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Explicitly correlated second-order Møller–Plesset methods
with auxiliary basis sets

Wim Kloppera) and Claire C. M. Samson
Theoretical Chemistry Group, Debye Institute, Utrecht University, P.O. Box 80052, NL-3508 TB Utrecht,
The Netherlands

~Received 28 November 2001; accepted 25 January 2002!

In explicitly correlated Møller–Plesset~MP2-R12! methods, the first-order wave function is
expanded not only in terms of products of one-electron functions—that is, orbitals—but also in
terms of two-electron functions that depend linearly on the interelectronic coordinatesr i j . With
these functions, three- and four-electron integrals occur, but these integrals can be avoided by
inserting a resolution of the identity~RI! in terms of the one-electron basis. In previous work, only
one single basis was used for both the electronic wave function and the RI approximation. In the
present work, a new computational approach is developed that uses an auxiliary basis set to
represent the RI. This auxiliary basis makes it possible to employ standard basis sets in explicitly
correlated MP2-R12 calculations. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1461814#
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I. INTRODUCTION

Beyond the Hartree–Fock level, basis-set truncation
rors greatly frustrate efforts to compute highly accurate m
lecular electronic energies and properties.1–5 Such errors oc-
cur when insufficiently large basis sets of products of o
electron functions~atomic orbitals, AOs! are employed to
expand the many-electron wave function. Moreover, due
the drastic increase of computation time with the size of
AO basis, it often happens that this basis cannot be incre
to the size that would be required to achieve the prescri
high accuracy. Experience has shown, for example, that
computation time of a correlated electronic-structure cal
lation in a correlation-consistent cc-pVXZ basis grows
}X12 with its cardinal numberX, while basis-set truncation
errors only disappear as}X23.6

The importance of the basis-set truncation error and
slow convergence with the size of the AO basis has b
recognized for a long time, and various techniques have b
developed to overcome the basis-set convergence probl
Among these, we find extrapolation and scaling techniq
as well as empirical additive corrections.6–18 Widely used
methods include the complete-basis-set~CBS! approach9,10

and the G3 model chemistry.13,14

The basis-set truncation errors and slow converge
problems can be addressed more directly by adding t
electron basis functions to the expansion in orbital produ
When such two-electron functions depend explicitly on
interelectronic distancesr i j 5ur i2r j u, the convergence to th
limit of a complete basis is significantly accelerated.19–23

Since 1985, various methods have been developed that
ploy two-electron functions that depend linearly onr i j . To-
day, these methods are known as R12 methods.24–28 A key
issue in these methods is that multicenter three- and f
electron integrals ~and even five-electron integrals i

a!Electronic mail: w.m.klopper@chem.uu.nl. Fax:131-30-2537504.
6390021-9606/2002/116(15)/6397/14/$19.00
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coupled-cluster theory! are avoided by introducing the reso
lution of the identity~RI! represented in the AO basis. A
these many-electron integrals are avoided by virtue of the
approximation, R12 calculations can be performed on fa
large molecules~e.g., ferrocene29! and molecular complexe
~e.g., benzene–neon,30 water trimer, and tetramer!,31,32 but
very large AO basis sets must be employed to ensure tha
RI approximation is a good one that does not introduce ot
types of unwanted basis-set errors.

In this article, we present a new formulation of R1
theory that utilizes an auxiliary basis set for the RI appro
mation. This auxiliary basis can then be chosen such that
basis-set errors due to the RI approximation become a
trarily small ~i.e., negligible in comparison with other e
rors!. Most importantly, there will no longer be constrain
on the size of the AO basis that is used to expand the
lecular electronic wave function.

In Sec. II, we present the matrix elements that contrib
to the MP2-R12 energy and show how they can be evalua
by introducing an auxiliary basis set. As the R12 functio
can be chosen strongly orthogonal to either the full mole
lar orbital space~Ansatz 1! or to the occupied molecula
orbital space~Ansatz2!, we derive the working equations fo
both cases. The computer implementations of both Ansa¨tze
are given in Sec. III. The newly developed methods are su
marized in Sec. IV and numerical results are shown in Se
V and VI, respectively, for the Ne atom and for calculatio
in correlation-consistent basis sets on the systems C2

(1A1), H2O, NH3, HF, N2 , CO, Ne, and F2 .

II. METHODOLOGY

A. The R12 Ansatz

In closed-shell explicitly correlated MP2-R12 theory, th
first-order wave function is expanded not only in a basis
7 © 2002 American Institute of Physics
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6398 J. Chem. Phys., Vol. 116, No. 15, 15 April 2002 W. Klopper and C. C. M. Samson
double excitations containing the orbital produ
wa(1)wb(2) ~as in standard MP2 theory!, but also in a basis
of two-electron basis functions

xmn~1,2!5ŵ12uwm~1!wn~2!&, ~1!

whereŵ12 is an appropriate correlation factor~see, e.g., Ref.
23!. In this article, we shall investigate two possible Ansa¨tze
for the explicitly correlated functionxmn(1,2). In Ansatz1,
the correlation factor is chosen as

ŵ125~12 P̂1!~12 P̂2!r 12, ~2!

whereas in Ansatz2, it is chosen as

ŵ125~12Ô1!~12Ô2!r 12. ~3!

Note that the correlation factor contains projection operat
which can be chosen in different manners~cf. Ref. 33!. P̂1 is
the one-electron projector onto the space of orthonormal
tial orbitalswp(1) that is spanned by the finite basis set ofN
atomic orbitals~AO basis!

P̂15(
p

uwp~1!&^wp~1!u. ~4!

A number ofn orbitals are occupied~with 2n electrons! in
the reference Hartree–Fock function andN2n orbitals are
empty—or virtual. The projectorÔ1 onto the occupied or-
bital space is given by

Ô15(
i

uw i~1!&^w i~1!u. ~5!

As usual, we denote occupied orbitals by the indic
i , j ,k, . . . , virtual orbitals bya,b,c, . . . , andarbitrary ~i.e.,
either occupied or virtual! orbitals byp,q,r ,... . Wedenote
the one-electron basis$wp(1)%p51, . . . ,N as orbital basis
and also introduce an orthonormalauxiliary basis
$wp8(1)%p851, . . . ,N8 with corresponding projector

P̂185(
p8

uwp8~1!&^wp8~1!u. ~6!

In previous MP2-R12 work, no distinction was mad
between the Ansa¨tze1 and2, because—after insertion of th
resolution of the identity in the framework of the standa
approximation—they both led to the same working equati
and hence to the same numerical results. This is no lon
true when the three- and four-electron integrals are comp
exactly34,35 or when an auxiliary basis set is used. Then,
two Ansätze indeed yield different results, as we shall s
below. Furthermore, it is important to realize that the Ansa¨tze
1 and 2 are not approximations but refer to different wa
function expansions.

B. Second-order pair energies

We can write the MP2-R12 correlation energy in term
of singlet (s50) and triplet (s51) pair energies

E(2)5 (
s50,1

~2s11!(
i< j

~di j
s 1ei j

s !, ~7!
Downloaded 06 Mar 2013 to 150.203.35.130. Redistribution subject to AIP 
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whereei j
s is the conventional MP2 pair energy anddi j

s the
pair energy contribution from the explicitly correlated fun
tions. In Eq.~7! it is understood that intraorbital triplet pa
energies vanish, that is,eii

1 5dii
1 50.

Let us define spin-adapted vectorsV̄( i j ,s) and matrices
B̄( i j ,s) as follows:

V̄kl
( i j ,s)5~11d i

j !21/2~11dk
l !21/2

3~Ṽkl
( i j )1~122s!Ṽlk

( i j )!, ~8!

B̄kl,mn
( i j ,s) 5~11dk

l !21/2~11dm
n !21/2

3~B̃kl,mn
( i j ) 1~122s!B̃lk,mn

( i j ) !, ~9!

whered i
j is Kronecker’s delta andi< j , k< l , andm<n for

s50 andi , j , k, l , andm,n for s51. The R12 pair con-
tributions are then given by the expression

di j
s 52$V̄( i j ,s)%T$B̄( i j ,s)%21V̄( i j ,s). ~10!

This equation has been derived in Ref. 36 and is equiva
to Eq. ~15! of that paper. See also Ref. 37.

C. Matrix elements

In the MP2-R12 method, the following vector comp
nents and matrix elements must be computed:

Ṽkl
( i j )5Vkl

( i j )2(
ab

Ckl,ab
( i j )

«a1«b2« i2« j

3^wa~1!wb~2!ug12uw i~1!w j~2!&, ~11!

B̃kl,mn
( i j ) 5Bkl,mn

( i j ) 2(
ab

Ckl,ab
( i j )

«a1«b2« i2« j
Cab,mn

( i j ) , ~12!

where

Vkl
( i j )5^xkl~1,2!ug12uw i~1!w j~2!&

5^wk~1!w l~2!uŵ12
† g12uw i~1!w j~2!&, ~13!

Bkl,mn
( i j ) 5^xkl~1,2!u f̂ 122« i2« j uxmn~1,2!&

5^wk~1!w l~2!uŵ12
† ~ f̂ 122« i2« j !

3ŵ12uwm~1!wn~2!&, ~14!

Ckl,ab
( i j ) 5^xkl~1,2!u f̂ 122« i2« j uwa~1!wb~2!&

5^wk~1!w l~2!uŵ12
† ~ f̂ 122« i2« j !uwa~1!wb~2!&,

~15!

and

g125r 12
21 , f̂ 125F̂11F̂2 . ~16!

F̂1 is the one-electron Fock operator and« i is the orbital
energy of the occupied molecular orbitalw i(1). Theexplic-
itly correlated functions in Ansatz1 are strongly orthogona
to all pairs of the orbital basis. As a consequence, all ma
elementsCkl,ab

( i j ) vanish for this Ansatz. These matrix ele
ments describe the coupling between the doubly substitu
determinants of conventional MP2 theory with the explici
license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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correlated functions. These matrix elements donot vanishfor
Ansatz 2, where the explicitly correlated functions a
strongly orthogonal only to pairs of occupied orbitals. F
this reason, we have defined vectorsṼ( i j ) and matricesB̃( i j )

that include the coupling~zero or not! with the doubly sub-
stituted determinants.

Finally, it is useful to define the matrix

Xkl,mn5^wk~1!w l~2!uŵ12
† ŵ12uwm~1!wn~2!&, ~17!

which is an intermediate quantity that is used when theB̃( i j )

matrices are computed.

D. Working equations for Ansatz 1

Let us first investigate the two-electron operator prod

ŵ12
† g125r 12~12 P̂1!~12 P̂2!r 12

21

5r 12~12 P̂12 P̂21 P̂1P̂2!r 12
21 . ~18!

It contains four terms. The first term is trivial, the fourth ter
factorizes into a product of two-electron integrals, but t
second and third terms, where the operatorsP̂1 andP̂2 occur
alone, lead to three-electron integrals. Consider, for exam

^wk~1!w l~2!ur 12P̂1g12uw i~1!w j~2!&

5(
p

^wk~1!w l~2!wp~3!ur 12g23uwp~1!w j~2!w i~3!&.

~19!

It has been common practice in the R12 methods to av
these three-electron integrals by inserting the resolution
the identity (P̂2) into the integrals with a single projector

P̂1→ P̂1P̂2 , ~20!

and similarly by insertingP̂1

P̂2→ P̂1P̂2 . ~21!

This computational strategy has been termed ‘‘standard
proximation’’ ~SA! in previous work~the SA actually also
involves a few more approximations!. In the new method
that we propose here, we employ an auxiliary ba
$wp8(1)%p851, . . . ,N8 and make the substitutions

P̂1→ P̂1P̂28 , P̂2→ P̂18P̂2 . ~22!

We will denote our new approach as ‘‘auxiliary basis se
~ABS! approximation. Thus, for the productg12ŵ12 in the
standard and ABS approximations, we find

ŵ12
† g12'

SA

12r 12P̂1P̂2g12, ~23!

and

ŵ12
† g12 '

ABS

12r 12P̂1P̂28g122r 12P̂18P̂2g121r 12P̂1P̂2g12,
~24!
Downloaded 06 Mar 2013 to 150.203.35.130. Redistribution subject to AIP 
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respectively. Obviously, the matrix elements of Eq.~17! can
be computed in the same manner

ŵ12
† ŵ125ŵ12

† r 12

'
ABS

r 12
2 2r 12P̂1P̂28r 122r 12P̂18P̂2r 121r 12P̂1P̂2r 12. ~25!

Let us now turn to the matrix elements of Eq.~14!. To
evaluate these elements, we rewrite the corresponding
electron operator as

ŵ12
† ~ f̂ 122« i2« j !ŵ125

1
2ŵ12

† @ f̂ 12,ŵ12#1 1
2 @ŵ12

† , f̂ 12#ŵ12

1 1
2ŵ12

† ŵ12~ f̂ 122« i2« j !

1 1
2~ f̂ 122« i2« j !ŵ12

† ŵ12. ~26!

The last two terms of Eq.~26! are easily computed when w
assume that the occupied orbitals are eigenfunctions of
Fock operator in the sense of thegeneralizedBrillouin con-
dition ~GBC!.26 We then obtain

^wk~1!w l~2!uŵ12
† ŵ12~ f̂ 122« i2« j !uwm~1!wn~2!&

'
GBC

~«m1«n2« i2« j !Xkl,mn . ~27!

Concerning Ansatz1, we furthermore assume that theex-
tendedBrillouin condition ~EBC!26 is satisfied, that is, we
assume that the orbital space is closed under the Fock op
tor. Then

@ f̂ 12,~12 P̂1!~12 P̂2!# '
EBC

0, ~28!

and we obtain

ŵ12
† @ f̂ 12,ŵ12# '

EBC

ŵ12
† @ f̂ 12,r 12#

5ŵ12
† @ T̂11T̂2 ,r 12#2ŵ12

† @K̂11K̂2 ,r 12#, ~29!

where T̂1 and K̂1 are the one-electron kinetic energy an
exchange operators, respectively.

The ABS approximation can now be applied to the m
trix elements over the commutator ofr 12 with the kinetic
energy operator

ŵ12
† @ T̂11T̂2 ,r 12# '

ABS

r 12@ T̂11T̂2 ,r 12#2r 12P̂1P̂28 @ T̂1

1T̂2 ,r 12#2r 12P̂18P̂2@ T̂11T̂2 ,r 12#

1r 12P̂1P̂2@ T̂11T̂2 ,r 12#. ~30!

No further approximations are required, and the computa
of the corresponding two-electron Gaussian integrals o
r 12@ T̂11T̂2 ,r 12# and@ T̂11T̂2 ,r 12# is straightforward38 when
it is noted that

1
2 r 12@ T̂11T̂2 ,r 12#1 1

2 @r 12,T̂11T̂2#r 12

5 1
2 @r 12,@ T̂11T̂2 ,r 12##51. ~31!
license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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The matrix elements over the commutator ofr 12 with the
exchange operator are more difficult, however. In the pres
work, we suggest to approximate these integrals by first
serting the ABS approximation intoŵ12

†

ŵ12
† @K̂11K̂2 ,r 12# '

ABS

r 12@K̂11K̂2 ,r 12#2r 12P̂1P̂28 @K̂1

1K̂2 ,r 12#2r 12P̂18P̂2@K̂11K̂2 ,r 12#

1r 12P̂1P̂2@K̂11K̂2 ,r 12#, ~32!

and subsequently, by inserting the ABS approximat
into the two-electron integrals over the operatorsr 12@K̂1

1K̂2 ,r 12# and @K̂11K̂2 ,r 12#, where needed. This yields

^wk~1!w l~2!uŵ12
† K̂1r 12uwm~1!wn~2!&

'
ABS

(
p8q8r 8

r kl
p8q8Kp8

r 8 r r 8q8
mn

2 (
pq8r 8

r kl
pq8Kp

r 8r r 8q8
mn

2 (
p8qr8

r kl
p8qKp8

r 8 r r 8q
mn

1 (
pqr8

r kl
pqKp

r 8r r 8q
mn , ~33!

and

^wk~1!w l~2!uŵ12
† r 12K̂1uwm~1!wn~2!& '

ABS

(
r 8

Xkl,r 8nKr 8
m ,

~34!

where

Kp
q5^wp~1!uK̂1uwq~1!&,

~35!
r pq

rs 5^wp~1!wq~2!ur 12uw r~1!ws~2!&.

E. Working equations for Ansatz 2

The working equations for Ansatz2 are very similar to
those for Ansatz1. In an obvious manner, the ABS approx
mation yields

ŵ12
† g12 '

ABS

12r 12Ô1P̂28g122r 12P̂18Ô2g121r 12Ô1Ô2g12,
~36!

ŵ12
† ŵ12 '

ABS

r 12
2 2r 12Ô1P̂28r 122r 12P̂18Ô2r 121r 12Ô1Ô2r 12,

~37!

for the operator productsŵ12
† g12 and ŵ12

† ŵ12, respectively.
We again employ Eqs.~26! and~27! for the computation

of the elements of the matricesB( i j ). In contrast to Ansatz1,
however, we need not satisfy the EBC to arrive at Eq.~29!.
Rather, it is sufficient to satisfy the GBC. Since, by virtue
the GBC

@ f̂ 12,~12Ô1!~12Ô2!# '
GBC

0, ~38!

we obtain
Downloaded 06 Mar 2013 to 150.203.35.130. Redistribution subject to AIP 
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ŵ12
† @ f̂ 12,ŵ12# '

GBC

ŵ12
† @ f̂ 12,r 12#

5ŵ12
† @ T̂11T̂2 ,r 12#2ŵ12

† @K̂11K̂2 ,r 12#.

~39!

In the framework of the ABS approximation, the matrix el
ments involving the kinetic energy and exchange opera
are computed according to

ŵ12
† @ T̂11T̂2 ,r 12# '

ABS

r 12@ T̂11T̂2 ,r 12#2r 12Ô1P̂28@ T̂1

1T̂2 ,r 12#2r 12P̂18Ô2@ T̂11T̂2 ,r 12#

1r 12Ô1Ô2@ T̂11T̂2 ,r 12#, ~40!

^wk~1!w l~2!uŵ12
† K̂1r 12uwm~1!wn~2!&

'
ABS

(
p8q8r 8

r kl
p8q8Kp8

r 8 r r 8q8
mn

2 (
iq8r 8

r kl
iq8Ki

r 8r r 8q8
mn

2 (
p8 j r 8

r kl
p8 jKp8

r 8 r r 8 j
mn

1(
i j r 8

r kl
i j Ki

r 8r r 8 j
mn , ~41!

and

^wk~1!w l~2!uŵ12
† r 12K̂1uwm~1!wn~2!& '

ABS

(
r 8

Xkl,r 8nKr 8
m .

~42!

Equation~42! differs from Eq. ~34! only by the matrixX,
which contains integrals over the operator of Eq.~25! in
Ansatz1 but over the operator of Eq.~37! in Ansatz2.

In Ansatz2, matrix elementsCkl,ab
( i j ) also occur@Eq. ~15!#.

By virtue of the GBC, we obtain

Ckl,ab
( i j ) '

GBC

^wk~1!w l~2!u@r 12, f̂ 12#uwa~1!wb~2!&

1~«k1« l2« i2« j !r kl
ab

'
ABS

^wk~1!w l~2!u@r 12,T̂11T̂2#uwa~1!wb~2!&

1~«k1« l2« i2« j !r kl
ab

1(
p8

~Kk
p8r p8 l

ab
2r kl

p8bKp8
a

!

1(
q8

~Kl
q8r kq8

ab
2r kl

aq8Kq8
b

!. ~43!

Although not necessary, one could at this point go one s
further and assume that the EBC holds, that is, that the
tual orbitals are eigenfunctions of the Fock operator. Th
the Ckl,ab

( i j ) coupling elements simplify to

Ckl,ab
( i j ) '

EBC

~«a1«b2« i2« j !r kl
ab . ~44!

Following Ref. 35, we shall attach an asterisk to the me
od’s acronym when we utilize Eq.~44!. Approach2* thus
differs from approach2 by using Eq.~44! instead of Eq.~43!.
We obtain for approach2*
license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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Ṽkl
( i j )~2* ! '

EBC

Vkl
( i j )2(

ab
r kl

ab^wa~1!wb~2!ug12uw i~1!w j~2!&,

~45!

B̃kl,mn
( i j ) ~2* ! '

EBC

Bkl,mn
( i j ) 2 1

2(
ab

r kl
abCab,mn

( i j ) 2 1
2(

ab
r mn

ab Cab,kl
( i j ) .

~46!

Concerning Eq.~12!, we emphasize that only the matrix e
ements Ckl,ab

( i j ) are approximated according to Eq.~44!,
whereas the elementsCab,mn

( i j ) are not, and care must be take
to symmetrize the matricesB̃( i j ) ~this symmetrization is car
ried out by adding the corresponding two terms with weig
of 1/2 each!. This seems a somewhat inconsistent approa
The only reason for proceeding in this manner, however
that we wish to define such ABS-based A and B methods
reduce to the previous approximations A and B of the or
nal MP2-R12 work when the orbital basis$wp(1)%p51, . . . ,N

is employed as the auxiliary basis. Also, Ansatz1 reduces to
the original MP2-R12 work when the orbital and auxilia
basis sets are identical.

One could speak of a2** approach when theCab,mn
( i j )

matrix elements in Eq.~46! were also approximated accord
ing to Eq. ~44!, but this2** approach is not considered i
the present article. Since the2* simplification is already un-
necessary from a computational point of view~the approach
is only briefly mentioned in the present work!, we have cho-
sen not to pursue the hypothetical2** form at all.

III. COMPUTER IMPLEMENTATION

The new MP2-R12 methods1, 2, and 2* have been
implemented into a local version of theDALTON program,39

partly by modifying and extending the code developed
Koch and co-workers for the integral-direct transformati
of two-electron integrals from the AO basis into the basis
molecular orbitals.40–42

When discussing the computer implementation, we s
introduce the approximations A, A8, and B. In approxima-
tion B, all matrix elements are evaluated as indicated in S
II D and II E. Hence, approximation B includes no other a
proximations than the resolution of identity in terms of t
auxiliary basis set. The approximations A and A8 have been
described in some detail in Ref. 43 and include additio
approximations concerned with the neglect of certain in
grals. In approximation A8, all terms are neglected that in
volve the exchange operator. Thus, Eqs.~33! and ~34! are
neglected for Ansatz1, and similarly, Eqs.~41! and ~42! for
Ansatz2. In addition to the terms that are neglected in a
proximation A8, also Eq.~27! is neglected in approximation
A. This term is usually much smaller than the first two term
on the right-hand side of Eq.~26!.

A. Implementation of Ansatz 1

All variants of MP2-R12 theory start with the comput
tion of the following six types of integrals:

gi j
pq , gi j

pq8 , r i j
pq , r i j

pq8 , t i j
pq , t i j

pq8 , ~47!

wherer pq
rs is given by Eq.~35!, and
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gpq
rs 5^wp~1!wq~2!ur 12

21uw r~1!ws~2!&, ~48!

tpq
rs 5^wp~1!wq~2!u@ T̂11T̂2 ,r 12#uw r~1!ws~2!&. ~49!

It is important to note that only integrals withoneauxiliary
function at the most occur in Eq.~47!. The computational
effort of a calculation withn occupied orbitals,N orbital
basis functions, andN8 auxiliary functions scales asnN4 for
the gi j

pq integrals ~as in conventional MP2 theory! and as

nN8N3 for the gi j
pq8 integrals, and the computation time re

quired for the six integrals of Eq.~47! thus scales asn(N
1N8)N3. With these six two-electron integrals available,
well as with the integrals

spq
rs 5^wp~1!wq~2!ur 12

2 uw r~1!ws~2!&, ~50!

which factorize into products of one-electron integrals,
can construct all the matrices that are needed for the appr
mations A and A8 of R12 theory. For these approximation
the matricesB( i j ) are defined as36,43

Bkl,mn
( i j ) ~A!5 1

2 ~Tkl,mn1Tmn,kl!, ~51!

Bkl,mn
( i j ) ~A8!5Bkl,mn

( i j ) ~A!

1 1
2~«k1« l1«m1«n22« i22« j !Xkl,mn . ~52!

Note that the matricesB( i j )(A) and B( i j )(A8) differ only by
Eq. ~27! ~in symmetrized form!, which is neglected in ap-
proximation A. The vectorsV( i j ) and intermediatesX andT
are computed as

Vkl
( i j )5dk

i d l
j2(

pq8
~r kl

pq8gpq8
i j

1r lk
pq8gpq8

j i
!1(

pq
r kl

pqgpq
i j ,

~53!

Xkl,mn5skl
mn2(

pq8
~r kl

pq8r pq8
mn

1r lk
pq8r pq8

nm
!1(

pq
r kl

pqr pq
mn ,

~54!

Tkl,mn5dk
md l

n2(
pq8

~r kl
pq8tpq8

mn
1r lk

pq8tpq8
nm

!1(
pq

r kl
pqtpq

mn .

~55!

For approximation B, we also need two-electron integr
that involve two orbitals of the auxiliary basis. Namely, i
this approximation, we must compute theB( i j ) matrices ac-
cording to

Bkl,mn
( i j ) ~B!5Bkl,mn

( i j ) ~A8!1 1
2 ~Qkl,mn1Qmn,kl!

2 1
2 ~Pkl,mn1Pmn,kl!. ~56!

The matrix elementsQkl,mn represent the integrals that als
occur in the original MP2-R12/B work, while the matrix e
ementsPkl,mn only occur in the ABS-based approach. Wh
the orbital and auxiliary sets are identical, the matrix e
mentsPkl,mn all vanish. The elementsQkl,mn follow from
Eq. ~34!, while the elementsPkl,mn follow from Eq. ~33!.

The matrix elementsQkl,mn are most efficiently com-
puted by introducing intermediate orbitalswm* (1) that are
defined as
license or copyright; see http://jcp.aip.org/about/rights_and_permissions



atomic

6402 J. Chem. Phys., Vol. 116, No. 15, 15 April 2002 W. Klopper and C. C. M. Samson

Dow
TABLE I. Overview of MP2-R12 approaches.

Approach
GBC
used?a

EBC
used?b

@K̂11K̂2 ,r 12#
neglected?c Lmax8 d

Computing
timee

Without
ABSf

1 A Yes Yes Yes Lmax12Locc n(N1N8)N3 A
A8 Yes Yes Yes Lmax12Locc n(N1N8)N3 A8
B Yes Yes No ` n(N1N8)2N2 B

2 A Yes No Yes max(Lmax,3Locc) n(N1N8)N3 Noneg

A8 Yes No Yes max(Lmax,3Locc) n(N1N8)N3 Noneg

B Yes No No ` n(N1N8)2N2 Noneg

2* A Yes Yes Yes 3Locc n(N1N8)N3 A
A8 Yes Yes Yes 3Locc n(N1N8)N3 A8
B Yes Yes No ` n(N1N8)2N2 B

aIs the generalized Brillouin condition assumed to be satisfied?
bIs the extended Brillouin condition assumed to be satisfied?
cAre the @K̂11K̂2 ,r 12# matrix elements neglected?
dLmax8 is the angular momentum quantum number after which the auxiliary basis can be truncated in an
calculation, whereLocc is the highest occupied angular momentum andLmax is the highest angular momentum
of the orbital basis.

en is the number of occupied Hartree–Fock orbitals,N is the number of orbital basis functions, andN8 is the
number of auxiliary basis functions.

fPrevious MP2-R12 method to which the new approach reduces when no auxiliary basis set is used.
gThere is no previous MP2-R12 method that corresponds to this variant.
ta

on

le

sin
m

n-

n

wm* ~1!5(
r 8

w r 8~1!Kr 8
m . ~57!

In terms of these orbitals, the matrix elementsQkl,mn are
given by

Qkl,mn5skl
m* n2(

pq8
~r kl

pq8r pq8
m* n

1r lk
pq8r pq8

nm* !1(
pq

r kl
pqr pq

m* n

1skl
mn* 2(

pq8
~r kl

pq8r pq8
mn* 1r lk

pq8r pq8
n* m

!

1(
pq

r kl
pqr pq

mn* 5Xkl,m* n1Xkl,mn* . ~58!

Relative to approximations A and A8, the essential extra
work required for approximation B consists of the compu

tion of the two-electron integralsr m* n
pq8 , r mn*

pq8 , r m* n
pq , and

r mn*
pq . The computation time for this step of the calculati

scales asn(N1N8)N8N2.
As already mentioned, the ABS approximation enab

the evaluation of the integrals of Eq.~33!. In our current
implementation, these integrals are computed by choo
the orthonormal auxiliary basis such that the exchange
trix becomes diagonal in that space

Kp8
q85dp8

q8lp8 . ~59!

Then, the following four intermediates are computed:

pp8q8
mn

5~lp81lq8!r p8q8
mn , ~60!

pp8q
mn

5lp8r p8q
mn

1(
r 8

Kq
r 8r p8r 8

mn , ~61!

ppq8
mn

5lq8r pq8
mn

1(
r 8

Kp
r 8r r 8q8

mn , ~62!
nloaded 06 Mar 2013 to 150.203.35.130. Redistribution subject to AIP 
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g
a-

ppq
mn5(

r 8
~Kp

r 8r r 8q
mn

1Kq
r 8r pr8

mn
!, ~63!

from which the matrix elementsPkl,mn are obtained as

Pkl,mn5 (
p8q8

r kl
p8q8pp8q8

mn
2(

pq8
r kl

pq8ppq8
mn

2(
p8q

r kl
p8qpp8q

mn

1(
pq

r kl
pqppq

mn . ~64!

Two-electron integrals must be computed that involvetwo
functions of the auxiliary basis, both for the matrix represe

tation of the exchange operator in the auxiliary basis (Kp8
q8)

and for ther kl
p8q8 integrals. The corresponding computatio

times scale as (N8)2N2 andn(N8)2N2, respectively.

B. Implementation of Ansatz 2

Assuming that the integrals of Eq.~47! are available, we
can compute

Vkl
( i j )5dk

i d l
j2(

mq8
~r kl

mq8gmq8
i j

1r lk
mq8gmq8

j i
!1(

mn
r kl

mngmn
i j ,

~65!

Xkl,mn5skl
mn2(

iq8
~r kl

iq8r iq8
mn

1r lk
iq8r iq8

nm
!1(

i j
r kl

i j r i j
mn , ~66!

Tkl,mn5dk
md l

n2(
iq8

~r kl
iq8t iq8

mn
1r lk

iq8t iq8
nm

!1(
i j

r kl
i j t i j

mn ,

~67!

as well as

Ckl,ab
( i j ) ~A!52tkl

ab , ~68!

Ckl,ab
( i j ) ~A8!5Ckl,ab

( i j ) ~A!1~«k1« l2« i2« j !r kl
ab . ~69!

We also need integrals of the typer kl*
ab to compute
license or copyright; see http://jcp.aip.org/about/rights_and_permissions



y

6403J. Chem. Phys., Vol. 116, No. 15, 15 April 2002 MP2-R12 methods

Dow
TABLE II. All-electron Møller–Plesset second-order energies~E(2) in mEh! of the Ne atom.

Basisa MP2b

Original method New Ansatz1 New Ansatz2

R12/A8 R12/B R12/A8 R12/B R12/A8 R12/B

sp 2191.99 2688.49 2506.95 2361.84 2330.37 2362.45 2331.33
spd 2322.27 2408.78 2395.11 2361.97 2358.19 2390.71 2382.59
spd f 2359.84 2389.71 2387.19 2376.20 2375.30 2389.76 2387.49
spd f g 2374.12 2388.62 2387.89 2383.27 2382.95 2388.67 2387.99
spd f gh 2379.46 2388.29 2388.01 2386.13 2385.97 2388.35 2388.07
spd f ghi 2381.65 2388.19 2388.04 2387.69 2387.56 2388.24 2388.09

aSubsets of the 20s14p11d9f 7g5h3i basis. The 32s24p18d15f 12g9h6i basis was applied as an auxiliar
basis in all calculations.

bConventional all-electron MP2 energy.
nt
s

wo

is,

ms

i-

ts

tion
Ckl,ab
( i j ) ~B!5Ckl,ab

( i j ) ~A8!1r k* l
ab

1r kl*
ab

2(
r 8

~r kl
r 8bKr 8

a
1r kl

ar8Kr 8
b

!. ~70!

Hence, for the above quantities, we need two-electron i
grals with onlyoneauxiliary function, and no more integral
are needed for the approximations A and A8. For the more
elaborate B approximation, however, we must compute t
electron integrals withtwo auxiliary functions. Namely, we
need to evaluate the quantities

Qkl,mn5Xkl,m* n1Xkl,mn* , ~71!

Pkl,mn5 (
p8q8

r kl
p8q8pp8q8

mn
2(

iq8
r kl

iq8piq8
mn

2(
p8 j

r kl
p8 j pp8 j

mn

1(
i j

r kl
i j pi j

mn , ~72!

which contribute to the matrixB( i j )(B)

Bkl,mn
( i j ) ~A!5 1

2 ~Tkl,mn1Tmn,kl!, ~73!

Bkl,mn
( i j ) ~A8!5Bkl,mn

( i j ) ~A!1 1
2 ~«k1« l1«m1«n22« i

22« j !Xkl,mn , ~74!

Bkl,mn
( i j ) ~B!5Bkl,mn

( i j ) ~A8!1 1
2 ~Qkl,mn1Qmn,kl!

2 1
2 ~Pkl,mn1Pmn,kl!. ~75!

Finally, for the approximationj5A, A8, or B, the vectors
Ṽ( i j )(j) and matricesB̃( i j )(j) are computed as

Ṽkl
( i j )~j!5Vkl

( i j )2(
ab

Ckl,ab
( i j ) ~B!

«a1«b2« i2« j
gab

i j , ~76!

B̃kl,mn
( i j ) ~j!

5Bkl,mn
( i j ) ~j!

2 1
2(

ab

Ckl,ab
( i j ) ~B!Cab,mn

( i j ) ~j!1Cmn,ab
( i j ) ~B!Cab,kl

( i j ) ~j!

«a1«b2« i2« j
.

~77!

Note that the full coupling matrix of approach B, that
C( i j )(B), occurs in Eqs.~76! and ~77!, not only in approach
B itself, but also in the approximations A and A8. Computa-
nloaded 06 Mar 2013 to 150.203.35.130. Redistribution subject to AIP 
e-

-

tionally, almost nothing is gained by neglecting certain ter
in C( i j ). They are nonetheless neglected in theC( i j )(j) ma-
trix of Eq. ~77! in an effort to remain consistent with prev
ous R12 work. This becomes clear when we consider the2*
approach. In this approach, theCkl,ab

( i j ) (B) are replaced by the
integralsr kl

ab

Ṽkl
( i j )~j* !5Vkl

( i j )2(
ab

r kl
abgab

i j , ~78!

B̃kl,mn
( i j ) ~j* !5Bkl,mn

( i j ) ~j!2 1
2 (

ab
r kl

abCab,mn
( i j ) ~j!

2 1
2 (

ab
r mn

ab Cab,kl
( i j ) ~j!. ~79!

Due to the A and A8 approximations in the matrix elemen

FIG. 1. Error in the all-electron second-order Møller–Plesset correla
energy of Ne as computed in subsets of the 20s14p11d9f 7g5h3i basis.
Comparison between the conventional MP2~j! and the new MP2-R12/2B
approach~s!. The dashed and solid lines show (Lmax11)23 and (Lmax

11)27 behavior, respectively.
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TABLE III. Møller–Plesset second-order pair energies~E(2) in mEh! of the Ne atom as computed by Ansatz2,
in approximation B, in subsets of the 20s14p11d9f 7g5h3i basis ~using the auxiliary basis
32s24p18d15f 12g9h6i !.

Pair sp spd spdf spdf g spdf gh spdf ghi Ref. 35

1s2 (1S) 240.140 240.243 240.252 240.252 240.252 240.252 240.252
1s2s (1S) 23.831 23.956 23.971 23.973 23.974 23.974 23.974
1s2s (3S) 21.534 21.578 21.582 21.582 21.582 21.582 21.582
2s2 (1S) 211.906 212.023 212.036 212.038 212.039 212.039 212.038
1s2p (1P) 23.631 27.750 28.132 28.171 28.176 28.177 28.176
1s2p (3P) 210.636 213.777 213.901 213.909 213.910 213.910 213.911
2s2p (1P) 246.566 259.526 260.341 260.453 260.476 260.482 260.472
2s2p (3P) 221.732 226.557 226.694 226.706 226.708 226.708 226.708
2p2 (1S) 245.286 245.503 245.550 245.566 245.571 245.573 245.565
2p2 (3P) 282.192 287.108 287.317 287.337 287.340 287.340 287.341
2p2 (1D) 263.874 284.570 287.714 287.999 288.047 288.057 288.042
Total 2331.33 2382.59 2387.49 2387.99 2388.07 2388.09 2388.06
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Cab,mn
( i j ) (j), the approach2* corresponds exactly to the orig

nal MP2-R12/A and MP2-R12/A8 methods when the orbita
and auxiliary basis sets are identical.

IV. OVERVIEW OF MP2-R12 APPROACHES

An overview of the new MP2-R12 approaches is p
sented in Table I.

It is assumed in all methods that thegeneralizedBril-
louin condition~GBC! holds. This condition is basically sa
isfied in an AO basis of near-Hartree–Fock-limit quality. T
extendedBrillouin condition ~EBC!, which is much more
difficult to satisfy than the GBC, need only be satisfied
Ansatz1. The EBC is not needed at all for Ansatz2 and the
approach transforms into the2* method when the EBC is
nonetheless assumed to hold.

Approximation A~including A8) is characterized by the
neglect of the commutator between the exchange opera
and the linearr 12 term.43

Furthermore, it is worthwhile to consider the maximu
angular momentum quantum numberLmax8 of auxiliary basis
functions that contribute to the matrix elements in an atom
calculation. Auxiliary basis functions with angular mome
nloaded 06 Mar 2013 to 150.203.35.130. Redistribution subject to AIP 
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rs

c

tum greater thanLmax8 do not contribute. It is seen from Tabl
I that the auxiliary basis sets do not truncate in approxim
tion B. This is due to the matricesP in Eqs. ~64! and ~72!.
Numerically, these matrices contribute little to the final e
ergies and their contributions converge quickly with the e
tension of the~auxiliary! basis set. If theP matrices were
omitted, the maximum angular momentum valueLmax8 at
which the RI can be truncated would be the same for
proximations B and A~or A8).

For the2* approach, it is found thatLmax8 53Locc. In the
2 approach itself, auxiliary functions up toLmax ~the highest
angular momentum of the orbital basis! also contribute. This
is due to the matrix elementsCkl,ab

( i j ) (B) in Eqs.~76! and~77!,
which are computed according to Eq.~70!. Auxiliary func-
tions up toLmax contribute to the last term~i.e., the sum over
r 8) in that equation. For Ansatz1, the maximum angular
momentum value of the auxiliary basis isLmax8 5Lmax

12Locc rather than 3Locc, as the R12 functions are chose
strongly orthogonal to orbital pairs of the full orbital bas
and not only to the occupied space.

Concerning the computational effort of the new MP
R12 calculations, it is important to realize that calculatio
TABLE IV. Møller–Plesset second-order energies~E(2) in mEh! of the Ne atom.

Pair
Ref. 45
extrap.a

Ref. 46
extrap.b

Ref. 47
extrap.c

Ref. 48
Ref. 35
calc.f

This work
calc.gCalc.d Extrap.e

1s2 240.24 240.22 240.25 240.229 240.255 240.252 240.252
1s2s 25.55 25.56 25.55 25.555 25.557 25.556 25.556
2s2 212.05 212.02 212.02 212.003 212.037 212.038 212.039
1s2p 222.16 222.17 222.06 222.078 222.094 222.087 222.087
2s2p 287.30 287.15 287.10 286.982 287.188 287.180 287.190
2p2 2221.01 2220.80 2220.81 2220.686 2220.973 2220.948 2220.970
Total 2388.3 2387.9 2387.8 2387.53 2388.11 2388.06 2388.09

aWith extrapolation forl .6.
bWith extrapolation forl .9.
cRecommended values from R12 calculations and extrapolations.
dCalculated withl<12.
eWith extrapolation forl .12.
fCalculated in the 20s14p11d9f 7g5h basis.
gCalculated by the new MP2-R12/2B method in the 20s14p11d9f 7g5h3i orbital basis in conjunction with the
32s24p18d15f 12g9h6i auxiliary basis.
license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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carried out in approximation A~including A8) scale only
linearly with the numberN8 of auxiliary functions. When
approximation B is used, however, the computation ti
grows quadratically withN8. The MP2-R12/B methods ar
thus significantly more time-consuming than the MP2-R12
and MP2-R12/A8 methods whenN8@N. If, on the other
hand, the orbital and auxiliary basis sets are identical~as in
the original MP2-R12 work! or similar in size withN8'N,
then the MP2-R12/B method is only ca. 30% more expens
than MP2-R12/A or MP2-R12/A8.

TABLE V. Exponents of Gaussian basis functions.

C N O F Ne

d 126.0 194.0 230.0 292.0 369.0
55.0 83.8 100.0 127.0 161.0

f 24.1 37.2 61.6 88.9 123.0
11.5 17.4 27.4 39.1 53.9

g 12.9 19.8 29.5 39.4 49.8
5.84 8.74 12.4 16.3 20.4

h 4.84 7.06 10.0 13.4 17.4
Downloaded 06 Mar 2013 to 150.203.35.130. Redistribution subject to AIP 
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Finally, Table I also indicates that Ansatz1 transforms
into the original MP2-R12 approach when the orbital ba
set is used for the RI approximation. Ansatz2 does not trans-
form into any previous method, but its2* variant has been
chosen such that it, too, transforms into the original MP
R12 approach.

V. NUMERICAL RESULTS: THE NE ATOM

Calculations have been performed in subsets of a Ga
ian basis set of the type 20s14p11d9 f 7g5h3i . Its
20s14p11d9 f 7g5h subset is given in full detail in Ref. 35
and three sets ofi -type Gaussians with exponents 6.454 50
3.202 905, and 1.567 200 have been added to form
20s14p11d9 f 7g5h3i basis. In conjunction with this basis
an auxiliary basis of the form 32s24p18d15f 12g9h6i has
been employed. Its 32s (n0532) and 24p (n1524) sets are
even-tempered sets of the form 0.00533(k21)/2 for k
51, . . . ,nl , while the exponents of thed ( l 52) throughi
sets (l 56) are given by the expression (0.002l 10.003)
33(k1 l 21)/2 for k51, . . . ,nl .
sis sets

TABLE VI. Valence–shell Møller–Plesset second-order correlation energies~E(2) in mEh! of the Ne atom and
some small molecules as computed by the new MP2-R12 method in the correlation-consistent ba
cc-pVXZ with 2<X<6 ~using the auxiliary basis 19s14p8d6f 4g3h2i for C, N, O, F, and Ne, and
9s6p4d3f 2g for H!.

Method Systema X52 X53 X54 X55 X56 Limitb

1A8 CH2 (1A1) 2132.85 2147.82 2152.81 2154.72 2156.03 2155.9
H2O 2244.32 2279.10 2291.65 2297.33 2300.10 2300.5
NH3 2221.50 2249.21 2258.49 2262.39 n.a.c 2264.5
HF 2254.09 2293.23 2308.33 2315.51 2318.80 2319.7
N2 2355.86 2395.27 2410.18 2416.71 2419.86 2421.0
CO 2339.30 2377.99 2393.03 2399.61 2402.80 2403.9
Ne 2249.16 2289.83 2306.54 2314.92 2318.70 2320.1
F2 2488.24 2561.95 2589.77 2603.23 2609.32 2611.7

2A8 CH2 (1A1) 2145.24 2150.37 2153.83 2154.90 2155.43 2155.9
H2O 2272.08 2287.80 2295.38 2298.27 2299.49 2300.5
NH3 2242.80 2255.36 2261.11 2263.11 n.a.c 2264.5
HF 2286.74 2303.57 2312.69 2316.50 2318.17 2319.7
N2 2390.28 2405.62 2415.38 2418.50 2419.96 2421.0
CO 2374.40 2389.19 2398.58 2401.69 2402.98 2403.9
Ne 2283.08 2300.51 2310.86 2315.66 2317.92 2320.1
F2 2553.51 2581.53 2598.70 2605.72 2608.92 2611.7

1B CH2 (1A1) 2128.79 2146.80 2152.37 2154.52 2155.89 2155.9
H2O 2236.85 2277.39 2290.66 2296.88 2299.88 2300.5
NH3 2215.72 2247.92 2257.82 2262.06 n.a.c 2264.5
HF 2244.21 2290.98 2306.94 2314.96 2318.57 2319.7
N2 2347.43 2392.99 2408.76 2416.24 2419.60 2421.0
CO 2330.65 2375.79 2391.80 2399.17 2402.55 2403.9
Ne 2236.16 2287.00 2304.80 2314.30 2318.44 2320.1
F2 2469.28 2557.71 2587.15 2602.42 2608.88 2611.7

2B CH2 (1A1) 2135.69 2147.84 2152.81 2154.42 2155.17 2155.9
H2O 2256.02 2283.13 2293.44 2297.39 2299.05 2300.5
NH3 2229.11 2251.53 2259.60 2262.43 n.a.c 2264.5
HF 2268.44 2297.95 2310.26 2315.39 2317.59 2319.7
N2 2372.17 2400.25 2412.97 2417.46 2419.44 2421.0
CO 2355.50 2383.64 2396.24 2400.70 2402.49 2403.9
Ne 2263.47 2294.35 2308.13 2314.41 2317.24 2320.1
F2 2518.79 2571.05 2594.05 2603.68 2607.88 2611.7

aFixed geometries and reference energies were taken from Refs. 51, 52.
bAverage of MP2-R12/A and MP2-R12/B energies from Refs. 51, 52.
cNot available.
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TABLE VII. Valence–shell Møller–Plesset second-order correlation energies~E(2) in mEh! of the Ne atom and
some small molecules as computed by the new MP2-R12 method in theaugmentedcorrelation-consistent basis
sets aug-cc-pVXZ with 2<X<6 ~same auxiliary basis as in Table VI!.

Method Systema X52 X53 X54 X55 X56 Limitb

1A8 CH2 (1A1) 2135.63 2149.23 2153.42 2155.07 2156.32 2155.9
H2O 2256.61 2283.92 2293.88 2298.29 2300.62 2300.5
NH3 2230.09 2252.70 2260.08 2263.11 n.a.c 2264.5
HF 2267.54 2298.70 2310.79 2316.60 2319.52 2319.7
N2 2362.16 2398.94 2411.92 2417.68 2420.57 2421.0
CO 2346.39 2381.21 2394.50 2400.47 2403.47 2403.9
Ne 2260.48 2294.90 2308.59 2316.00 2319.46 2320.1
F2 2509.94 2570.97 2593.49 2605.19 2610.71 2611.7

2A8 CH2 (1A1) 2147.25 2152.42 2154.74 2155.48 2155.75 2155.9
H2O 2278.56 2292.91 2297.90 2299.56 2300.09 2300.5
NH3 2248.15 2258.91 2262.76 2263.90 n.a.c 2264.5
HF 2292.94 2310.47 2316.36 2318.49 2319.20 2319.7
N2 2392.43 2409.77 2417.16 2419.54 2420.40 2421.0
CO 2376.37 2392.58 2399.97 2402.40 2403.28 2403.9
Ne 2288.49 2309.31 2315.85 2318.59 2319.48 2320.1
F2 2560.14 2593.34 2604.64 2609.05 2610.55 2611.7

1B CH2 (1A1) 2132.61 2148.43 2153.08 2154.93 2156.21 2155.9
H2O 2251.04 2282.54 2293.16 2297.92 2300.40 2300.5
NH3 2225.75 2251.66 2259.63 2262.89 n.a.c 2264.5
HF 2260.61 2296.96 2309.77 2316.17 2319.31 2319.7
N2 2355.28 2397.11 2410.72 2417.29 2420.34 2421.0
CO 2339.63 2379.46 2393.53 2400.12 2403.25 2403.9
Ne 2252.63 2292.94 2307.29 2315.52 2319.24 2320.1
F2 2497.19 2567.86 2591.47 2600.23 2610.29 2611.7

2B CH2 (1A1) 2141.03 2151.01 2154.25 2155.30 2155.66 2155.9
H2O 2269.05 2290.36 2296.89 2299.14 2299.89 2300.5
NH3 2239.87 2256.88 2262.06 2263.62 n.a.c 2264.5
HF 2282.06 2307.39 2315.01 2317.98 2319.00 2319.7
N2 2379.44 2406.22 2415.60 2419.01 2420.18 2421.0
CO 2363.50 2389.09 2398.52 2401.89 2403.05 2403.9
Ne 2276.65 2305.76 2314.16 2318.00 2319.25 2320.1
F2 2539.93 2587.74 2601.79 2608.09 2610.15 2611.7

a,b,cAs for Table VI.
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Table II shows the all-electron second-order correlat
energies of Ne that are obtained in the subsets 20s14p,
20s14p11d, 20s14p11d9 f , and so on, by means of conve
tional MP2 calculations, the original MP2-R12 method, a
by means of the new Ansa¨tze 1 and2. In the sp subset, the
original MP2-R12 energies are clearly not variational. In a
proximations A8 and B, energies of 2688.5 and
2506.95 mEh are obtained, respectively, which are mu
too low. This behavior is the result of using the 20s14p
orbital basis for the RI approximation in these original MP
R12 calculations, and is not observed when the large au
iary basis set is employed.

Furthermore, Ansatz2 appears to be clearly superior
Ansatz1.

In approximation2A8, there is a tendency to oversho
the magnitude of the correlation energy due to the neglec
exchange terms, and the results appear to converge from
low towards the basis-set limit. The MP2-R12/2B energies
converge from above, and the convergence is rapid in b
cases. Figure 1, which depicts the error of the compu
MP2 energy with respect to an estimated basis-set limit
ergy of 2388.107 mEh , compares the convergence of th
MP2-R12/2B approach with conventional MP2 calculation
It seems that the MP2-R12/2B results can be well describe
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in terms of an (Lmax11)27 dependence, which is a muc
faster convergence than the conventional (Lmax11)23

behavior.44

Table III displays the individual singlet and triplet pa
energies of the MP2-R12/2B calculations shown in Table II
in comparison with the results of Ref. 35. In the work
Wind et al.,35 the same 20s14p11d9 f 7g5h was used as in
the present work, three-electron integrals were evaluated
actly ~i.e., without RI approximation!, but the wave function
Ansatz was slightly different from the present work~i.e., not
orbital-invariant36!. Nevertheless, the agreement between
results of Ref. 35 and the column underspdfghis striking—
the maximum deviation is only 6mEh . In view of this ex-
cellent agreement, we are confident that our MP2-R122B
pair energies in the 20s14p11d9 f 7g5h3i basis are the mos
accurate, directly computed Ne pair energies to date.

A comparison between our present calculations a
selected literature data45–48 is presented in Table IV. Ou
results agree closely~to within 7 mEh) with the accurate
but extrapolated pair energies of Flores.48 It is remarkable
that a calculation in terms of a partial-wave expansion w
partial waves up tol 512 is in error by ca. 0.6 mEh , and that
an extrapolation forl .12 is needed to improve the accura
license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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TABLE VIII. All-electron Møller–Plesset second-order correlation energies~E(2) in mEh! of the Ne atom and
some small molecules as computed by the new MP2-R12 method in thecore–valencecorrelation-consistent
basis sets cc-pCVXZ with 2<X<5 ~using the auxiliary basis 19s14p10d8f 6g4h2i for C, N, O, F, and Ne, and
9s6p4d3f 2g for H!.

Method Systema X52 X53 X54 X55 Limitb

1A8 CH2 (1A1) 2182.72 2199.54 2206.34 2209.01 2209.9
H2O 2295.51 2338.97 2352.99 2359.04 2362.1
NH3 2270.83 2305.45 2316.32 2320.91 2322.9
HF 2306.66 2356.96 2373.43 2380.54 2384.6
N2 2455.48 2506.91 2525.24 2532.91 2536.9
CO 2438.48 2490.02 2508.55 2515.88 2519.7
Ne 2302.89 2357.46 2375.21 2380.30 2388.1
F2 2593.47 2690.09 2718.74 2732.61 2740.6

2A8 CH2 (1A1) 2198.69 2205.50 2208.96 2209.31 2209.9
H2O 2337.74 2353.83 2358.49 2360.53 2362.1
NH3 2303.28 2316.43 2320.32 2321.93 2322.9
HF 2358.77 2374.27 2379.35 2381.65 2384.6
N2 2509.90 2527.57 2533.64 2536.06 2536.9
CO 2491.97 2510.78 2517.03 2519.04 2519.7
Ne 2233.73 2368.48 2381.17 2386.37 2388.1
F2 2692.40 2722.36 2731.48 2736.90 2740.6

1B CH2 (1A1) 2175.04 2198.54 2205.80 2208.75 2209.9
H2O 2286.26 2337.17 2351.87 2358.50 2362.1
NH3 2264.39 2303.93 2315.87 2320.52 2322.9
HF 2295.15 2355.15 2371.93 2379.90 2384.6
N2 2445.56 2504.91 2522.52 2532.55 2536.9
CO 2427.77 2487.90 2506.78 2515.36 2519.7
Ne 2288.45 2355.56 2373.26 2382.57 2388.1
F2 2571.54 2685.68 2716.62 2731.57 2740.6

2B CH2 (1A1) 2186.34 2202.00 2207.17 2208.66 2209.9
H2O 2318.09 2348.09 2356.62 2360.12 2362.1
NH3 2286.76 2311.75 2319.08 2321.05 2322.9
HF 2335.14 2367.53 2375.76 2381.79 2384.6
N2 2484.91 2518.92 2530.15 2534.81 2536.9
CO 2467.19 2503.39 2513.69 2517.79 2519.7
Ne 2343.67 2374.48 2377.23 2384.14 2388.1
F2 2649.88 2709.27 2725.05 2735.14 2740.6

a,bAs for Table VI.
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to the microhartree level.48,49 The new MP2-R12/2B ap-
proach yields this level of accuracy without the need
extrapolations.

VI. NUMERICAL RESULTS: MOLECULES

A. Geometries and basis sets

All molecular structures were kept fixed throughout t
present study. These fixed structures correspond to equ
rium geometries that were optimized at th
CCSD~T!~FULL!/cc-pCVQZ level ~FULL means that all
electrons were correlated!. They were taken from Ref. 50
and are identical to the structures used in Refs. 51 and

The ~augmented! polarized valence correlation
consistent basis sets~aug-!cc-pVXZ are used as orbita
basis53–59 when only the valence shell is correlated, in co
junction with the auxiliary basis 19s14p8d6 f 4g3h2i for C,
N, O, F, and Ne, and 9s6p4d3 f 2g for H. The latter sets for
C, N, O, F, and Ne were obtained by adding the twoi -type
sets of the aug-cc-pV6Z basis to the basis sets of Ref. 51.
H, the twog-type sets of the aug-cc-pV5Z basis were add
to the basis set of Ref. 51.
nloaded 06 Mar 2013 to 150.203.35.130. Redistribution subject to AIP 
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The ~augmented! polarized core–valence correlation
consistent basis sets~aug-!cc-pCVXZ are used as orbita
basis57,59when all orbitals are correlated, in conjunction wi
the auxiliary basis 19s14p10d8 f 6g4h2i for C, N, O, F, and
Ne, and 9s6p4d3 f 2g for H. These auxiliary basis sets fo
all-electron correlated calculations were obtained from
above-mentioned auxiliary basis sets for valence shell co
lated calculations by addingd-, f -, g-, andh-type Gaussians
The exponents of these Gaussians are given in Table V.

B. Results

The results of the calculations on small molecules
collected in Table VI~valence–shell correlation in cc-pVXZ
basis sets!, Table VII ~valence–shell correlation in aug-cc
pVXZ basis sets!, Table VIII ~all-electron correlation in cc-
pCVXZ basis sets!, and Table IX~all-electron correlation in
aug-cc-pCVXZ basis sets!. For the NH3 molecule, the calcu-
lations in the cc-pV6Z, aug-cc-pV6Z, and aug-cc-pCV5Z b
sis were not feasible with the computer hardware curren
available to us.

Again, we observe that Ansatz2 is superior to Ansatz1,
except for the largest basis sets~aug-!cc-pV6Z and~aug-!cc-
license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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TABLE IX. All-electron Møller–Plesset second-order correlation energies~E(2) in mEh! of the Ne atom and
some small molecules as computed by the new MP2-R12 method in theaugmented core–valencecorrelation-
consistent basis sets aug-cc-pCVXZ with 2<X<5 ~same auxiliary basis as in Table VIII!.

Method Systema X52 X53 X54 X55 Limitb

1A8 CH2 (1A1) 2184.44 2200.84 2206.92 2209.35 2209.9
H2O 2307.31 2343.58 2355.12 2359.98 2362.1
NH3 2279.14 2309.24 2317.87 n.a.c 2322.9
HF 2319.07 2362.21 2375.75 2381.61 2384.6
N2 2462.61 2510.77 2526.94 2534.05 2536.9
CO 2445.71 2492.00 2509.70 2516.73 2519.7
Ne 2312.28 2362.35 2377.35 2384.46 2388.1
F2 2612.01 2697.65 2722.36 2734.58 2740.6

2A8 CH2 (1A1) 2201.21 2207.52 2209.48 2209.87 2209.9
H2O 2363.30 2359.64 2361.72 2362.15 2362.1
NH3 2309.59 2320.11 2322.55 n.a.c 2322.9
HF 2360.00 2380.58 2383.94 2384.67 2384.6
N2 2514.07 2531.80 2536.01 2537.83 2536.9
CO 2496.35 2514.46 2518.93 2519.84 2519.7
Ne 2367.65 2383.94 2386.87 2388.44 2388.1
F2 2705.67 2734.93 2739.08 2740.78 2740.6

1B CH2 (1A1) 2179.19 2199.41 2206.51 2209.17 2209.9
H2O 2300.08 2341.67 2354.34 2359.53 2362.1
NH3 2274.46 2307.44 2317.93 n.a.c 2322.9
HF 2310.49 2360.10 2375.08 2381.09 2384.6
N2 2453.30 2508.65 2525.56 2533.55 2536.9
CO 2436.84 2490.99 2508.46 2516.31 2519.7
Ne 2302.91 2360.07 2375.88 2383.92 2388.1
F2 2597.25 2693.62 2721.87 2733.60 2740.6

2B CH2 (1A1) 2192.61 2205.38 2208.81 2209.61 2209.9
H2O 2332.51 2355.84 2360.17 2361.37 2362.1
NH3 2297.91 2317.31 2321.49 n.a.c 2322.9
HF 2358.09 2378.22 2381.77 2383.57 2384.6
N2 2494.01 2526.73 2533.46 2536.19 2536.9
CO 2477.58 2509.52 2516.22 2519.16 2519.7
Ne 2342.47 2378.00 2386.16 2387.25 2388.1
F2 2676.34 2726.93 2734.72 2739.44 2740.6

a,bAs for Table VIII.
cNot available.
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pCV5Z. For these set, however, the differences are sma
As usual, the energies of approximation A8 are more

negative than those of approximation B. Since t
MP2-R12/A8 calculations in the correlation-consistent ba
sets do not overshoot the magnitude of the second-o
energy—as happened before in Sec. V for the Ne atom—
MP2-R12/A8 energies are found closer to the estima
basis-set limits than the MP2-R12/B results. Note, howe
that this better agreement is to some extent fortuitous. I
based on a cancellation of errors, as certain matrix elem
are neglected in approximations A and A8. No matrix ele-
ments are neglected in approximation B.

Table X summarizes the results of Tables VI through
by reporting the percentage of the second-order Møll
Plesset correlation energy that is recovered by the var
methods. See also Figs. 2 and 3.

Even in the largest basis sets, the conventional M
approach does not succeed in recovering more than 98%
the basis-set limit second-order energy, and it is clear fr
Figs. 2 and 3 that it seems rather difficult to recover
remaining 2%.
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TABLE X. Average percentage of the valence–shell~cc-pVXZ and aug-cc-
pVXZ results! and all-electron~cc-pCVXZ and aug-cc-pCVXZ results!
second-order Møller–Plesset correlation energy that is recovered by
various approaches.

Basis X MP2 1A8 2A8 1B 2B

cc-pVXZ 2 67.2 82.0 91.2 79.3 85.8
3 86.8 92.9 95.7 92.3 94.1
4 93.9 97.0 98.2 96.7 97.6
5 96.8 98.9 99.2 98.7 98.9
6 98.0 99.7 99.6 99.7 99.5

aug-cc-pVXZ 2 72.0 84.9 92.6 83.0 89.2
3 88.8 94.2 97.3 93.7 96.4
4 94.8 97.6 99.0 97.3 98.7
5 97.3 99.2 99.6 99.0 99.5
6 98.3 100.0 99.8 99.9 99.8

cc-pCVXZ 2 66.7 82.5 89.8 79.7 88.6
3 87.6 93.8 97.5 93.3 96.3
4 94.5 97.5 99.0 97.2 98.3
5 97.2 99.1 99.6 99.0 99.4

aug-cc-pCVXZ 2 70.7 84.6 95.9 82.6 91.6
3 89.1 94.7 99.1 94.2 98.1
4 95.3 98.0 99.8 97.8 99.4
5 97.5 99.4 100.0 99.2 99.8
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With the MP2-R12 methods, this level of accura
~98%! is already reached in basis sets with cardinal num
X54 ~valence–shell correlation! or X53 ~all-electron cor-
relation!. Concerning this comparison, it is noted that t
computation time for these MP2-R12 calculations is sign
cantly shorter than for the conventional MP2 calculations
the ~aug-!cc-pV6Z and~aug-!cc-pCV5Z basis sets.

VII. CONCLUSION

By using an auxiliary basis set for the RI approximati
in R12 theory, we have developed new MP2-R12 meth
that can be employed for calculations in standard basis s
In the present work, we have chosen to keep this auxili
basis large and constant for all calculations in t
correlation-consistent basis sets, and the auxiliary basis
thus chosen notably larger than the largest correlat
consistent basis. For calculations in small standard basis
aiming at describing ca. 95% of the correlation energy,
example, such large auxiliary basis sets are probably
needed, and it seems worthwhile to investigate the effec
the auxiliary basis on the computed energies in more de
and to optimize suitable auxiliary basis sets for use in c
junction with selected correlation-consistent or other st
dard Gaussian basis sets. Work along these lines is
progress.

It also seems worthwhile to investigate the converge
of the R12 calculations in correlation-consistent basis set
more detail. In conventional calculations, this converge
goes asX23.1 For R12 calculations, a convergence close
X27 should be achievable for the principal expansion,26 that
is, for basis sets with correlation-consistent composition. T
calculations on the Ne atom, for instance, showed a con

FIG. 2. Average percentage of the valence–shell second-order Mø
Plesset correlation energy that is recovered by the standard MP2~h! and
new MP2-R12/2A8 ~j! and MP2-R12/2B ~s! methods in the cc-pVXZ
~dashed lines! and aug-cc-pVXZ~solid lines! basis sets.
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gence of the form (Lmax11)27 ~Fig. 1!. To obtain this con-
vergence rate, however, the exponents of the Gaussian f
tions must be reoptimized for use in R12 theory. Today, th
exponents are optimized for calculations without R12 term

When an auxiliary basis set is used, two different A
sätze can be distinguished in R12 theory:1 versus2. In gen-
eral, Ansatz2 outperforms1, and Ansatz2 is recommended
for future work with the new ABS-based MP2-R12 metho

When all matrix elements are computed~approximation
B!, the computation times of the new approaches grow q
dratically with the number of auxiliary basis functions. Whe
certain exchange terms are neglected, however, the sc
becomes only linear~approximations A and A8). This is an
important advantage of the approximations A and A8.

Work is in progress to implement computational me
ods that utilize auxiliary basis sets in explicitly correlat
coupled-cluster theory~CC-R12!.
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