za(r) ;(r). @) rated energy with RI. It should be noted that the transcorre-
lated Hamiltonian involves only three-electron integrals in
he commutator form for which the migration of an orbital is
more straightforward,

The key in the present improvement of the RI approach is t
combine the orbitals in a coordinate shared by the pair o
two-body operators. For a spatial operat&g,=r 1_21, one

can move an orbital from the ket to the bra to give the inte-
gral identity (pqr|[KE af13]|3tu>:§A: dQS(Aqr|[K(1'§) gl 1tu).

(ijk|r 5 faglik)=((ii)ik|r 5 f 13 1k]), ®) (15

The reason why the term, which is unable to be dealt with

the density fitting, appears in E@L4) is concerned with the

- . o _ fact that the single excitations due to the geminal are pro-
1 _ 1

(ijk|rqz 1‘13|'|<J>—2p ((i)jlr iz [pk)(pklf1d1j), (9 jected out in the explicitly correlated wavefunction. Such

o inclusion of singles will be discussed elsewhere.
where the symbol, 1, as an orbital index means that the or-

bital is made unity.

Applying density fitting to avoid the five-index integral |||. RESULTS AND DISCUSSIONS
in Eqg. (9), the three-electron integrals can be expressed as

which can then be resolved using the RI to give

We apply the new decomposition with density fitting
k| r 2 ik =S dAr ZBAICE)PK 10 (DF) to the second order many-body perturbation theory
(ijkr o faglikj) % i1z ok F12)3) (10 with strongly orthogonal functions of frozen GTG in addi-
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tion to the usual orbital products. The second order correcwhere
tion in the Hylleraas energy functional is in the form,

(2) — (S,M)y2
AEP=—AEQ+2AER, (16) AENTOI= & 2 (cj™™)
N CUS M) (L) (SM)
A= 3 (el K (QF OF XAETIKGZ O, (24
and a similar expression faxE{? . In Eq. (23), the specific
—Q1Q) f 1 l{ij} ™), (17 terms which are approximated using the RI are those involv-
ing just one occupied projectd®,,. Hence, the quantity,
@) _ (SM)/ i USM)[ e =10 %
MBS g & e InQres 7= AER[QE P+ P1Q3 1~ 2AEP[QF Py + P1Q5 ]
—Q:Q)f i} W), (18)  =AE{[P1+Po]—2AES[Py+P,]+4AEP[P1P;],

whereQ? and Q, are one-electron projectors in the virtual (25
spaces for the complete and given basis sets, respectivelyhich we refer to as the RI index, measures the contribution
{ij}SM denotes the spin-adapted antisymmetrized paito the energy that arises directly from the RI. In E2f), the
functions, andc{>") are variational parameters. The quan-term, AE{[P1P,], vanishes becaus&™ is an anti-

tum numbers take the values$,M)=(0,0), (1,0, (1,=1) hermitian. Deviations in the RI index between the calcula-
for i#j and (S,M)=(0,0) fori=j.® The commutator in- tions in the given basis set and in an essentially complete
volving the exchange operator is neglected as in the MP2basis set can therefore be used as a guide to the accuracy of
R12-A approximatio. All three energy corrections become the RI. The exact energy for a given basis and a givgican
identical, AE{Y)=AE(@=AE®, when the geminal is exact then be estimated as

outside the Hilbert space spanned by the given basis set, EQ=EP A~ 26

* Kk (SM) e (L) —1\[fi: (SM
(QF Q3 ~ QuQz) (e K5+, i} M) using the deviation of the indexyr=7—r, from 7 com-

=0, VijSM. (19 puted using an augmented basis set.

Throughout this paper, we use a template gemifigl,
expanded as a linear combination of 10 Gaussian-type func-
x=AEPIAEQR, (200 tions. The coefficients are determined in such a way that the
Coulomb repulsion multiplied by a short-range weight

which becomes unity in the above condition, is a good mear.  issian is suppressed in the similarity transformed

fg:ﬁgoe)'(rgﬁ;fnthe appropriateness of geminals. Accord'nglamiltoniap‘?*7 For the exponents, we use an even—tempered
' sequence in the range betweerf Hhd 0.5 and the weight
QiQ5=1-P,—P,+P,P,, (21)  Gaussian has the exponent, 5. The template genfipalis
further transformed with a scaling parametey, according
to

Thus the ratio,

the functionals are divided as
AER =AEY[1]- AER[P1+ P,]+AEL[P1P,] gt
(Czr12)

—AENZ)[Qle], (23) f(rlziCz): c, (27)
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TABLE I. Errors in the index,r, the ratios,y, and the second order energi@s mEh) of Ne.

Basis set c, A7gR AT % E@ E@ Ewpz
VDZ 1.0 —41.05 —12.64 0.79 —353.22 —340.6 —255.48
(9s4pld) 2.0 —16.54 0.75 1.00 —333.81 —334.6

3.0 —7.89 —0.65 1.17 —314.75 —-314.1
VTZ 1.0 —6.98 —-3.27 0.76 —373.61 —370.3 —321.93
(10s5p2d1f) 2.0 ~358 ~0.60 096 37213  -3715

3.0 —-2.14 -0.19 1.13 —362.31 —362.1
VQZ 1.0 -1.52 —2.50 0.77 —382.23 —379.7 —351.22
(12s6p3d2f1g) 2.0 —-0.87 0.00 0.88 —381.84 —381.8

3.0 -0.63 —0.05 1.05 —378.84 —378.8
CVTzZ 1.0 —-5.40 —-291 0.85 —379.50 —376.6 —333.49
(12s7p3d1f) 2.0 —-1.79 —-0.67 1.04 —373.16 —372.5

3.0 -0.91 -0.19 1.18 —363.80 —363.6
AVDZ 1.0 —27.45 2.30 0.75 —365.27 —367.6 —278.21
(10s5p2d) 20  -1532 051 100 -35525  —3558

3.0 —7.66 —-0.34 1.16 —336.12 —335.8
AVTZ 1.0 -3.20 —-0.12 0.75 —378.70 —378.6 —330.17
(11s6p3d2f) 2.0 ~3.24 ~0.28 095 -37868 3784

3.0 —2.06 -0.13 1.12 —369.65 —369.5
ACVQZP 1.0 —13.43 0.00 0.92 —386.35 —386.4 —320.08
(16s10p6d) 2.0 —5.60 0.00 1.25 —367.82 —367.8

3.0 —2.44 0.00 1.47 —352.00 —352.0
ACVQZ® 1.0 0.00 0.00 0.89 —387.48 —387.5 —354.94
(16s10p6d4f) 2.0 0.00 0.00 1.11 —382.20 —382.2

3.0 0.00 0.00 1.29 —375.50 —-375.5
ACVQZb 1.0 0.00 0.00 0.85 —387.07 —387.1 —365.91
(16510p6d4f2g) 2.0 0.00 000 100 -38593  —385.9

3.0 0.00 0.00 1.17 —382.62 —382.6
Limit —388.1

#The subscripts, Rl and DF, denote the original RI of Kutzelnigg and Klopper and the decomposition scheme
with density fitting, respectively. The reference values of the indexre based on the calculations with the
aug-cc-pCVQZ(uncontractefl set; they are 1354.27, 447.03, and 2008Bh in RI, and 1354.34, 447.18,
201.04mEhin DF for c,=1.0, 2.0, and 3.0, respectively.

PAngular subcomponents of the reference primitive set, aug-cc-pCi@zontracter

Figure 1 shows some profiles dé{rq,;c,) with different  advantageous to use geminals damped relatively quickly as
scaling parameters. The effective radius of the explicitly corthe present application witb,=2. According to the results
related function varies with changirng whereas the slope of with the angular components of the ACVQZ set, the absence
1/2 atr,,=0 is maintained by the transformation. The en-of the f-shell (L=3) reduces the accuracy of Rl byrh&h

ergy functional can be minimized for individual pairs with for c,=1. As a result, the second order energies in Rl be-
respect to multiplied coefficient§.In this context, Klopper come —395.07 and—399.84 mEh with the AVDZ and
developed a unitary invariant formulation to pair AVQZ (16s10p6d) sets, respectively, which are lower than
functionals®® Such a convention is not employed in this par-the MP2 limit artificially. It is the manifest advantage of the
ticular work to keep the short-range behavior fo, and  present decomposition with DF that enables us to bypass the
hence we usei(jo'o)= 1, for all singlet pairs. The triplet pairs, requirement of-functions.

S=1, are antisymmetric in the spatial part to follow the The next application is the ground state ‘Gun which
p-wave cusp conditiofl and the parameters|"’=1/2, are the RI saturates at-shell whereas DF requires up to
used for the pairs. The latter condition is not crucial espeg-functions. We used the (815p12d8f4g) primitives of
cially for the use of a short-range geminal since the triplethe atomic natural orbital§ANOs)?®* augmented by tight
pairs have no amplitude ag,=0. (2d2f) functions with the exponents, 14400d)(

In Table 1, we show the calculateflr, y, and MBPT2 3600.0 ), 250.0 ), and 50.0¢) along with the scaling
energies of Ne with the correlation consistent basis setparameterc,=2. Table Il shows the calculated pair correla-
(uncontractef??2 The error in the RI indexAr, is also  tion energies. The present implementation without minimiz-
plotted in Fig. 2. The amplitude of and accordinglyA7in  ing pair functionals leads to a positive correction for the
the approximate treatments of three-electron integrals reducks3d pair though the amplitude is very small. This is be-
significantly asc, increasegi.e., more localizedf;;). The cause the deviations from tise andp-wave cusp conditions
overall results of the present decomposition with DF areare prominent for the pair, i.e., the componentAiE? is
more accurate than the original RI. Since the electron corremuch smaller than the corresponding one AE(. All
lation is a short-range phenomenon, the choice, dfardly = MBPT2 energies of the explicitly correlated methods includ-
affects the result especially beyond the regular VTZ set. Taking MP2-R12/X* are in a small range compared to the con-
ing the accuracy and scalability into account, it would beventional MBPT2 energy. Most of the difference between RI
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ACVQZ (16s10p6d4f2g)l _L cl,=1| +
ACVQZ (16510p6d4y) T e ')
ACVQZ (16510p6d) } p [>n RI u A
AVTZ (11s6p3dzy) | M|
AVDZ (10s5p2d) >- >- =l
CVTZ (1257p3d1f) f ;/ | ?
VQZ (12s6p3d2f1d) Y +
VTZ (10s5p2d1f) \\\\\\ L\
VDZ (9s4p1d) N (= 41 N

T_'?/mEh

FIG. 2. Errors in the RI index in calculations on the neon atom \atlg-cc{C)VXZ basis sets.

and DF, ca. 1thEh is originating from the pairs, [23d, (uncontracted Figure 3 shows the relation between the RI
3p3d, and 3%, To repair this discrepancyh- and index,r, of the VTZ set forc,=2 and the absolute deviation
i-functions must be included in the RI case. from it with VDZ set,|7(VDZ) — 7pe(VTZ)|. There are ap-

We close this section by mentioning briefly the statisticalproximately linear relations between them and the obtained
errors in calculations of some small first-row molecules. Weslopes of the least square fittings are 3.00% and 0.23% in RI
performed on calculations on GHCH,, NH;, H,O, HF,  and DF, respectively. The present method with DF is thus on
Ne, CO, N, and K with cc-pVDZ and cc-pVTZ basis sets average more accurate by one order of magnitude than the

original RI.

TABLE 1. MBPT2 pair energies  (in mEh) of V. CONCLUSION
Cu':GTO (21s15p12d8f4g) andCz=2.

We have proposed a novel decomposition for the three-

Pair E@ EZL E®)e MP2-R12/A& electron integrals in explicitly correlated electronic structure

162 3324 3611 3611 3660 theories. The normal completeness insertion is applied after a

1s2s —6.58 —~7.06 —-7.05 -7.19

1s3s -0.99 -1.05 -1.05 -1.08

282 ~9.33 ~10.74 ~10.74 ~10.81 20 | /

2s3s -3.32 —-3.66 —3.66 —-3.69

3¢? 550 ~6.38 ~6.38 —6.37 | mRt_ eDF |

1s2p —35.00 —37.30 —-37.23 —38.04 "

1s3p —4.07 —4.33 —4.33 —4.40 15

2s2p —53.72 —65.32 —65.32 —66.10 3

2s3p -12.15 —13.30 —13.29 —-13.37 =

3s2p —14.28 —-15.51 ~15.49 —15.70 E -

3s3p —-37.39 —44.30 —44.30 —44.31 S 10

1s3d —0.45 -0.23 -0.23 —-0.51 v

2s3d —14.47 —~18.62 —18.44 —-18.27 g u®

3s3d ~7159  -8453 8451 ~84.20 g

2p? -172.00  —191.40  —190.94 -192.73 £

2p3p —53.74 -57.35 -57.19 —-57.92 . .

3p? —-70.74 —81.40 ~79.67 —-81.54 |

2p3d —-69.81 —~79.68 —-77.26 —~77.98 f .,‘o.“' """"" .

3p3d —-298.26  —339.07  —334.22 —-337.87 0 Amrer .

332 -510.98  —544.40  —538.96 -538.07 0 200 400 600 800
o (VTZ) / mEk

s —1477.60 —1641.74 —1628.05 —1636.8

FIG. 3. Distributions of the RI index deviations for a selection of small
aReference 24. STO basis: 42p12d11f9g9h6i. first-row molecules.
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