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of linear terms in the mterelectromc coordinates
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CC-R12—a combination of coupled cluster theory and the R12 method, is presented in which the
correlation cusp is treated via inclusion of terms explicitly dependent on the interelectronic distance
r;; into the exponential expansion of the wave function. A diagrammatic derivation of the CC-R12
equations within the so-called *“‘standard approximation B” is given at the level of singles, doubles
and triples (CCSDT-R12). MBPT(4)-R12 is derived as a byproduct of CCSDT-R12. Fifth order

noniterative corrections are also discussed. -

I. INTRODUCTION

Traditional quantum chemical methods, even those ac-
counting for a large part of electron correlation, suffer from a
rather slow convergence to the exact solution of the Schro-
dinger equation on extension of the basis. Within a CI (con-
figuration interaction) or CC (coupled cluster) approach in a
finite one-electron basis, one is unable to describe the corre-
lation cusp correctly,l'4 i.e., the cusp relation®

9T 1. )
lim (——) =5 ¥(r2=0) : 1)
rip—0\ 112 4 2

is not satisfied. That the explicit inclusion of the interelec-
tronic coordinates r;; into the wave function is a powerful
means to speed up the convergence has been known since
Hylleraas suggested such an approach in his study of the He
atom,® and has been definitely confirmed in the calculation
by Kotos and Woln1ew1cz of the potential curve of the
hydrogen molecule.” Explicit inclusion of terms linear in r;
(and/or odd powers of r; j) as it is done in “Hylleraas
CI”%? leads to the appearance of “difficult” three- and four-
electron integrals, which makes the computation prohibitive
except for very small molecules. An alternative approach
with explicit r;; dependence as well, the so-called Gaussian
geminal method,'® has the advantage that no difficult inte-
grals arise, but the correlation cusp is not strictly taken care
of and a sophisticated optimization of nonlinear parameters
is needed. Although random tempering of Gaussian geminals
leads to significant savings in CPU timings,!! the method
still remains computationally very demanding.

More recently, one of us together with Klopper has sug-
gested a theory in which explicit r;;-dependent terms in the
wave function expansion are present but where the evalua-
tion of difficult integrals is avoided.>*'? In this R12 method
the linear r;;-dependent terms are considered in the final
wave tunctlon via inclusion of pair functions like

| by =

Fi,=(ab|ry4)ij)—{ablriylji) (2b)

into its CI expansion.
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We use the labels i,j,... for occupied, a,b,... for virtual,
and p.q,... for arbitrary molecular orbitals expandable in the
actual basis, while ,8,... and K,A\,... correspond to virtual
and arbitrary orbitals, respectively, within the complete basis.
Operators and matrix elements are written in a tensor
notation,'>!* i.e., ab = a;aq:, akl = aTaTa .a,: where
double dots {as well as the tilde on af, etc) mark normal
products in the particle hole sense; Xj=(p|X|q) and
Y2e=yPd— Y% ={rs|Y|pq)—{rs|Y|qp). The Einstein sum-
mation convention will be implied throughout this paper, i.e.,
all expressions are summed over all indices that do not
match the taiget ones on the left-hand side of equations.

The ansatz Eq. (2) has, among others, two very attractive
features:

(i) One clearly sees that the additional functions are or-
thogonal to the reference function |0).

(ii) It transparently shows that the improvement with respect
to the conventional approach consists in a partial im-
plicit replacement of the given basis by a complete basis.
It may hence be termed a -correction for basis
incompleteness.>!? In fact Eq. (2) corresponds to a wave
function in which the pair {(1)j(2) of occupied spin-
orbitals is replaced by r1,i(1)j(2), with the part of this
function describable in the given basis projected out.

After the description of some pilot calculations,® a gen-
eral theory has been published,'? within which all necessary
matrix elements have been derived for CI-R12, CEPA-R12,
MBPT(2)-R12, and MBPT(3)-R12, based on a single Slater
determinant reference function, i.e., for CI, CEPA, etc., im-
proved by inclusion of linear r;; terms. In order to avoid
difficult integrals the “standard approximation” (as variants
A and B, vide infra) have played an important role. The
various R12 approaches have rather successfully been ap-
plied to many-electron systems, both atoms and molecules. '

A minor drawback of the use of pair functions of the
type (2) is that the results are not invariant with respect to a
unitary transformation among the occupied MOs.'? One then
takes the best advantage of the R12 method in using local-
ized MOs. Fortunately, Klopper has found a modification'®
which is invariant with respect to this kind of unitary trans-
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formation and has applied it in the context of MBPT(2). We
follow the same procedure.

The main virtue of the R12 method is that one reaches
the basis set limit within one kind of approach, say MBPT(2)
rather easily. In order to approach the exact solution of the
Schrédinger equation one must as well proceed in a hierar-
chy of approximations that converge sufficiently fast towards
full CI in the given basis. The best such hierarchy available
at present is that of coupled-cluster (CC) methods. A combi-
nation of the R12 method with the coupled-cluster approach
should therefore be rather powerful. Quite recently we have
proposed this combination, where the r;;-dependent terms
have been included via the exponential cluster operator. Pilot
calculations on Be, at the CCSD[T]-R12 level of theory
clearly demonstrated the power of the suggested CC-R12
method.'” (In Ref. 17 we have suggested the shorthand no-
tation CCSD[T] instead of the original name
CCSD+T(CCSD)'®). In the present paper we give a detailed
derivation of the CC-R12 equations up to CCSDT-R12,
while MBPT(4)-R12 (a byproduct of CCSDT-R12), as well
as various so-called noniterative corrections are also dis-
cussed. A diagrammatic technique is used for the derivation
of the explicit equations. Orthogonally spin adapted equa-
tions are presented in addition to the spin-free ones.

Il. THE CC-R12 ANSATZ

A common feature of all coupled-cluster methods is the
exponential ansatz for the wave function

|¥)=e0), : ®)

where in conventional approaches S=T is usually a global
excitation operator consisting of single, double, triple, etc.,
excitation operators

T T A Tyt Ty b= a4 = 13 a“”+-l— Jk ~"””+
1 2 3 a%*i 4 ab 36 abc® ijk
(4)

We here use the tensor notation introduced previously.!**

(Note that in the literature one finds other definitions for the
¢ amplitudes, e.g., t{¥—in the meaning of our ¢,—that would
not be consistent with our tensor notation).

Via Eq. (3), the final wave function is expanded in the
basis of ail possible configuration state functions generated
by e”. We want to extend this basis by functions similar to
those of Eq. (2); but at the same time preserve the cluster
structure of the final wave function. In other words we search
for an operator %2 which takes care of the correlation cusp,
and which can be plugged into S in addition to 7, ie., we
choose S=T+7%.

The operator /2 is essentially of the same form as T,
given by Eq. (4), but with the summation over the given
basis a,b replaced by the orthogonal complement to the lat-
ter within the complete basis @,83. This implies that .78 com-
mutes with 7. Let the operator %3 be defined as

1
= F kl‘%ij » &)
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.j? R 3a,j , , (62)
Raﬁa“ﬁ = Pl 'B—rﬁ,af]b . (6b)
Irrespectively of the associated amplitude c J B is just a

generalization of the operator in Eq. (2). If in Eq. (6b) we
restrict the operators 2%, to diagonal ones ie., J2, then
also the coefficients would be diagonal cfi=c;, the action
of % on [0) would mean that the spin—orbital pair (kI) is
multiplied by cr, and then orthogonalized to (k/), which
leads formally to a sum of doubly excited determinants, in-
volving a complete set (hence the labels «,8). This would
correspond to the use of the ry, functions taken in previous
papers.>1?13 The form actually chosen in Eq. (6) means that
(kl) is replaced by (ij) multiplied by cijlrlz [and orthogo-
nalized to (kl)]. This is in the spirit of the orbital-invariant
ri2 approach introduced in the context of second order per-
turbation theory.'® Then the results do not depend on whether
one uses canonical or localized orbitals. Otherwise it would
be imperative to use localized ones.!> Unlike for the original
ansatz Eq. (2), now also such configuration states will be
created via the operator e5, which result from the action of
% on excited determinants (in a conventional sense).

Let us point out that we have changed one convention
with respect to previous papers.'>!7 While previously we
have regarded cp=c¥ as the coefficient of the term
37121k, 1], we now regard it as the coefficient of ry,[k,!].
This means that in the limit of a complete basis, cy; now gets
the value 1/2 for (natural parity) singlet pairs and 1/4 for
triplet pairs, while formerly it got the respective values 1 or
1/2. This transfer of the factor 1/2 from r, to c;; implies a
redefinition of some intermediates. To avoid confusion, all
new intermediates are symbolized by caligraphical letters,
while the old ones were represented by ordinary latin letters.
Only for the coefficients cfjl we have not introduced a new
symbol.

Usually the new 1ntermed1ates (11ke " f]l, & f]l, etc.) dif-
fer from the old ones (like Vf’ ) by a factor 267" if they
contain & JB"JI factors and / cij factors The operator 92 de-
fined by Eq. (5) is the same in the old and the new conven-
tion, while J2f; is the counterpart of the former J8."”

We have to solve the Schrodinger equation

HyeS|0Yy=AEeS|0) (7

with AE the correlation energy and Hy the normal product
form of the Hamiltonian in the particle~hole picture, with
the reference Slater determinant |0) as the new “physical
vacuum.”

Hy=Fy+Wy, (8a)
Fy=fyay; Wy=igias,, (8b)
fK h)\ ‘}\t (80)

The choice of .9 [Eq. (5)] guarantees the orthogonality
of the resulting functions to |0) and consequently the inter-
mediate normalization ((0]'¥)=1).

The traditional way of deriving the CC equations, has
been" to project Eq. (7) from the left successively by (0],
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(Olai, (O]Zifzjb, etc., or by {0le =5, {0|a’e %, etc. This is equiva-
lent to**?! projecting Eq. (7) from the left by (0[(1+5T) or
{0](1+8")e™* and subsequent differentiation with respect to
the amplitudes of S*. (The insertion of e ~* makes the linked
structure of the expressions transparent, but does not affect
the results). For our ansatz with S=T+.% the projection
with {O[(1+8)" and subsequent differentiation with respect to
the parameters £/, etc., and ¢ is partlcularly stralghtforward

We get |
(Ol(HyeS)cl0y=AE, - o
(©0la%; (Hue%)dloy=0, ..(%%)
(O[(F (HyeS)cl0)=0. - (90)

The subscript C in Eq. (9) means connected.

In the following it will be convenient to treat the opera-
tor 42 formally as a doubly contracted product of two.opera-
tors, namely (we use parentheses for single contractions and
double parentheses for double contractions, see Appendix A)

B=((F5%p)), (102)
7= fealt (10b)
Fo= R 000 (10c)

One must keep in mind that %13 never present without a

% and that & and .9 are always contracted over two hole
lmes (k, l) By this trick one is able to treat the coefficients
t, and ¢y} on the same footing. In the diagrammatic formu-
latlon both t¥, and c} are represented by a vertex, and so is
R .

ill. DIAGRAMMATIC REPRESENTATION OF THE
CCSDT-R12 EQUATIONS AND THEIR SPIN-ORBITAL
FORMULATION

The elementary constituents of the diagrams are fermion
lines (usually vertical, carrying arrows) and vertices (hori-
zontal). Fermion lines with downgoing arrows symbolize
holes (labels i,7,k,...), upgoing lines with a single arrow par-
ticles lines within the given basis (a,b,c,...), up-going lines
with double arrows particle lines corresponding to a com-
plete basis («,/3,7). Horizontal fermion lines mean eithér par-
ticles or holes, with a single arrow corresponding to -the
given basis (labels p,q,r,...), with a double arrow to the
complete basis (labels w\.u,...).

A broken-line vertex symbolizes the electron 1nteract10n
(§pg) When it carries fermion lines on both sides, or the Fock
operator (f9) if it has fermion lines only on one side. A
double solid line represents matrix elements of the T' opera-
tor (¢),1%,, etc.) or the % operator (c), i.e., essentially the
coefficients in terms of which the § operator is defined. A
triple line represents matrix elements of the R operator
( 1?‘;{5). Note that all vertices are antisymmetrized.

Fermion lines may be external, i.e., be open ended and
enter or leave the diagram, or internal {contracted) i.e.; start
at one vertex and end on another one. Scalar quantities (ex-
pectation values) are described by diagrams without external

J. Noga and W. Kutzelnigg: Coupled cluster theory

S);mbol Diagram
. Fy -
Wy D-Cx

n Y
ERERA
5 . VA,

FIG. 1. The diagrammatic definition of operators Honzontal lines can be
either hole or particle ones.

lines, one-particle operators contain one ingoing and one out-
going fermion line, two particle operators two ingoing, and
two outgoing fermion lines, etc.

Note that our use of double arrows (for the complete set)
differs from that of, e.g,, Lindgren22 where double arrows
indicate active (partially occupied) orbitals. These are not
present in the closed-shell states that we are interested in
here.

The basis operators are presented in Fig. 1.

Since the number of hole labels is finite, no discrimina-
tion between single and double down-going arrows for hole
lines is necessary. Only lines of the same type can contract.
Contraction of a particle line with double arrow and one with
single arrow leads to an internal line with a single arrow.
From a wealth of .#8-containing diagrams that can be con-
structed in principle, we may a priori exclude those dia-
grams in which no lines with double arrows occur. Their -
contributions vanish due to the definition of .~

We restrict our considération to T= T+ T, + T3, i.e., up
to full CCSDT-RI2. Then, in addition to the conventional
CC scheme, the following terms survive in the expansion of
Egs. (9):

AE=CCY, +(0l(WyB)cl0), (112)
0=cc +(ola’ (Wy T+ WyBT1)cl0), (11b)
0= ccg}nv+<o|a (W R+ W BT, + Wy T,

+ sWNFBT T, + sWyRBH) c|0), (11c)

J. Chem. Phys., Vol. 101, No. 9, 1 November 1994
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FIG. 2. CC-R12 energy diagrams.

+(0]| GV (Wy T8+ Wy BT, + Wy BT, +

Aape

0= Cc(3)

conv

Wy TR
+ AW BT T+ Wy RT3+ WyRT, Ty + SWyRT?
+ sWn 88T 1) |0, - (11d)

0=(0IBEA(FTR)cl0) +(O| AWyt WTo+ Wy
+WyT + WN.%T2+ W T2+ Wy BT -
+ W 58T2) | 0).

Here CC®

(11¢)

cony Stands for the conventional contributions, that
can be found in the literature,17‘19’23'25 and that we do not
want to give in detail here—except diagrammatically for
Egs. (11a) and (11b). A compact formulation of the CC-R12
equations to be given later (on Fig. 9 in terms of some inter-
mediates as defined in Fig. 8) will also include the conven-
tional part.

We can now start to represent Eq. (11) by diagrams. The
diagrammatic representation of Eq. (11a) is 'seen on Fig. 2.
The first three diagrams (a) to (c) représent the conventional
result and the fourth one (d) the r;, correction. The analytic
expression corresponding to the first line of Fig. 2 is

= pagi 4 Lzab, b
AE=fit,+ 15 td+ 385 trh + 185 iR g
while the second line on Fig. 2

(d) is a contracted product of the .«
gram (e)

- (12)
illustrates that the diagram
amplitudeless” . dia-

7741

V=15 R (13)
and the diagram ® representlng the % operator defined by
Eq. (10b).

The conventional way to solve the CC equations (11) is
by iteration. One rewrites, e.g., Eq. (9b) for Ty and T, that
they become

Dt = (fim ) = F1(F, 800t ot cfl),  (140)
Dijegtdy=fi+F=Fim fo)tdy
=fo 5,800tk 18 k). (14b)

One sets all variables t{,, etc., on the rlght—hand side (r.h.s.)
of Eq. (14) equal to 0 and solves for 7,7, etc. Then one
inserts the variables from the previous iteration on the r.h.s.
of Eq. (14) to get new £, etc., and one proceeds until self-
consistency. '

It is, of course, not compulsory to choose this iterative
procedure. However, if one does so, as is usually the case,
one will have to evaluate AE in every iteration. It is there-
fore recommended to evaluate the ?/fjl, as given by Eq. (13),
and to store them before entering the iterations. We shall
encounter more such expressions that are calculated prior to
the iteration procedure. ‘

The équations for T, are represented diagrammatically
on Fig. 3. In addition to the part known from conventional
CC theory there are r,-containing diagrams. The parts of the
diagrams d3.2 and d3.3 on Fig. 3, with identical lines enter-
ing and leaving the f vertex, just represent the Lh.s. of Eq.
(14a). If the Brillouin theorem holds, the diagrams d3.1 and
d3.5 vanish and for canonic Hartree—Fock orbitals also the
off-diagonal parts of d3.2 and d3.3 (with different lines at the
f vertex) vanish.

One recognizes on Fig. 3, like on Fig. 2, that the rq,
terms (involving triple vertices) contain a part that is inde-
pendent of the coefficients ¢4, etc., and ck ,], and that can be
evaluated and stored before the iteration start.

The full graphical representations of Eq. (11¢c) and (11d)
become very lengthy. We shall later give them in a compact
form. - :

d3.4

+ ‘}/
d39

V\Hg— mmmy

OWN EW 0N 00y by

d35 d3.8

d3.10 ds.11 ds.12 ds.13 ds.14
- - . . N —
G N e Y E DY T
ds.15 ds.16 d3.17 ds.18 319 d3.20

FIG. 3. The diagrammatic form of T equation.
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de1  dd2 4.3
da.4 a5
(a)

e
@M\M\QO

44.10 . a1 .
d4 12 d4.13 d4 14
e
a4.15 d4.16 7 d4.17
(b)

FIG. 4. 7 containing T, diagrams within the CC-R12 method. (a) Diagrams
that remain in the standard approximation. (b) Diagrams that vanish due to
the standard approximation.

The R12 diagrams that complement the equations for the
T, and T; amplitudes are collected in Figs. 4 and 5, while the
diagrams arising in Eq. (11e) are in Fig. 6. Before coming to
the more compact form of Eq. (11b) to (11e) (which will be
found on Fig. 9 in terms of some intermediates defined on
Fig. 8) some general considerations are necessary.

All the diagrams in Figs. 4 and 5 contain summations
over complete sets of virtual orbitals. Closed expressions for
these sums are possible, but they involve matrix elements of
2-particle, 3-particle or even 4-particle operators, as dis-
cussed elsewhere.'? Such an access is prohibitive. Fortu-
nately, what we have termed the standard approximation ap-
pears to work nicely. (At this point we need not yet
diislcrirninate between the standard approximations A and
B*9).

The standard approximation is based on the assumption
that the one-particle basis is large enough such that '

(a) the Hartree—Fock equations can be assumed to be satis-
fied exactly;

(b) sums over a complete one-particle basis in expressions
like A’;{ﬂBﬁf,‘n are well approximated by a sum in the
given basis, i.e., (for A and B spherically symmetric
two-particle operators like r;5')

AMFBI=APBI . (15)

J. Noga and W. Kutzelnigg: Coupled cluster theory

For i,j,k,l,m,n referring to occupied MOs, the sui over u
corresponding to a complete basis can be replaced by the
sum over p corresponding to the given basis. For details see
Appendix C.

The justification of the standard approximation lies in
the fact that it becomes exact for atoms provided the basis is
saturated up to some finite / value depending on the case
(e.g., [=1 for He, Be or /=3 for Ne, Ar'?). There is further
evidence? that for molecules the truncation error at this level
decreases exponentially with /. The unsaturation error within
a given [ goes as exp(—ayn) with the basis dimension n,;% at
least for an even-tempered basis.

Equation (15) is valid also for a more general case (see
Appendix C). This implies that all diagrams with only one
double-arrowed line between two vertices will vanish (i.e.,
the diagrams d3.17 to d3.20, those from Figs. 4(b) and 5(b)
as well as diagrams d6.22-d6.34).

The standard approximation allows us further to write!?
(see also the Appendix A)

S.8.

AaﬂRu __,AK)\ Ars =i (16)

Dg rs

for A either ry, or g;,=ri,', respectively, with the result

5.4,
& U= = 1ROPRY = (PD) — 47297 (17a)
7= LR = o~ AgLaFY, (17b)
Sli=6i5i-5167. (17¢)

Hence, any partial diagrams consisting of two vertices con-
nected by a pair of lines with double arrows are easily evalu-
ated. While the remaining /2 containing T diagrams [d3.15—
d3.16 on Figs. 4(a) and 5(a)] are of the latter type, the &
diagrams that remain from Fig. 6 can be divided to three
categories.

(i) Diagrams that contain exclusively pairs of equivalent
double arrowed lines as mentioned above [all from Fig.
6(a), except those under (ii)].

(ii) Diagrams coming from connected .72 clusters with in-

" equivalent double arrowed lines (d6.2, d6.6, d6.11,
d6.12). Their evaluation needs some nontrivial tricks!?
. as outlined in the Appendices E and F.

(iii) Diagrams originating from disconnected 3%8° clusters
which do not contain equivalent double arrowed lines
residing on a single vertex (d6.20, d6.21). These cannot
be factorized within the actual basis and would lead to
four-particle integrals. As it is shown in the Appendix G,
these contributions can be neglected within the standard
approximation A as well as B, they decrease with [ as
@+
Let us turn our attention to ““critical” terms belonging to

category (ii). The diagram d6.2 means explicitly

d6.2=LB 1 . B =RIPFIRT (18)

ay?

i.e., there is an f insertion between two % factors. The
evaluation of products like R,‘f,gngZy is discussed in Appen-

J. Chem. Phys., Vol. 101, No. 9, 1 November 1994
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a.

d56.10

@mg" @H@N
il /i el by e o

ds.11

) i s e iy iy

ds.12 d5.13

ds.14 d5.15 d5.16

d5.20 - d5.21

ey T__A;&QG;:{J\W =)

d5.22

(b)

d5.17 d5.18 d5.18
d5.23 , a4

FIG. 5. 2 containing T3 diagrams within the CC-R12 method. (a) Diagrams that remain in the standard approximation. (b) Diagrams that vanish due to the

standard approximation.

dix E where a slightly improved approach to that of Ref. 12
is presented. If the extended Brillouin theorem is assumed to
hold one can arrive at”

,é”"—-( gt +%+¢/f) +i@+@f+5z

v )i (192)
% =3 8 fi— L Py, (19b)
Okl "’(g‘ijgrm_l-*%ﬂzrg;nnll—(@ T)kl, (190)
F =g P+ & H=F D, (19d)
i=- 2,.’“12 r;p(V=Vy). (19¢)

The explicit expressions of the diagrams d6.6,;d6. 11, and
d6.12 listed under (ii) contain products of the type

Hi .
azjrjm 8 _Rmngzs ay? (203)

where we have used a semicolon in the sub- and superscripts
to distinguish s,/ as indices which are not equivalent with i, j
or m,n. There is a one-sided g insertion between two 2
factors.

We must now specify the variants A and B of the stan-
dard approximation. While so far we have only neglected
terms that vanish exactly in the atomic case provided that the
basis is saturated up to a certain / value (and which probably
decay exponentially with [ in molecules), we are now

obliged—as discussed previously'>—to neglect terms that
decay like [~ with m sufficiéntly large. To be better than in
conventional CC without ry; terms, where the energy incre-
ments go as /7% m must be larger than 4. The standard
approximation A is characterized by m =6, and the standard
approximation B by m=8. We have so far used the standard
approximation A only in the context of second order pertur-
bation theory, where it makes sense, since the computational
effort for approximation B is comparable to that of third
order perturbation theory. It is hence more economic to use a
larger basis to reach the basis set limit than to apply approxi-
mation B. In all approaches going beyond MP2 we have
always used approximation B.

It has been shown!??® that the terms involving exchange
integrals g%} in Eq. (20a) go as (L+ 1y7® and can be ne-
glected within the staridard approximation both in varjants A
and B. The remaining terms go as (L + 51)_6. Neglecting them
implies an error O(L™%). The “recommended” approximate
expression for Eq. (20a) in the standard approximation B is
as follows (see Appendix F)

”r"?;c]l 6;1 ;)/ rlgkn + % ;cjrg;réz' + 2% klgrs y klgrs
ug‘,’i P (20b)
YEEY =L (20c)

Irrespectlvely of which approximation for % and & is cho-
sen, it is important that all #2-containing diagrams that sur-
vive within the standard approximation are finally factoriz-
able in terms of the given basis and the evaluation of no
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d6.23 d6.24 d6.25

‘FIG. 6. & amplitude diagrams. (a) Diagrams that remain in the standard approximation. (b) Diagrams that vanish due to the standard approximation.

difficult three- or four-body integral is needed. Noting this,
we can follow the established procedure of using intermedi-
ate effective interactions.'#?%?425% Uplike in the conven-
tional CC, one can now also define amplitudeless intermedi-
ate interactions which need not be recalculated in each
iteration. These result from the contraction of .F8, with F or
Wy as shown in Fig. 7. Their evaluation has been already
mentioned above, except for

ij o

mn

P } RALELGRYs 1)
which can be easily expressed using again just Eq. (16). For
convenience, we have collected algebraic equivalents all of
these amplitudeless intermediates in Table I, together with
their spinfree counterparts as we will use them in Sec. VIL In
Fig. 8 we complete the list of intermediate. effective interac-

tions as we have defined them for the use in the final CC-

R12 equations (Fig. 9). Some of these intermediates are of
course the same within the conventional approach. We
present them just for completeness.

Explicit formulas in terms of a spinorbital basis are in
Tables II and III. According to our previous classification of
the CC variants,'®® these equations correspond to the full
CCSDT-R12 method, CCSDT(4)-R12 is defined as a method
in which nonlinear terms (via intermediates) with 7'; are ne-
glected from Eq. (II1.3), in CCSDT(3)-R12 all terms with T,
contracted with Wy are neglected from Eq. (II.3) and from
pertinent intermediates. CCSDT(2)-R12 corresponds to the
further neglect of T; containing terms in the latter equation
and, finally, in CCSDT(1)-R12 only linear T, contributions
are preserved, since there is no valid non-zero contribution
from the linear .2 contracted with W .. Thus for CCSDT(1)-
R12 the T; amplitude equations do not differ from the con-
ventional ones.
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Symbol , | Diagram ~ Definition Symbol Diagram Definition
. ¥ : e > o <
Vi |, ¥I | i; oy L
Y A A ¥
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’ \ B A \ A
Y Yoo
23, z By | =&
Vr V 3

FIG. 7. The diagrammatic definition of S-amplitude independent effective intermediate interactions. Horizontal lines can be either particle or hole ones.

As it is seen from Eq. (Il1.4), the amplitudes of % in
each iteration can not be expressed in such a simple way as
the T amplitudes. Unlike for the T amplitudes it has turned
out to be efficient to solve the set of Egs. (IIl.4) in each
iteration separately until convergency (i.e., with fixed inter-
mediates). A convenient way appears to bé a (sub)iterative
solution in which the amplitudes in the (k-+1)st sub1terat10n

are given as'®

¢ includes all terms from the r.h.s. of Eq. (TIL.4). ,

From a formal point of view (see Appendix E) a part of
the r.h.s. of Eq. (II1.4) should be the shifted to the left side,
namely, that which comes from the contraction of & with
. This means we have to replace B ¥, by

B (i) =8 = F il F 41D (23)
The amplitudes of & are now calculated in each iteration as
g‘ﬂ)— - 1(1])0(") (24)

where ¢ differs from ¢ just by the last term in Eq. (23). The
¢;(¢;;) are columns of the matrix ¢(¢) for the pair i j. In the
starting macr01terat10n we set ¢=0, and the initial € is just
represented by %1
Although Eq. (24) leads in most cases to faster conver-
gence than Eq. (22) it is not yet sure whether Eq. (24) is
always recommended. While in the limit of a complete basis
B(ij) is a positive definite matrix, this is not necessarily so
for a rather small basis especially if large orbital energy dif-

ferences fi:—fn are present. Fuither studies are necessary.

IV. COMPUTATIONAL ASPECTS

Let us first examine the intermediate effective interac-
tions which must be recalculated in every iteration. In Table
1I one can find three /2-containing contributions the compu-
tation of which go roughly as ~n (IL1), as ~ng(ng+n,)?
(1.2 second term) and as ~n3 (IL3 third term) where n, and
n, are the number of occupied (rg) and virtual (n,) spinor-

bitals, respectively. The T-amplitude Egs. (IIL1 to IIL3) con-

tain only one term (i.e., the last one in Eq. (IL.1) which scales
as nnn . If one realizes that the most time-consumming steps
in the conventional CCSD equations go as ~nf,'n0 and
~n3nd, there is indeed just a tiny change in the computa-
tional demands for the T amplitudes as compared to conven-
tional calculations at the CCSD level.

Consider now the #-amplitude equation (IIL.4) in which
the most time consumming steps involve a seven-index pro-
cedure (first two terms with &%). In the worst case this means
~n§n, (note that further factorization in the & and T con-
taining terms is assumed). For the R12 calculations nearly
saturated basis sets for the low !/ values have to be used.
Hence, typically n,>ng or nv>n(2,. This means that despite

the seven-index procedure, the calculation of the %" ampli-

tudes requires a very minor part of a single CCSD iteration.
At the CCSDT(n) levels the differences in computational
demands for R12 and conventional approach practically dis-
appear, since the calculation of T; amplitudes highly domi-
nates in demands.

Let us briefly return to the intermediate effective inter-
actions that do not depend on the amplitudes.' As soon as
appropriate ry,, r%, and u integrals are available, the calcu-
lation of %" and .%" is rather trivial. The calculation of &
needs a n’ procedure, more precisely ~n3(ng+n,)* which
is comparable with the calculation of triples in one iteration
of CCSDT(1)-R12. The calculation of all needed integrals is
nowadays not a real problem, since very effective algorithms
have been implemented by Klopper and Rohse.’! Since the
computation of the AO integrals makes only a small fraction
of the total computer time spent in general for correlation
calculations (like CC or CI), the additional requirement to
calculate ry, (or u,,) does practically not count.

If one would apply approximation A in CCSD-R12, the
&-containing terms in Eq. (IIL4) could be neglected. The
last two terms in Eq. (IIL4) have a (L-+4) ® dependence; but
at the 'same time they contribute first at fifth order in the

energy (in the sense of MBPT). Hence, they could be most

probably. neglected safely also in approximation B. This
would save the ngn;, procedure needed to calculate the per-
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TABLE L. Explicit form of intermediate effective interactions from Fig. 7 in
spinorbital basis (a) and within the orthogonally spin adapted theory (b).

e i;___gﬂ'BRIJ 5_5'1_ 5 8% M (Lia)
P ) = 6 Y) - 3258 oA  u=01 (LIb)
(?’*),]—2R"ﬂg03.—8§j’ 2r”"gpq (1.2a)
(F ()= 8 ()~ 3 R (w)g 5 (w) #=0,1 (L2b)
&= REPRY,Z (I L g a3
FHW =)~ 3 () =01 (L3b)
P =t REPEISRY = — } 99 Y =k ngr 7, (L4a)
B ()= § 2w # =k rE8(w) g5 () )
~rKL(/L) #=01 (L4b)
Z=RiFELRY S et g gt g gt g gk FEgliry
¥i=% ’=v% -3 (P _ (L.52)
:;(JLS (/1') ;’{/u (.U')gRT""gu (#)8%4’}{“(#)8
B sk e
8w = %) =% T - § D) ‘u=0,1 (L5b)

u = agfaRij _u_z;—/ tf _(g/"r)l! +rgéu +(% T):"fm
+ 3 (@ L (@4 F U (F )
3 1 mpm i} i e
Y =75 80— 3 Pliiyys Can=% T gnt+ % gl

Fh= B S+ A (1.62)

B ) == T ()~ (Vi) + B )

() +(3) (@ Pl
H(O () +F )+ (F ()

% () =(3) Sn— () riB(p)ulg(n); @luim)=% Bhn)ekk
f{;ﬁv(ﬂ)gﬂx

F ) =F ) flet & i) fle #=0,1 (L6b)

“Einstein summation convention is assumed, i.e., the expression is summed
through all indices that do not match the target on the left-hand side.

=

1 i i 5 5
== 5 Tia(V1 = Vo) S=08381-8580; SSn(u)=830 %+

(—1)#s%8T. -

tinent £ intermediates at the beginning, as well as the ngnv
step in every R12 subiteration. This approach has been used
in our pilot calculations.!” To use it routinely, still more nu-
merical evidence is needed.

V. MBPT(2)-R12 AND MBPT(4)-R12: (MP2-R12 AND
MP4-R12)

In the standard nondegenerate Raylelgh Schrodmger PT
with the Mdller—Plesset partition of the Hamiltonian, i.e.,

with HF reference, Wy is formally the perturbation. Then for
the first- and second-order corrections to the wave function
one obtains (note that £,=0 in this case)

—Fy|¥)=0W,l0), (252)

—Fy| @)= Qwy|¥M)y, (25b)
where  is the projector into the complementary subspace
orthogonal to the reference. Within the conventional ap-
proach [‘If(l)) and |¥@) are expanded in a basis of Slater
determinants. In the spirit of our R12 ansatz ¥ is ex-
panded in the basis of all possible functions generated by e,
The pertinent nth order expansion coefficients ) and ¢
can be obtained from respective projections of Egs. (25) onto
the latter subspace. It follows then, that Y is not affected by
4 and the first order ¢!V are determined by the diagrams
d6.1-d6.3. For the canonical HF reference we get

(tab )R12 (tab )couv (DZZZ)_Iga, (26&)
mryel, =7 =91 (26b)

At this point, i.e., limiting oneself to first order in
S=T+.9 and second order in E, we may alternatively con-
sider approximation A, in which _# given fully by Eq. (E.20)
is reduced to

~LB TG =H =T e+t (26¢c)
It might be more consistent to include as well the terms in
Zf, but this has so far not be done as the default option
within the standard approximation A. Noting that in the limit
of a complete basis

. T
Bl —5 for natural singlet states.

(26d)

F —>‘IT for triplet states.
a good diagnostic of near completeness of the basis is the
ratio

To(#)/ Te( ) (26e)
taken separately for singlet and triplet pairs.

R12 corrections to the second order T amplitudes origi-
nate in the diagrams d4.2 and d4.4 at the levels of singles
and doubles, respectively. There is no R12 second order
wave function contribution at the level of triples within the
standard approximation. The projection of the Lh.s. of Eq.
(26b) onto the subspace of the R12 functions is given by the
diagrams d6.4—d6.7 (provided that amplitudes in these dia-
grams are of first order) while the r.h.s. of the pertinent equa-
tion is again given by d6.1 and d6.2 (with second order am-
plitudes). Hence,

4 1(2) i@

kil ) by —
)Rlz_( )couv ZQ/ab ;cjl lja) 1

ijab (273)
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FIG. 8. The diagrammatic definition of S-amplitude dependent effective intermediate interactions. Horizontal lines mean that modifications with either hole
or particle lines are possible. Superscripts (subscripts) denote incoming (outgoing) open lines from the left to the right.

)Rlz ( t‘( ))conv Lgrkl K kr;t(l)( Diay~ 1 @27b) - whereas second order coefficients formally due to quadruples
are given as products of first order ones. Starting the coupled
( t;flf; )) R12= (tlefi )) conv s (27¢)  cluster calculation with zero amplitudes in the first iteration,
L ;e )_L gy mn(‘)-zj - u“) the f; in Eq. (14a) vanishes, while Eq. (14b) provides tab ,
}9 1) =38 Cmyny 8mn T 2P and Eq. (IIL.4) reduces to Eq. (26b). Similarly, the CC equa-
W) (1) tions can be easily modified to obtain the amplitudes of Eq.
+ %("az?lnnjlc:; + c'gflnnll Com ) (27) in the second iteration. Then, using Wigner’s 2r 41 rule
L oy tred g0 and the linked diagram theorem we get the energetic contri-

+o P Duteq » (27d)  butions
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(9.4)

FIG. 9. The diagrammatic form of CCSDT-R12 equatlons using the intermediates from Fig. 8. For the arrowless open lines both possible modifications must

be accounted for.

AED =(AED) cony» (28a)

AED =1 K™, (28b)
AED = 152219 a1, (28¢)
AE)=1gr Hcii®, (28d)
AEM)“UI( ))Rl?,(tl( ))mDiZ, (28e)
AES = e 1o (8 ) 12D, (280)
AER =gl P DB J(mn), (28g)

TABLE . Explicit forms of the intermediate effective interactions from
Fig. 8 in spinorbital basis.?

J'Z"Z‘lv‘é"z’c”z"czn : (wy)
FU=gh+ § @l & 3l Y (@) w2
F k_f Lefgri 3 2l + 4 gt U gl (IL3)
=g+ 3 8_7:117' o (it 5t T (m4)
S=fo-fisk— § ggr v gctt, (IL5)
FE=fi+giity (IL6)
Piedwl=gl5+ glsth— gligti+ g5l (w.ell,— 14th) 11%)]

FTh=7Y +($ Sl b gy U g 4§ gedit (IL.8)
=i de d iy
V=8t 3 fklﬁfa"‘(-%llftt;a < ata

— (B lorh— F il it~ § E, . (o)
F =i+ gty (1L.10)
Z fe=gla Eiita (L.12)
L=t gaity @)

2See Table L 7 ¥, =¢34+ 1i)—tiel. In (IL7) w may have the values ‘;:or L.

ABO—(AE s (28h)
AEQ =AEG=(AED) conv (281)
(4) = _@kl t/ - (*lg( 4@ kl‘%' ij(1)
~&HE 0", (28))
AEQe=3 & § -7 HE 7O, (28K)

where .2" ® means that it is calculated in terms of ¢\, We
have further used

kz 1, et
O G=8dy tap (29a)

&l _ 1=kl abtl)
ﬂ) é I;btz] s (29b)
'rirkl g/mn kl(l) ‘ (29 )
ij Con - c

The subscripts on AE distinguish contributions due to
the pertinent excitations or the R12 correction (for .%). E$
just stresses that E“” originates from the product of doubles.
The last two contnbutions come also formaily from qua-
druple excitations but originate from the product of %8 with
T, (or #8). Closing the diagrams d4.6 and d4.8 with T, and
d6.14, d6.16 with % (assuming the appropriate first order
amplitudes) one obtains EE;?@, while E;ggg can be obtained
by closing diagrams d6.18 and d6.19 with %. We note that in
Egs. (27) we have not considered contributions that vanish
within the standard approximation.

The only level at which the conventional energy com-
pletely decouples from the cusp correction is the MBPT(2)-
R12, i.e., in the initial cycle of the CC iteration procedure.
Then both the conventional correlation energy and the cusp
correction can be independently calculated.
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TABLE III. Spinorbital form of the CCSDT-R12 equations.”

Sde ik sci ki

ind _ iy e k o =ic k L
D:'gtfz_f:z-l_f ]lct +ga‘;»t + 2gaktdc_ 3 Erifea

o sed ki
*_‘}?i(t +t 13 )+ 7 gzltlcddxa—{- gfamc;:'ln

Dbyl = (F HY + F )~ (F i+ F k) + 71,

(IL.1)

+EglUrte D (—1pTifosyl

Pl_, ab

77 bf 4k if Kk ik _ L i klj
~(F b+ T+ F il - 5 (B,

cj kil d ki ed kif
+ ‘gkftcab)"' 3 (Bt + & Gkl

z ‘7 t«ibc E ]ftzjlfc

P ik

d jk
+ 2 2 (7 s
Pk Pave
+ED Tt
*
Piik

+ 2 2 Ty,

Pl/i: abc
~yB cj;,,=—(yf Tl )+(firf);'j+ Lol gm
+EPurcd v L (@hEe - 1@ pde,

,, (‘g;\"l"oacmnt]-'_’!gmn Hd oj i

klo mnla

(I1.2)

D jlabc ik
I_lLabr abe ™

ij Ik
altbc

o de !jk ,.
}’«' d:c

2

(IIL3)

+’§mn s .0f

Zklyo Cmn

°gu"oa Sate (I]i4)

*See Table I. P, means permutations of pertinent indices, while p (in I1L.2)
denotes the total parity of the permutation. P means permutations with
positive parity. See Table II for definition of intermediates. Fr=F T,

ab.._
Di:a: —ﬂ+f; —fafi—

V1. NONITERATIVE CORRECTIONS TO THE CC-R12
ENERGY

After the CC calculation at a specific level of theory it
has turned out to be efficient to approximate the energetic
contributions due to certain types of missing higher excita-
tions by their MBPT-like counterparts, using the available
CC amplitudes instead of those resulting from perturbation
theory itself. These contributions either complete the energy
to be correct to the certain order of MBPT or approximate
the higher version of CC by adding the most important miss-
ing terms. To the former type belong, e.g., T(CCSD) [i.e., the
difference between CCSD[T] and CCSD]'® and fifth order
corrections’>>®) to the latter one the frequently used
CCSD(T).>* As it is well known,

5
T(CCSD)=—(0|(T5! 'FyT5)c|0) (30)
completes the energy to be correct to fourth order (in terms
of MBPT). .
—(0laly FaTE0) =(01al5(WyT2)cl0). (31)

Nothing is changed within the R12 approach since the linear
(Wx.72) contribution to T vanishes due to the standard ap-
proximation. It means that T(CCSD) is only indirectly af-
fected by %2 via T2 at the fifth-order level. In addition to
T(CCSD), CCSD(T) includes a fifth-order term -
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AEG]=(0|(T]wyTE)0). (32)
While in CCSDT-1 (exactly only at the fifth-order level) this
term as well as its hermitian conjugate appears, CCSD cov-
ers only one of those terms.>*** Hence, CCSD(T) represents
an approximation to CCSDT-1. Since the lowest (i.e., second
order) order contributions to T; originate from the contrac-
tion of Wy with T, as well as with %2 (see Table III) the
change in AELY on going from conventional to R12 may be
expected to be relatively larger. However, compared to the
conventional CC method, there is still no formal change as to
the calculation of CCSD(T) as soon as the amplitudes are
available.

Because of its computational complexity, it is less com-
mon to correct for the rest of the fifth-order terms which
have their origin in connected triple and quadruple
excitations.’>*> Let us very briefly mention how these cor-
rections would be affected within the R12 theory.

Starting from converged CCSD, the final energy is given

a532

AE eony=AEccspmy+ AEF)+ AESI+ AED] + AEB].

(33a)
The R12 aﬁproach will include additional terms |
- AE=AEqqyt+AEg,,
=AE couy+ ({012 T WHT0) +hc.)
(01 TYWAT,2)l0)
+ 50|22 2 (Wy2R8) o), (33b)

while other possible terms vanish within the standard ap-
proximation. Of course, in Eq. (33b) “conv” means formally
the expression (33a) with the amplitudes from CCSD-R12. It
is not the purpose of this paper to derive a more explicit form
of Eq. (33b). Let iis remember that for the calculation of the
noniterative corrections the amplitudes of TT are assumed to
have the same values as the amplitudes of T

VIL ORTHOGONALLY SPIN ADAPTED FORMULATION
OF CCSDT-R12

The spin adaptation within the coupled cluster theory has
been a topic of several recent and older papers.>~° We es-
sentially followed the orthogonally spin adapted theory as it
was presenteéd by Paldus e al.*® and by Kutzelnigg.’” The
theory is based on the projection of Eq. (7) onto an orthogo-
nal set of spin-adapted excited configurations which, for the
closed shell case (singlet states), result from |0) through an
action of the following excitation operators (capital letters
will label the spinfree orbitals):

EY=Ef, (34a)
ESB(0)=YE4E + EBY, (34b)
Eif(1)=¥Eif - E]), (34c)
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ABC — /A ABC "BAC __ -BCA _ rnCAB__ACB
E[JK (1)_'5(2E1.1K +2EIJK EIJK EIJK EIJK

-ESE4  7={0,0,3}, (34d)
A
?Jlfr(c(z) == ( Eu%q"‘ EICJ[}(B'“E?J%B"' El BA)
F#={1,0, %}, (34e)
V3 -
Eij (3)=¢ (+Efjg —Efx —Ejj + Bl
={0.1,3}, (34f)

EABC GABC 5 FBAC_ FBCA_ CAB | FACB
Epe (4)=42E7x —2Efj¢ —Epjg —Efg +Efg

+EBY  ={1,1, 1} (34g)
?Jli'cc(s) ‘(E?J%C_EIAC-*_E?JCI?—’_EIC}}{B“E?JCI;'B
—-ESHY  ={1,1,2 (34h)

where the spin-free counterparts of the excitation operators
are [in Eq. (35) a,B are exceptionally related to spin]*’

E9=a9%+a28; EY-=ELEY. (35)
The parameters in parentheses are connected with intermedi-
ate internal spin quantum numbers. 0 and 1 for biexcitations
correspond to intermediate singlet and intermediate triplet
coupling, respectively. ?E{SIZ,S 12.5;} distinguishes the
five linearly independent triple excitations with .S 12(S12) be-
ing the intermediate spin quantum number for the first two
holes (particles) while S; denotes the total intermediate spin
quantum numbers. All configuration states defined by the
operators (34) are essentially the same as those from Ref. 36,
except for the normalization. Since the final equations are
simpler, we have omitted both the normalization due to the
multiplicity and due to the repeated indices.

Operators like those defined by Eqs. (34b) and (34c), but
normalized differently have aiso been symbolized as gﬁB and
=18, respectively.’” An analogous notation has been used for
the integrals of type (36).

Amplitudes corresponding to spinfree configurations
will be denoted similarly as operators in Eq. (34) [i.e., with
suffix “(i)”]. It is useful to define symmetrized (antisymme-
trized) integrals of two electron operators, corresponding to
intermediate (unnormalized) singlet (triplet) states

Yep(0)=Y55+Vrp, (36a)

Po(1)=Y5p— Y25 (36b)

Then the H can be redefined®’ (Greek letters in the follow-

ing two equations refer to spin-free orbitals within the com-
plete basis):

Frv=FiEx: Wy=He(0)E5(0)+giX(DES, (1(» )

37

Similarly the spinfree operator /2 is given as a sum

= }cH (0)REL(O)EFF(0) + X, (1)R§,§(1>Ezﬂ<1()>.)
38

Although the so-called nonorthogonally spin adapted
theory™> seems to be more transparent, the orthogonally spin-
adapted theory leads directly to an efficient algorithm. The
reason is that amplitudes and intermediates possess the same
symmetry properties as the orthogonally spin adapted states
do. Actually, to achieve the optimal algorithm within the
nonorthogonal spin-adapted theory such (anti)symmetriza-
tions are used.*’ Orthogonally spin-adapted theory works
with a minimal number of amplitudes which in the case of
triples means reduction from six amplitudes handled in the
nonorthogonal theory to five linearly independent amplitudes
belonging to a given set of indices (IJK,ABC).¢

“Concerning the theory outside the R12 context, the
reader is referred to the above mentioned original papers.
However, before giving explicit equations it is useful to re-
mind the symmetry properties of the amplitudes. For the T,
and & amplitudes we have -

£45(0) =15, (0) = £45(0) = £5,(0), (392)
thp(1)= =15, (1)=—zp(1)=13,(1), (39b)
i (0)= cb"(m 5 (0)=c5(0), (39¢)
K== =-cK (1) =), (39d)

The symmetry properties of the intermediate doublet type T4
amplitudes (i=1-4) are not that straightforward, except for
permutations of the first two hole (pagficle) indices

=(—1)PasS1z(— 1)‘"1151 ”K( ).

tapcli (40a)

UABc(l))PABP”

For other permutations the result is given by linear combina-
tion of doublet states (cf. Ref. 36)

i V3 R
tpeai)= =5 tapc(i)— (—1>Sn*r,’£%u) (40b)
1 V3
tdan(i)=" 5 tapc()+ (= 1)°‘nur,”o>
j=i+2(—1)s'iz, (40c)
1 2 V3
)= = 2 () (-0 S dG), @0
1
o) = 5 (5E()+ (= DY ﬁ’é%o)
j=it(— 15 (40¢)

S}2(8%,) denote S'2(S;,) corresponding to the ith conﬁgu—
ration. Combining Eqs. (41a)—(41e) the result for any per-
mutation of indices can be easily obtained. The quadruplet
configuration fulfills the trivial permutation symmetry rela-
tion

(th5c(5) = (= 1)P1i5c(5), (400)

where the subscript “P’’ means any permutation of the indi-
ces IJK; ABC and p is the parity of the permutation. Be-
cause of the symmetry properties, only the 7, amplitudes
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TABLE IV. Spin adapted intermediate effective interactions.?

2‘1’ (= lx"ﬁ’i’(i)ewn av.1)
F RO =g+ 5 7 WD B + § 2520070
+(gR’(t)tD+g (D)D) Iv2)
Fh=f Lt fSlt 1 (7 MN0)cE(0)+ 3 EN (1 ely(1)
+gZ2(0) () +3g2(1) 7 Ep(1))+ 3 (515(0)
+3gi)ee Iv.3)
FiR)=g5 (l)+wgm_(l)7 B —(gER ()5 +g5ni)eE) (1v.4)
‘FA=ng.f R 7 (SKL(O)"'AD(0)+3g§€(1)7§3(1))

+ % (g52(0)+3852(1))% (IV.5)
f"_fx'*' 7 (8RD(0)+3gR2(INt5 (1V.6)
R {w =gl () + g5k ()1, — g (l)t,;+-(g 2(0)

+3850(1))15,— 852 (D) (wigp+ t5tp) ava)
FED=F Hli)+ 2, (- 117l § 2 S, (0)+384,1))
Py

- Gren(D} = F Pl

+.7Kt (z)+,3, gKL i’éD(3z+1)

+2itfE (3i+2)) (IV.8)

TS =glG(1)+ § & L(i)r L)+ Dy (—1)iPas{ % 2 DT (0)

Pap

+3e54(1) ~F gRipa(D}—(Z (1 ()e5+.Z [5(D15)

2
+8R5(1)ih— 57 8RL(ATH(3i+ 1) +2ir[§(31+2))

{Iv.9)

Z YD =gRLD) + 8RRt (Iv.10)
A HORT S H ORI A O (IV.11)
FID =gl + g2 DD (Iv.12)
#=0,1 for  intermediate smglet and  triplet, respectively.

7 =6 (l)+tAtB+( 1)itht}. See also Tables I and IIL. In (IV.7) w
may have the values ') or 1.

with I=J; A=B or I=J=K; A=B=C need to be calcuf
lated. As mentioned, for convenience we work with unnor-
malized amplitudes. Further, in Tables IV-V we also use

Y= Ygp="4 (YE3(0)+ YEH(1), (41a)

=Y35=1 (Y55(0)— Y5(1) (410)
both for intermediates and amplitudes.

The spin “preadaptation” of the intermediate effective
interactions yields what is given in Table IV and the final
orthogonally spin adapted CCSDT-R12 equatiohs are dis-
played in Table V, while the energy contribution {12) be-

COmes
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1
AE=23, fAd+ > (25+1)
LA §=0

1\ %/ 1\ %8
x| X ('2') (5) gIP(S) TH(8)
1<J
A<B

1\ %1 5KL
t2 (5) (5) QI ACNE (42)

K=l

where 7is defined in Table IV. With the use of analogy from
Tables IV and V and Eq. (41) it is rather straightforward to
express the fourth-order energy contributions from Eqs. (28)
which we leave to the reader. Perhaps, it will be appropriate
to give the energy contribution due to triples

i=1 IsJjsK

8, é
l iy l ABtABC(Z)
2 2 IJK
A<B=C

X()DERAREARE " 0. 3)

We are not going to analyse the equations for the 7', and
T, amplitudes as to the computational performance. Essen-
tially, the same efficiency can be achieved as described in
Ref. 40. However, due to the permutation symmetry proper-
ties of the amplitudes inherent to the theory no additional
symmetrization is necessary to obtain the theoretical peak
performance algorithm. The same is valid for triples. It is not
only the fact that one needs to calculate just five linearly
independent amplitudes, but the inherent symmetry makes it
possible to improve our previous algorithm®® quite signifi-
cantly. Although this has been stressed already before,*®
real comparison has not been made. It concerns mainly the .
most time consuming step, the contraction of 75 amplitudes
with pp-pp type intermediates. The number of ﬂoatmg point
operatlons (FPO) in this case is reduced from n)n3/2 in Ref.
28 to 23nn3/72, i.e., by more than 25%. Snmlaﬂy, the theo-
retical number of FPOs.for the contraction of hh- hh type
intermediates with T3 amplitudes is reduced from n3n3/2 to
23n3n3/72. Less theoretical efficiency 1mprovement is
achieved for the contraction of pA-ph intermediates with T,
namely, 12ngng vs 21nin$/2 (ie., 12.5%).

5
AEW=+2, (25;+1) X

VIll. CONCLUSIONS

In this paper we have presented the UHF and orthogo-
nally spin adapted coupled cluster theory in which the inter-
electronic correlation cusp is treated via the inclusion of the
interelectronic distance into the exponential ansatz. This is
an extension of the use of the so-called R12 approach pro-
posed in recent years by one of us together with Klopper and
others.>*1213-17 A djagrammatic technique has been used to
derive the CC-R12 equations with inclusion of single,
double, triple, and the %2 excitation operators within the so-
called standard approximation B. It has been shown that a
great portion of the .%2-containing diagrams vanish within the
latter approximation and that the rest can be easily factor-
ized. The method is fully connected, i.e., size extensive. Un-
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TABLE V. Orthogonally spin adapted form of the CCSDT-R12 equations.?
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D =ri+ FSt— Fhrk+ 5 (81500 +385G(1)) B+ § (g25(0)riK(0) +3g25(1)1 (1)) — § (gEL(0)rEL(0) +3gSL(1)1EL(1))

1 . 1 ; y
+ 3 FUEL0)+ 368, (1) +26510) + 5 g LD (2then(5) +1hen(1) + 1,

() + § (77 EL(0)eB(0)+377 KL (1) (1)) V.1)

DR ()= D, (FSa(D) —FLtlh()+ £ H(i)+ 37 L)AL + Dy (- 1P NP A 50 +38 5 BN
P

Parss

) ) 2 o 2 ,
-~ G WS- F S DD (F LD+ F P+ 53 FEHFa) + 2085~ 37 25 4B Ghleka(a)

2SN~ F RUBR(4)+20.055c(5)}

N DK iy 1 G - N B N5 N KL o+ ABC 1y 1 @ lT LME(s IK (LIM(;
DEARetilic(D) =5 RiBE(D) +F Reilfc(y + 5 2efo () —F LikBe () — 5 L)) —F Ftllgo(D) + AYE (D) + & JpkE G + & Bpidb()

Parsr

i=0,1 (V.2)

+F L) + F RE TR+ F REEEA) + & BRI () — # Bl b)) — F B AT — R ERS )

~Z (D —F BRI ~ F {1} (D)~ F f

{1}e8kn()) ~ F ER{1} 5 () — F KR{1} e 55(D)

i=1-5 (V.3)

- Y B W) (i) =— F 3T W) T4 T W)+ T+ 3 FEOE D+ 5P E D)

£ IO AP~ 5 (EEY D eidi) + SH

-1 A n A . 1
T (B DD+ EES (i) + 5 &

(1)com(D))

Ay I ey O
%go(l)CMN(l)tn

i=0,1 (V.4)

*See Tables I and IV. A(i) is defined in Table VI. P,; p; means that AI is replaced by BJ.

like the oﬁginally 'suggested’ approach within perturbation
theory but remedied later,'¢ the present theory is invariant

with respect to rotations of occupied orbitals. As a byproduct -

of CCSDT-R12 the MBPT(4)-R12 method is derived. The
method presented here should improve the convergency of
the total energy with respect to the saturation of the basis set
from an error ~L™> (conventional approach) to one ~L~’
where L is the maximum angular momentum included in the
AQ basis. It must be noted, however, that reliable calcula-
tions require relatively large basis sets for the low angular
momenta /, since the standard approximation is based on the
assumption that the basis is nearly saturated up to some

TABLE VI. Definition of A(i) from Table V.2

UK (1 e bgrlUE L ik ) 1k L UK LK
Mpc)==3F caa— 75 Bca— 37 ace™ 37 cast¥ sic

+9 e (VL.1a)
ALK 2)=V3(3 TUE - s 7L - TR T UE (VL1b)
AFO)=BG T+ 3T 3T G178 T (VLo
1, L, L, _ 1 .
A%{c(“): 5-721514_ Zyggﬂ' 27%‘(3 zylclfsf gfc
+7 Gac : (VL1d)
AT =T Y+ T R~ T S T~ T A TN (vLie)
TE= 2 (I RHE-ThES D ey
PiasBRC PiA,IB.KC )
X(t5E(5) + 15 (4) + 1555(4)) (V12)

2See Table IV and V. Py, ;p xc means that the pair 74" should be changed by
JB and KC. . )

minimum L value. As it has been shown previously, the
minimum required L is related to the maximum / of the
occupied AOs as L=13[

The inclusion of R12 terms into the CC equations re-
quires only a minor increase of computational demands.
Since the calculation of three types of two electron integrals
needed for the R12 approaches is still just a minor part of the
whole CC calculation, the total expected timings for conven-
tional and R12 runs should be very similar. In particular, in
the R12 approach the direct calculation of (at least) some
contributions can be recommended, because typically
n,®ng.
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APPENDIX A: ONE- AND TWO-ELECTRON
OPERATORS AND THEIR CONTRACTED PRODUCTS

Let f be a one-electron operator and A a two-electron
operator. They can be either represented in configuration
space or in Fock space (n-electron operators should be in-
variant with respect to permutation of the particles)
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f—E fu=frat;  fr={(e (IF(D)]e, 1)),
= ,
(Ala)
A= 2 A(kl)— AbTaby
k<i=1
ALT=(@, (1)@ ,(2)A(1,2)]0,(1) 04(2)), (Alb)
Ak, =A(Lk); APT=ATL. (Alc)

A Fock space operator is regarded as equal to an operator in
n-particle Hilbert space if they have the same matrix ele-
ments between arbitrary n-electron functions.

A product of two one-electron operators f and g is a sum
of the normal product fg which is a two-eleciron operator,
and a contraction ( fg) which is a one-electron operator

fe=:75:+(F8), (A2a)

Fa:=2 'z =22 F(E)=rogsaky, (A2b)

k.l ' k<l

(F8)=2 F)§(k)=F1g5ak. (A2¢)
k

The generalization to products of more than two factors is
evident.
One is also interested in commutators

[f.81= E{f(k)g(k) —3(k)fk)}= (fﬂgu—glf‘i)a‘;-
(A2d)

Note the absence of a normal product term.
For a product or a commutator of a one-electron and a
two-electron operator we get

fﬁ=:f5§: +(fA) (A3a)

po KRV

;Lvaxpa . (A3b)

2 "FUOA,m)=4f%

Llrn

A prime indicates that all labels are different

2 FAWD+ 5 2 "FIVA(K,D)

k1l
=2 f)A(K,D)
k.1
f.A‘iZ %ot 5 fAAZ‘{ B =

=fAlsans,

> PAL+PAEDaS

(A3c)

[£.A1=2 "{f(R)A(k,))—A(k,DF(K)}
k,l '

[T

(PAAGS+ AL — A fE— APMT)als

=(FALS— AL ags. (A3d)

The product of two two-electron operators A and B involves

both a single contraction (AB) and a double contraction
((AB)) We skip the normal product

B 2 A, Bk, m)+ A DB, m)
klm

(AB)
+A(k,1)B(m,k) +A(k,[)B(m,1)}

= > "A(k,)B(k,m)

k,,m

- {AK);'Bpo'_l_A;)\ Zg_*_A)\KBpa_'_A)\KBa'p}ap.v'r

v kT vu™ S %pho
—A")‘ f;‘,’a",f{’;, (Ada)
((Aé))= y > Ak Bk +AK,DB(LE)Y,
P
1 /A A
=5 2 "A(k,DB(k.D),
2 k.l
1
=7 (A,’f‘ p"a”"’+A",,B wab),
1 KA v
=—A ")\a”’ (A4b)

2Tk

In Fock space an alternative formulation of two-particle op-
erators in terms of antisymmetrized matrix elements is pos-
sible, i.e., alternatively to Eq. (A.1b) we can write

A={ALTalY: ART=ART—AT. (AS)
As alternatives to Egs. (A3c), (A3d) and (A4) we then get

(FA)=1fxA%3a ;g, (A62)
[FAl=3(F AL - ALefDals, (A6b)
(AB)=1AL%B ';‘:af:i’;, (ATa)
((AB))=4AS\Baky. (ATb)

Contractions involve—in the Fock space formulation—
summations over infinite basis sets, which one wants to
avoid. In configuration space contracted products are evalu-
ated rather easily. If we write Eq. (A2c) as

(f8)=2 h(k) (A82)
. PR

we have simply

(k) =F()&(k). (A8D)
Similarly we get from Eq. (A4b)

(AB))=C=2 C(k, Z>— Chiaboe=7 Cliahes

k<t
(A9a)

() =AkB(k,D;
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Cho=ARBRY (A9b)

~pT — LAKApp
C/w* ZA/L

Consider the example that A(k,l)=ry, Bk,[)=gu=ru',
then in Hilbert space

(A10a)

(dbp=3 1=(])

k<
and in Fock space
(AB))=4rilgtaby=Kurlrlch)(x\lglpodaly,

=K uvlrglpo)aby
= 1065ak2
=tan (A10b)

ta|»—-

The results are identical insofar as af;;®=n(n—1)® for
any n-electron functions ®. Alternatlvely one gets from Eq.
(A7b)

((AB))= 872};,8@\“#”_%%‘(#7/_1’11',4")\)

X{k\|glpo—op)aky,

= Kurv—vulpo—op)ati=Haks—alis) = Jalt.

(A10c)

The singly contracted product of two two-electron operators
(A4a) is a three-electron operator

A A

(AB)= X D(klm)=— Tk, (Alla)
k<il<m
D(k,1,m)=HA(k,1)B(k,m)+A(k,[)B(I,m)
+A(k,[)B(m,k)+A(k,)B(m,1)} (Allb)

We also want to avoid operators of higher particle rank than
two in configuration space and rather work in Fock space
and try to simplify the summations over complete basis sets
as needed in the last expression of Eq. (Ada).

We now assume that all operators that we consider are
totally symmetric under the symmetry grouE of the respec-
tive Harmltoman This is the case for A(1,2)=ry, or
B(1,2)= r12 , further for f the Fock operator. We finally re-
strict our consideration to atoms, then the AQ basis {¢} con-
sists of subsets {¢;} characterized by some angular momen-
tum quantum number /. Then

fn=0 unless I(u)=I(v) (A12)
consider the matrix element appearing in Eq. (A2c)
(F)o=rags={@u(f8)| es)- (A13)

In view of Eq. (A12) and the same relation for g we see that
only those term contribute to the sum over v in Eq. (A13) for
which

Hp)=1(v)=1(0), (A14)

i.e., only those matrix are nonzero for which [(o)=1I(w),
and in order to evaluate them in terms of a complete basis,
the basis need only be saturated for this particular [ value.

To satisfy this requirement to a good degree of approxi-
mation is much easier than to require that the basis is near
complete, i.e., near saturated for all /. For this example the
direct use of Eq. (A8) will usually be easier, nevertheless.
This is not longer so, e.g., for Eq. (A4a).

APPENDIX B: PARTIAL WAVE EXPANSION OF
OPERATORS AND THEIR CONTRACTED PRODUCTS

Totally symmetric local (multiplicative) two-electron op-
erators can always be expanded as

A(,j)=2 a(r;,r)P(cos &)
I

=47, (21+1)~!
{

a("i,”j)

1
X 2 YD, @) YIH(),9)). (B1)

m==1

For their matrix elements we therefore get

AZ=S, (urlalpo)as s (VIR AYE# o),
=0

(B2)

where rad indicates radial integration, while the other two
brackets mean angular integration. The angular integration
factorizes for each term. The triangular inequality implies
that

i)~ 1(p) | =< 1=<i(w) +1(p), (B3a)

[{(v)— (D) =I<I(v)+1(0). (B3b)
Let

Lmax=max{l(),1(p),l(v),l(a)}. (B4a)
Then

I<2l,., (B4b)

i.e., the sum over [ in Eq. (B2) is finite, provided that the
basis functions ¢,,, etc., are angular-momentum eigenfunc-
tions (what we have assumed). Moreover allowed values of
1(w), etc., are not arbitrary, but, e.g.,

Hp)=l(p)=Up)<l(v)+I(o)*+1(p), (BS)
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i.e., one of the four values of I(w),l(p),I(v),{(0) is always
smaller than or equal to the sum of the other three.

We now use this result to discuss contracted products of

the type (A4a). Let

L=min{I(\)+I()+I(»).1(p)+1(a)+1(T)},  (B6a)

()<L, (B6b)

j.e., the summation over « for a specific term in Eq. (Ada)
terminates at a finite / value. Hence the basis need be com-
plete only up to this L value if one wants to evaluate this
term by means of summation over the complete basis.

Let A, &, v, 0, 0 and 7 all be occupied spin orbitals,
usually labeled as i,j,k,... then

L=3 max{I(i)} (B7)

i.e., the basis {¢,} need only be saturated up to this L to be
regarded as complete. If /(i) =0 for all i, then only k=0 will
contribute in the sum (A4a).

This makes single contractions rather easy.

The single contraction (A4a) is a special case of a chain
contraction. Consider, e.g., the chain of two single contrac-
tions

Ap/.LstCuv qrtw (Bg)

wi® pusu *

Here A is contracted with B by u and B with C by v. The
generalization to longer chains is obvious. For fixed values
of p,q,r,s,t,u,v,w the sums over v and u terminate at a
finite / value both for x and v, due to the triangular inequal-
ity at each vertex.

Ifp,q,r,s,t,u,v,w all refer to occupied orbitals, we find

p)<L; I(v)<L (B9)

with L given by Eq. (B7). This holds essentially for all open-
ended contractions. Nevertheless a slight change arises for a
product of four factors

A#BLCED Al (B10)
In analogy to Eq. (B9) we find
| l(p)=<L; Up)<L (B11)
For I(v) we only get
I(v)<I(v)+2 max{l(i)}<L’, (B12a)
L'=5 max{l(i)}. (B12b)

Fortunately in the CCSDT-R12 no chains of more than three
factors arise.
Let us now look at a cyclic contraction like

KYprp ~uv . pgt
quB/.Lthparuu

Here A is contracted with B and C, B with A and C, C with
A and B. The [ values of u,v,p are not restricted by any
triangular inequalities and the summation limits for
1(w),1(v),l(p) become infinite.

(B13a)

7755

In configuration space (B13a) means (exccpt for a nor-
mallzatlon factor)

> AGL)B(LK)C(3,k).

i<j<k

(B13b)

We have a look at a matrix element of a term in Eq. (B13b)
for the special case

A(i,))=B(i,j)=Cli,j)=gy=r;"s (B14)
K={(¢(1,2,3)|g12813823]¢'(1,2,3)). (B15)

For the sake of simplicity we assume that ¢ and ¢' don’t
depend on the angular variables.

If we insert
g12= 2 8k(r1.r2)Pr(cos F1), (B16a)
k=0
k k
_Tre . 4ar " -
gi=ErT;  Pilcos 9)= 3o mzZ_k YR(L)YE*(2)
(B16b)

then K becomes a sixfold sum (over three k values and three
m values). The angular integrations are performed easily and
in view of the orthogonality of the spherical harmonics we
get

(4m)°

* 2 ! A
°k+1)7 ¢*(1,2,3)¢'(1,2,3)

k

ng("lJz)gk(r1,"3)gk(f2,,"3)"%r%’§ dry dry drs
=2 K.
k

The domain for the radial integration consists of six parts
depending on whether r,=r,=r; or r\=r;=r,, etc. It suf-
fices to take one of these domains (e.g., the first) and multi-
ply the result by 6

(B17)

(47)3 ook
K.=6 2 3 3
O QT DT rymrymr® € AT R

Xr%r%r% dry dr, drs,

(4m)°

=6 k+1) go*cp’rl }"2}‘3]”'2 dry dry drs.

ry=ro=ry
(B18)

For large k the integrand strongly peaks at r{=r,=r;.

While the factor involving r,,r,,r; varies strongly in
the neighbourhood of r;= r2 ry, the factor ¢’ varies
weakly. One can expand @@’ in a Taylor series

e*o’)
(P QD (0*(’”1,”1,’1)4’ (rl,r17r1)+(r’3_rl)————
Ho*@’
+(r3—r1)——(—(€-—¢—2+ (Blg)
8r3

If we take only the first term in Eq. (B19), we can easily
integrate first r5 from O to r,, afterwards r, from O to r; and

finally r, from 0 to oo, such that
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2%+4 - ' '
2 drl drg . . L

K-6-——-———f(4w)3 )0 (L1 )

Y k1) )07 (LLDe (LLD 5535 7
= 6(4m)° o*(1,1,1)0'(1,1,1)5 d
SRRk ks | ¢ LD (L L dn

_3(271')3
(k+ b

[ o100 dro@kr 7).

(B20)

The angular integration has introduced a factor (k) 2, the radial integration another factor (k+ 572 such that an overall (k+
1)~* dependence of the partial wave contribution K to the integral K results.

Let us now look at the contributions of the second and third as well as the higher order terms in Eq. (B19). In the integrand
¢*¢' is replaced by some derivative of ¢* ¢’ and there is an extra factor such as (r,—r;). For the particular factor (r,—r;)

we get as counterpart of Eq. (B20)

477)3 dp*e") 2
6—2(2(k+)1)' s -——(q;r:)' [rl—zkrgr%”?'—r1_2k+1r2r§k+2]dr1" dry dry
1 2 3
. X -2k —2k+1
=6 (4m)’ de*e) | 1 r2k+5_r1 P g g
Qk+1)* ), 5, 0r; [2k+3 2 2k+3 72 Pet2
P (4)° fc?(qo*so’) 6 1 p
TP 2k+1)? ory Y (2k+3)(2k+6) (2k+3)(2k+5) |1
(4)° ANo*o")
=-6 A r$ dr
(2k+1)%2(2k+3)(2k+5)(2k+6) or, 171

=0l(k+H 7.

This means that the second and higher terms of the Taylor
expansion (B19) contribute to higher order in (k+3%)"! than
(k+%~% To get the leading term in the (k+%) ™! expansion it
is sufficient to take the leading term in Eq. (B19).

Before we discuss the generalization of this result to the
case that ¢ and ¢’ depend on the angular variables, we must
make two remarks.

(a) It may happen that ¢(1,1,1) vanishes. In this case the
term O([k+41"% in the (k+3%) ! expansion vanishes.
Then higher terms in expansion (B19) have to be consid-
ered and K, starts with a term of higher order in (k+%) ™!
than (k+3)~4.

(b) Usually we will not be interested in a product with three
g;; Tactors, rather with two r;; and one g;; factors. It is
relatively easy to see that replacement of g, by ry,, i.e.,
of FAIrEr ! by

St B S
Fp= - o
F2k+1 AT 2k—1 AT

(B22)

introduces two more (k+2) ™" factors in the final result. One
of these is explicitly present in Eq. (B22). The other arises
because due to the difference in sign of the two terms in Eq.
(B22) the leading terms in the integral cancel. So for the
integral

K'={@(1,2,3)|r12813r23] @' (1,2,3)) (B23)

(B21)

the leading term in the partial wave expansion goes at least
as (k+%)78 and can be neglected in the standard approxima-
tion.

Let us now allow that ¢ and ¢’ depend on the angular
variables, as

‘P*=f*(r1,f2”‘3)Y;':1*('191’¢1)YZZ*‘

X (p2, @) Y725 (53, 03), (B24a)

@':f'(rl:7‘2,"3)YZ4(191,QDl)Yqu(ﬁz,ﬂoz)YZG(ﬁs,<'P3)-
(B24b)

One expands

&
YZI (1913501)YZ4(’31,¢1)

=2 0(11,14,111,“m1,m4,M1)YZ1(15\1,501) ~ (B252)
Ly

such that

M
o*o= 2 Fr(ry,ry,r3) Y, (O19p)
Ly.Ly,Lg t

XYy (92, 02) V1 (93,95) (B25b)

where F, depends on L;,L,,Ly and where the summation
limits over L;,L,,L,; are determined by the triangular in-
equality in Eq. (B25a).
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We can insert Eq. (B25b) into Eq. (B15), but we con-
sider only a single term in the sum (B25b). The angular
integration is now not trivial as in Eq. (B17), but we rather
get a sixfold sum over k,k',k",m,m’,m”. One term in this
sum is

P ! ¥

(4)3 F, r’i r§ r’§ 5 29
T T‘f riryr
(2k+1)° )i mryr, k’+1 15"+1 17273

Xdry dry drsf YZ‘(61,901)Y2"*(191,901)YZ dw;
X(pr,n)dw, [ T YL )Y (2)dw,

Af YZ3(3)Y;3:'*(3)Y?(3)dw3.‘ , (B26)

The radial integration in Eq. (B26) leads to

(k'+k"+3)-.1(k+k'+5)-1f riF(ry,ry,r)dry
(B27)

while the angular integrals can be expressed in terms of 3j ]
symbols. It is recommended to define ,

p=k'—k; q=k"—k (B28)

where p and ¢ have finite limits due to triangular inequali-
ties, while k is unbounded. One can then use asymptotic
expansions of 3j symbols for large k. A closed summation
over the leading term 1s then possible and the final result i is
that K, goes as (k+5™* as in Eq. (B20).

The generalization to a cychc product of four operators
is straightforward. Instead of Eq. (B15) we now have

=(0(1,2,3,4)|81282383481l¢'(1,2,3,4)).  (B29)

We assume again that ¢ and ¢’ do not depend on the angular
variables.

We insert Bq. {(B16) and K becomes an eightfold sum
(over four k values and four m values). We can then perform
the angular integration and get in view of the orthogonality
of the spherical harmonics

@m* [,
K= E 2“’:k+“1)3' e* @' gr(r1,r2)81(r2,73)84(r3.74)
k

ng(r4,r1)r%r%r§r§ dry dry dra dry

=2 Kk,
k

(B30)

PR M . B S N
kT m§2k+1) U2 rllc+1 r1§+1 r13c+1 r]1c+1

2
Xr%r%r%rz drl dr2 dr3 dr4,

(am?* 2k+2
=24 W ¥ rl r2r3r4 dry dry dry dry.
(B31)

(The factor 24 comes from the 24 possible permutations of
Iy,ry,ra,ry). For large & this strongly peaks at
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FIG. 10. Basic diagrammatic fragments that include one (a), two (b), three
(c), and fourfold (d) summations_over complete basis. For d10.8 we distin-
guish between two Goldstone type diagrams, as it is essential for the stan-
dard approximation.

ri=ry=ry=ry and we can replace ¢(1,2,3,4) by ¢(1,1,1,1).
We can then integrate over r, from 0 to r3, subsequently
over r3 from 0 to r,, over r, from 0 to r; and finally over r;
from 0 to o, such that
)4
* , ’
Ky=24 W e*(1,1,1, 1)/ (1,1,1,1)
r1 dr1
X kT3 k+5)(2k+T)

=6(2w)4(k+%)—6f *(1,1,1,1)"(1,1,1,1)r] dry

+0(k+H77. (B32)

The essential result, namely the (k+3~° dependence re-
mains valid, if ¢* and ¢’ depend on the angular variables.
Replacement of a factor g, by ry, introduces an additional
factor (k+1%) ™2, such that for the expression, in which we are
actually interested, namely,

(‘P|712823r34"41| €°>

the leading term goes as (k+3) % If @(r;,rp,r3)=0 the
leading term has at least another additional factor (k+2)~".

APPENDIX C: DIAGRAMS WITH A SINGLE
CONTRACTION OVER A COMPLETE BASIS

On Fig. 10 the diagram fragments involving single
double and higher contractions are collected. With single
contraction they are of the following types:

d10.1:f3RY, d10.2:2;7RY,. (C1)
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The matrix elements fp vanish unless I(a)=1I(p). Since the
basis—to which p belongs—is chosen so that it is saturated
up to some [ value L, also [(a)=<L, hence the sum over the
complete basis can be replaced by one over the given basis,
ie.,

f"R” =foF, azij fvzru = (c2)

and diagram fragments of type (d10.1) can be neglected in
the standard approximation (A or B).
We come now to the fragment d10.2

pR” —gq abr gq ] 7 (C3)

The simplest case is realized if the orbital ¢, has an angular
momentum /(b) that agrees with an / of the occupied MOs.
Then [(a)=L. In order to satisfy the conditions for the stan-
dard approximation we choose the basis {a} such that it is
near saturated up to /(a)=L. Then the two sums on the r.h.s.
of Bq. (C3) terminate at the same ! and the result is zero
within the standard approximation. The same argument holds
if the three labels p,q,r, on g correspond to occupied MOs
or MOs with the same [/ as occupied MOs.

Another simple case is realized if [(i)=1(j)=0 and all
other [ arbitrary. In this case [(a)=1(?) and if the basis {a}
is chosen such that is saturated up to {(a) =L, the two terms
in Eq. (C3) cancel.

For I(i)#1(j) and [(b) <L sufficiently large, expression
(C3) does no longer vanish under the condition of the stan-
dard approximation, but its partial-wave contributions vanish
with sufficiently high power of [I(a)+3i]"! such that Eq.
(C3) can be neglected even then.

APPENDIX D: DIAGRAMS WITH DOUBLE
CONTRACTIONS OVER A COMPLETE BASIS

Let us first look at double contractions between a pair of
vertices, i.e. (see Fig. 10)

d10.3:.8 H=3RPRY,;  d10.4:9° Y =1g7PRY,
“oy

We first show that in both cases the summation over (a,8)

can be replaced by a sum over the complete set (u,v)

ErPRY =gl s Ear s (D2)
~k

g;‘qﬁ Zﬂﬁg;’l‘qy ZV_gPZr;ch gpq /Ll+gpqul’ (D3a)

g;z zzjb—g;i] i‘{s‘ glpcsqr;cjs gpq rl+gpqul : (D3b)
Since in view of Appendix C

_k a —

g,,Zri’V‘ GpaThs- (D4)
It follows that

. — 8.8, ;

ErPRg=2po R, (D5a)
and analogously

_ - s.a. =kl 3

R{PRE,=RITRY,,. (D5b)

We can use results of Appendix A and get
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7 = AR = M ErF ) = (8~ 3T
=8 =38
(D63a)
Z = ARERY = (P~ i s U =6i6-68181.
(D6b)
The adjoint of d10.4 yields
(Z = -fR"‘Bg‘,’,‘fg~ S — 2 ard . (Déc)

We must next consider double contractions involving three
vertices (see Fig. 10)

d10.5:g2PRY.RY. | d10.6:R3PziPRE. (D7)
Let us consider the special case

1@)=1(j)=lk)=1(1)=0 (D8)
then

I(BY=Ua); la)=I(c) for d10.5, {D9a)

UB)=l(c); (a)=I(b) for d10.6, (D9b)

saturating the basis [(a) up to L causes the contracted prod-
ucts (D7) to vanish. If condition (D8) is not satisfied, these
contributions decay at least fast enough with (I{a)+3) ™"
(I(B)+D7!, expression (D7) will hence be neglected in the
standard approximation (A and B).

APPENDIX E: DIAGRAMS WITH TRIPLE
CONTRACTIONS OVER A COMPLETE BASIS
INVOLVING THE FOCK OPERATOR

Very important are expressions like d10.7 on Fig. 10
I_ 5 y-kz
By =RPIRY
— zaBryskl _ -aboyskl _ —ab rc -k
_r?jpfﬁray anj bray rz]fzrac_l_r b7 ac
s.a.
— 1 =kl r okl -
r’“’ . #K-r"]q 2 o rl] et r"qf;rp, (ED)
For their evaluation we first make a few statements. Let

F=fraks Fip= zr%affi (E2)
then (see Appendix A)
[?’FIZ]= Hfrialbgal; (E3a)
Lfirialb. f;r’::+ Farbe = Toal s —Thal v (E3b)
On the other hand,12
[fif1a]= =28 12+ 2615~ [K.7)5], (Eda)
[Forialpe= —2g""+ 2 gt TR 8T
12122_5“‘“1'12'(V1'_V2) (E4c)
T2
We further note that
ALrpsBe = WAF Y BY, =LAk (FB)Y,, (BSa)
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where (Z? ) and (ﬁ) mean the contracted part of the anti-
symmetrized product of A and f or f and B, respectively,

(Af Yir=ALrfe— AL, (ESb)
(FB)Y,=fsBY ~f B, (ESc)

For the evaluation of Eq. (E1) we proceed first as in Ref. 12,
i.e., we assume the extended Brillouin theorem according to
which ff vanishes if b corresponds to the given basis and «
to an element of the complete basis not contained in the
given basis. This means we can replace fj by f7 or vice
versa. This allows us to rewrite Eq. (E1) in two alternative
ways

J"”—r{}” —

—kl Lopy
> “K =37 (fr

- 7r‘;)}q(f’")pq ’
(E6a)

f

mi = kl
p.m Ky

ol _ 1= Akl | okl o ki _ml :
.!,-j—qrf}” ')g#,,+2u,w+r#'§,g’,fm+r#,,gm=g

=kl _mk me kl L MK kl
t7pq8em™ 8pm g~ 8gm"p +rqum

=-2¥Njr2% {+O @iﬁngjﬂ

For the definition of (%~ T){»‘! see Eq. (D6c). We further need

% Y= (i)l — 3 ik, =% 85— % ik, (E9)
@ H= kgl + 4 gt (E10)
D H=d (=Pl g~ P g et Pl g,

+ri1 gqlg f)lK) (Ell)
FlH=L Yot (E12)

All five expressions on the last r.h.s. of Eq. (E8) are differ-
ences between exact quantities and their approximation in
the given basis. Equations (D6c), (E9), (E10), and (E12) are
evaluated easily. Equatlons (E10) and (E11) result from the
commutator of X with 712- The standard approximation A
consists in neglecting Egs. (E10), (E11), and (E12). It has
been shown in the Appendix of Ref. 12 that the error due to
neglect of Eq. (E10) goes as L™>, that due to neglect of Eq.
(E11) as L™’
mation B—to neglect Eq. (E11) but to take care of Eq. (E10).
Equation (E12) ought to be kept even in the standard ap-
proximation A. We shall comment on this at the end of this
Appendix. It is perfectly in the spirit of the standard approxi-
mation (A or B) to replace the sum over « in Eq. (E10) by a
sum over r, i.e., to take

M= gy & g (E13)

Of course, instead of from Eq. (E6a) one could as well have
started from Eq. (E6b) with the result -

= H- U FIP T

—8yml

. It is hence justified—in the standard approxi- .
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8.4,

Gkl _ =pv i =kl =pv r-kl
‘,#_5* =ri ot a1y

ORI G
(E6b)
In Eq. (E6a) we have assumed that the third and fourth terms
of Eq. (E1) cancel, in Eq. (E6b) that the second and fourth
terms cancel. We shall see later that one can also evaluate
Eg. (E6) without assuming the extended Brillouin condition.

For the further evaluation of Eq. (E6a) we use -
$.a.

'ﬁjiic'= % i v{[f r]kl _I_’—:Kl -kK

Ppaf )

and note that % vanishes unless « is an occupied MO (ordi-
nary Brillouin theorem) i.e., unless ﬂ: ffn. We insert Eq.
(E4) and get

W= LA,

Pyt (E7)

K=kl +rml -km ""1‘?‘ { 2Akl+2ukl+rklc ml

m! 8pq g8 xm

(EB)
|
1{— [fr]ﬁ’j’+f"r"’+f?rf‘;}rp,,
=27 42+ @M+ (@NE+(FNE,  (B14)
Sk ki 7KL Lokl 1-pqzki '
2% —(ur gl = 16— bt (E15)
It is recommended to define [starting from Eq. (E9)]
(2 )= TP~ §ia 1 = ok — 4 Ty
(E16)

Noting that u# is neither Hermitean nor anti-Hermitean but
that -

(g—u)T=u—g; ul=2g—u (E17)
we can reformulate Eq. (E16) to

(% ")§=2(gr)fj— (ur)ij— gray + 1ifi ey (EL8)
or Eq. (E15) to

D= —(%*)ffj+ 2974, (E19)

This allows the reformulation of Eq. (E14) to
Fl=—2 2B+ (@D +( @D+ FNY
(E20)

Neglectlng @ and takmg the average of Eqgs. (E8) and (E20)
we get
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Bl=(~7- T+ ur NI+ A O+ O+ F
+F (E21)

We can now renounce on the use of the extended Brillouin
theorem, i.e., we go back to the original expansion (E1).
What we have done in Eq. (E20) is to take the first term on
the last r.h.s. of Eq. (E1) minus 1/2 of the second and third
terms. What we still miss are the other halfs of the second
and third terms as well as the entire last term, i.e.,

r—kl =pq —kl
i fq

_l=pq —kl__pv
r” 5P for

ol pk (E22)
The first two terms in Eq. (E22) have already been taken care
of, they must just be multiplied by a factor 2. Hence all
expressions where we sum over p,g must be taken twice and
the last term in Eq. (E22) must finally be added.

Numerical tests have indicated that one does not gain
much in adding the correction term (E22), which confirms
(fortunately) that the extended Brillouin theorem isa Justl-
fied assumption.

Let us mention that even the ordinary Brillouin theorem
need not be assumed to hold. This alternative has no advan-
tage in the present case, but is useful in a multiconfigura-
tional approach. The terms with %, etc., in Eq. (E6) can then
be written as

fe=nk+gmk—gmk . (E23)

One sees that this leads to a cancellation of terms like

/’:’,,g’,f,’,‘, in Eq. (E8) with the appearance of terms such
qas r* € mic k instead. The final expressions are hardly more
cornphcated

The full expression involving F4,, Fy, and % in Eq.
(11e) is
<0l%‘5&z’,<FN%>c|0>=

=i@mrcl L@ (e f+cle

L_et us assume that the Fock operator is dlagonalized, ie.,
fi= 6.1+ Then the rh.s. of Eq. (E24) can be rewritten as

(E24)

B L), (E25)

BN =B 5= F TS+ 1)
=—(7+ 7t - w2y - No+roN
B fi—F =T, (E26)

In the case that one limits oneself to coefficients ¢} the con-
tributions involving the f ., etc., cancel completely.

If one takes the meaning of the approximation A liter-
ally, one should only neglect the terms with ¢7 in Eq. (E26)
within this approximation, but keep those with f. In our pre-
vious calculations with approximation A (which means es-
sentially in MP2-R12) we have also neglected the last ex-
pression on the last r.h.s. of Eq. (E26). The historical reason
for this is that originally we only considered that
ch= c,] -c;; in Eq. (E25) is diagonal. In this case the last
term in Eq (E26) vanishes automatlcally In the orbital in-
variant - - approach  introduced later'®  allowing for
(ij)#(m,n), the f 7, etc., no longer cancel. Nevertheless
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inclusion of the last term in Eq. (E26) does not change very
much, such that it remains justified to neglect them on MP2-
R12 level.

APPENDIX F: TRIPLE CONTRACTIONS INVOLVING
THE TWO ELECTRON INTERACTION

We need to evaluate the following contraction in the
standard apprommatlon (diagrammatic fragments d10.8 on
Fig. 10)

%kl g — RaﬁgpﬁRk[

e (F1)

We decompose the antisymmetrized vertex g into its primi- -
tive components

d10.8a:  Xi4=R7PeIIRY | (F2a)
di10.8b:  Yii=RiPelYRY (F2b)

ij.p Br'tay
because their / expansion is different. Although these con-
tractions have, in principle, been treated in Ref. 12, we now
present an improved strategy, due to Wim Klopper.*! First we
see that Bq. (F2a) means explicitly

qu_ ~kh_quzk gkl ki qt =kI
X rii &p rﬂ,\ rqg r ng,(r +r,jgprk

ij.p prips™

It was argued in Ref. 12 that
(F4)

which is somewhat analogous to the extended Brillouin
condition'? f#=0 for u=s. In assuming that Eqs. (F4) holds,
(F2a) reduces to

gU=0 for u#s

=rs gt =kl ,

1j8prTles - (FS)

It is, however, not necessary to make assumption (F4). We
rather use the fact that the one-electron operator

J=ghka;,

kl.q qpz
X',”,%rlj 85 r#)\ ri

v (F6)
is of Coulomb type—and hence local———and commutes with
ri2. This allows us to rewrite

FHK qh

(PN =ri et i e

=sgirisgrir

=(1r),f;>;;q, (FTa)
Ur)Rs,=gikra+eiri,

=riaght ras,

-x(rf)’,z’x?,,. (F7b)

We insert Eq. (F7a) into one half of Egs. (F2a) and (F7b) into
the other half. We define

AR AR GO AL GO A So il A (F8)
The result is then
Xifa=glf Y Gl bt Y et Y e
L. (F9)
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The summation over « in Eq. (F9) can be replaced by a
summation over ?.

A trick like Eq. (F7) does not apply to Eq. (F2b) since
ghhay is an exchange-type operator which does not commute
with r;,. We get explicitly

s.8.
klg_ KA kL A kI _kt_gr ki ' Kl
Yiyp=rij 8l 11 85p xr T 1) 8 kgl ir T 11 85pT
(F10)
The first term in Eq. (F10) is expressible as a three-electron
integral

(i(1)j(2)p(3)|712813723|g(1)k(2)1(3)). (Flla)
The next two terms involve

{(s()p(2)r(3)|g15r23la(1)k(2)1(3)), (F11b)

(i(1)j(2)p(3)|r12813la(1)1(2)(3)). (Flic)

A partial wave expansion of Eqgs. (F11b) and (Fllc) breaks
off after a finite number of terms, that of Eq. (Flla) has
partial wave increments that go as (I +3%)~%. This means if the
basis is saturated up to the critical L, any of the first three
terms in Eq. (F10) are (except for spin) well presented by the
last term. The error in neglecting Eq. (F10) altogether goes
then with (L+1)"".

APPENDIX G: QUADRUPLE CONTRACTIONS

We have to consider the expressions corresponding to
diagrams on Fig. 10(d)

d10.9: P =1 R{FIGRY;, (Gla)
d10.10:  § RFPEIORY R, (G1b)

(here o and p count occupied spin—orbitals). In the standard
approximation (Gla) becomes

s.8.
ikl _ Lopv=xkhkl _ 1=pv-pq -kl _ 1-rs—xh=kl 1 =rs=pg=rs
Py=ariy Eul e\~ ) B pg 3 ij&rs Tint 3 71874 Ty »

=kl __ 1 apqokl _ 1 =rsokl . 1 =rs=pgzrs
=r; 23211‘?[1 Zrijal;s_l-‘trijgrsrpq’

— L zrs=pgzrs _ zki
TaTij8rsTpg T Vi -

From Eq. (G1b) we finally get terms like

(G2)

k\ pvpkl pop_. kN _uv kl op__ _pq_pv ki op
Rij glllnRK[LR)\V_ rij gnmrx,u.r)w rij gnmrp,u,rqv

_ .ph_rv _kl op__ _kq_us ki op
ij gnmrprr)\v rij gnmrxy.rqs

+ r‘;’qu;:'nrﬁlrrzil’,-l- rf’qufl‘,flr';;rgﬁ.’ . (G3)
The first term in the rh.s. of Eq. (G3) is a four electron
integral .
(i(1)j(2)n(3)m(4)|r 28347 13r24lk(1)0(2)(3) p(4)).
(G4a)
The second term involves

(n(1)m(2)p(3)q(4)|g 12713724 L{1)p(2)k(3)0(4)).
(G4b)
Similar expressions arise for the third and fourth terms,
while the fifth term involves

(n(1)m(2)q(3)|g12r23|i(¥)p(2)0(3)). (G4e)

Again the sixth term is similar.

As shown in Appendix B, the partial wave increments of
Eq. (G4a) decrease at least as (I+1)7'2, those to Egs. (G4a)
and (G4b) break off after a finite number of terms.
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