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Derivation of the working equation for the T-matrix self

energy approximation

The second-order self energy

In the section, we review the first-order self energy terms (using the bare Coulomb interac-

tions). The direct Hartree term is given as follows.

Figure 0.1: Diagrammatic representation of ES)_d(ti —t;)
The algebraic expression is given by
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where the notation V?" is given in'. And the Fock exchange term is given as follows.



Figure 0.2: Diagrammatic representation of 25})‘“’0(@ —t;)
The algebraic expression is given by
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For the second order, let us examine the following diagrammatic representation below.
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Figure 0.3: Diagrammatic representation of E( )(t —t;)

Interpreting the wiggled lines as antisymmetrized Coulomb interactions, the analytic

expression is given by
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Or interpreting the wiggled lines as bare Coulomb interactions, the analytic expression is

given by,
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containing only the direct contribution.

The ph RPA and the corresponding GW approximation

In the section, we review the implementation of GW from the ph-RPA perspective®. We may
define the independent quasiparticle part of the particle-hole channel four-point polarization

function,
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and the two-electron integral notation®,
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Thus the second-order self energy expressions become
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Now defining the following quantity
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X = X7+ VP (0.11)

the GW self energy thus becomes
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In particular, Equation (0.12) is known as the GW approximation. In the real-space repre-

sentation, the screened Coulomb interaction becomes

WPh(1,2) =v(1,2) + /d34v(1,3)x(3,4)v(4,2)

=v(w1, 22)0(t], t2) + /dxgdq:w(a:l, x3)x(z3t1, Tata)v (T4, T2), (0.13)
and the xc part of the self energy becomes
YrerOW(1,2) = iG(1,2)WP(1,2). (0.14)

The GoW, approximation is obtained when the non-interacting Gy is used in place of the

interacting G and the W matrix is replaced by Wy obtained with the ph-RPA.



The pp-RPA and the corresponding T-matrix approximation

Now considering it from the pp-RPA perspective, we define the independent quasiparticle

part of the pairing channel four-point polarization function,
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and the two-electron integral notation,
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Replacing the interacting G with the non-interacting G, we recover
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Now remembering that
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which we wrote differently than we did for the ph RPA case in Equations (0.1) and (0.2).
In a similar fashion to the definition of the ph channel screened interaction W»" (Equation

(0.10)) in terms of the bare Coulomb interaction and the ph response, we now define
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1
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Thus the pp-RPA self energy is given by
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Compare this with the real-space expression?,
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it is clear that the orbital space expression WPP and the real-space expression 7', also known

as the T matrix, differ only by a negative sign. In the orbital space representation, we have
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The pp channel counterpart for the GyW, approximation is recovered when the non-interacting
Gy is used in place of the interacting G and the T matrix is replaced by Ty obtained with
the pp-RPA.

Working equations for the quasiparticle correction implementation

Now we shall restrict ourselves to the non-self-consistent GoW, and T-matrix approximations.

The ph case

This part provides a self-containing review of the ph case. It is compiled and adapted from

multiple references!* 7.

The screened interaction now takes the adiabatic ph-RPA/TDDFT response,

WPh(1,2) =v(1,2) + /d34v(1,3)x(3,4)v(4, 2)

:v(ml,xg)é(ﬁ,tg)+/dmgdx4v(m1,x3)x(x3t1,x4t2)v(m4,x2), (0.26)

where

X = X" 4+ X" frzex, (0.27)

is obtained from a ph-RPA/ATDDFT calculation. The xc self energy expression is given by
yre=CGoWo (1 9) = iGH5(1,2)IWP"(1, 2). (0.28)

Performing the Fourier transform into the frequency domain, the self energy expression



becomes
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where 7 is a positive infinitesimal. Therefore in the frequency domain the screened Coulomb

interaction is given by

WP (21, 29|w) = v(21, 29)e ™7 + /dxgd:v4v(a:1,xg)x(:vg,x4|w)v(x4,x2).

(0.31)

The Lehmann representation of the Kohn-Sham one-particle Green’s function is given by
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Thus the so-called exchange part of the self energy is given by
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where the contour integration is performed around the lower-half-plane because of the factor
e~ This recovers the Fock exchange.
Now to consider the correlation part of the self energy 3¢~%Wo(x; z,|w), we need the

Lehmann representation for the density-density response function,

X (w3, T4|w)
Z pm(3) Pm ) _ pm(24) pr (23) (0.34)
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where pp(z3) = (Wo|p(x3)|W,) = (ol (23)0(23)|W,). Therefore the correlation part of
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the self energy is given by

e CGoWo (1)) 2o|w)

dw’
- _ / —.GKS(xl,:z:2|w — ) /dxgdxw(xl,xg)x(x3,$4|w/)v(x4,x2)

271
. dw Qba xl ¢z xl )
B /27?2 <Zw w/—e +z77 Zw w’—e —m)
Losdzav(zs,22) (Z (s} (@) _ M) o(n)

J— ) / —.
mﬂ)w Wm 11 7éo(,quwm m

\\

dw oi(z1)0 ba(z1)0
dwgdgv(z, 25)v (x4,x2)/2m (Zw —w—i—e +m Zw —w+te —m)

A ACH I pm<x4>pm<x3>>

W — Wy + 17 = W+ Wy, — 1

-~

m#0

\

dxsdzyv(xy, x3)v(T4, o)

{ Z Z (¢a 1) 9% (22) pm (73) Py, (T4) ¢a($1)¢a($2)f0m(x4)0m(f€3))

i w—ea—wm—i—zn W — € + 1N+ Wy — 1N

_Z Z¢Z 1) 95 (2) pim(74) 3y, (73) Z% 1) 95 (T2) p (T4) pr (23)
—Wp, —w—ire + —wm—l—m W+ €, —1n

m#0 i

:/d$3d{L‘4U(I1,ZE3)U(I4,ZE2)

Z <Z ¢a 1;2 pm T3 pm ZL’4 Z sz 1‘1 -r2 pm(x4>pm(x3)> . (035>
W — €q — Wy + 1) w—eﬁ—wm

m##0 a I

11



Therefore, the diagonal elements of the correlation part of the self energy is given by
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where we defined the integrals
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where for real orbitals the last equality holds. Thus

ECGOWO(n,n;w)
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where the integrals are evaluated by the following expression,

(nslpm) = 3 (nslbj) (X + V)7, (0.42)

bj

which scales as O(N?) for each excitation m. Xp; and YT are the eigenvector components

for the ph-RPA eigenvalue problem,

A B xXm xXm
= W ) (0.43)
B* Ar Y™ -Ym

where the matrix elements are given by
Aai,bj = (Ea — EZ') (501,52‘]' -+ (GZ|jb), (044)

Baz’,a’z” = (CLZ|b]) (045)
The chemists notation for the two-electron integral is defined as

G (1) @i (1) Pp (72) B (2)

[t — 1y

(ai|bj) = /dxldxg : (0.46)

Thus the evaluation of the integrals (ns|p,,) is the computational bottleneck. Let us perform
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the resolution of identity,

(n5]pm)
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P b
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where P is an orthonormal basis. Thus the scaling for evaluating the integrals (ns|p,,) for
each excitation m is reduced to O(N?). The overall scaling is O(N?).

In fact for the particle-hole GW, it is not optimal to perform the diagonalization in order
to obtain all the eigenvectors of the TDDFT equation because it scales unfavorably. Now if

we choose x to be the ph-RPA one, the following formula holds for the self energy,
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Now that for the ph-RPA approximation of y, we have
WP W) = VPP 4 VPR S (TP (W), (0.49)

Thus
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WP (W) = [1— VP ES(WH] T ven, (0.50)
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Now using the resolution-of-identity technique,
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the task is to evaluate (v|IWP"(w')[v/). Clearly

(v, = / dwldx2pu($1>%Pu($2); (0.52)
1, = /deM(a:)Py(x), (0.53)

X (W) :/dxldxgpu(xl)XKS(xl,x2|w) V(T2)

:Z/dxld:E?PM(xl)PV(x2>
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where
(i) = [ drou(@)on(@)P (o). (0.55)

The evaluation of x[7(w') is O(N3ppNoceNuir), Which is the slowest step. The matrix
inversion costs only O(N355). The integration over w’ can be performed numerically with a

given number of integration grid points.
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The pp case

We now derive our new results connecting pp-RPA with T-matrix theory. For the pp case,

there is the antisymmetry issue. The pp-RPA propagator equation is given by

Kpf}ﬂ“s(w) :Kgis Z pqpq p’q/|vpp’7. > r's’ rs(w>
p q'r's’
—KpS(@) + D0 Y K @) 0 VIS Ko@), (0.56)
p'<q r'<s’

where in the second equality we used the antisymmetry of VPP and K. Recalling that for

the pp channel, we rewrite the first-order self energy as

St — ta) = (=1)i Y _(rr'|[VP[ss) GES (s — )6 (L, 1)), (0.57)
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containing the Hartree and Fock contributions. Also we have the pp four-point interaction

(differing with the T matrix by a factor of -1)
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1
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=(rr'|VPP|ss"Vo(t,, t]) —1—2 Z ! VPP |uv) Ky (B — ) (/0| VPP|s5"), (0.58)

u<v u' <v’

where in the third line we used the antisymmetry of VP and K. Therefore, the self energy

is thus given by

SO syt —t,) = (—1)i Z<TTI‘pr(tT —t,)|ss\GES (t, — t,), (0.59)
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whose Fourier transform is given by

WP (w + W')|ss')GES(W). (0.60)

T7S7w z /
l/
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Also notice that

/ d(t, — ,)e )G (¢, 1) = ¢on. (0.61)

Thus the first-order Hartree-Fock self energy is given by

(r,s;w) Z dw |Vpp|ss>G ( e i(wte)n
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%

where the factor @+

" requires that the integration should be performed on the upper-
half-plane.

Now let us examine the correlation part,

¥ (r, s;w)
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where we defined
XquJer = <‘Ijévmudv"l]%+2>a
(xNz2m) = weialal, [wg),
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Therefore,
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Its diagonal elements are given by

St (n,n;w)
N+2m N+2,m
Xuv <Xuv’ )
. . Y2} .
_;MZ;Z:WZHUU)(UU||m>;w—w%+2+e+z’n

Xu’v’ Xuv

-I—Z Z Z(naHuv)(u'v'Hna)ZOJ(_WN_z+€a — (0.71)

u<v u/<v’ a

N2m> N—2,m

Now define the following integrals,

(nalx N2y = (il luo)xa, P =) (il led) XY (nil kDY, (0.72)

u<v c<d k<l
O i) = 37 (i) Gy = 32 (X377 fedllni) + 3 (VA7) k)
w' <o c<d k<l
(0.73)
(na|xN>™m) = Z(naHuwxfx, 2 — Z(nchd)XZ*Z’m + Z(”a||kl>yk]lviz’ma (0.74)
u<v c<d k<l
(2 nay = 3 (ngvm)*wufun@ — Z( XN- 2m) (cd|[na)+> " (YN M) (Kl||na).
w <v’ c<d k<l
(0.75)

oo N+2 N+2
whose construction is O(N*) for each given excitation m. X} =2 and Yy =2m are the

eigenvector components of the pp-RPA matrix.

A B XN:I:Q,m XN:i:Q,m
= W2 : (0.76)

BT C YN:I:Q,m _YN:tQ,m

where the matrix elements are given by
Aab,cd = (611 + 6b) 6a05bd + <ab‘ |Cd>7 (077)
Bab,kl = <Clekl>, (078)
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Cijr = — (€ + €;) dirdju + (ij||kl),

N+£2

(0.79)

where we used the restrictions a < b, ¢ < d, 1 < jand k < [. w represents the pp-

m

RPA eigenvalue, namely the double electron addition/removal energy. The antisymmetrized

two-electron integral in the physicist’s notation is defined as

(abl|cd) = (abled) — (abldc),

where

¢Z(9€1)¢Z(9€2)¢c($1)¢d(9€2).

vy — 1y

(abled) = /da:ldxz

Thus the correlation part of the self energy is given by

YI(n,n;w)

N+2m |2 N—2m>|2

(nilx (nalx
_Zzw—Fe — w2 +in ZZM—FG —wh =2 —in

The overall scaling is O(N®). This is the key result of our work.
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Basis set convergence

Table 1: The computed HOMO IPs and LUMO EAs with respect to different
basis sets.

HOMO IPs LUMO EAs
LiH F, H,O LiH F, H,O
aug-cc-pVDZ HF 8.131 18.237 13.832 0.225 -1.504 -0.958
ond_order 7.868 14.012 11.246 0.291 0.042 -0.787
T-matrix 8.024 15.164 12.053 0.276 0.128 -0.811
ce-pVTZ HF 8.134 18.139 13.731 0.050 -2.366 -3.563
2" order 7.933 14.270 11.465 0.161 -0.133 -3.025
T-matrix 8.075 15.403 12.200 0.135 -0.020 -3.094
cc-pVTZ-DH® HF 8.137 18.202 13.816 0.203 -0.078 -0.061
ond_order  7.936  14.283 11.477 0.281 -0.075 -0.053
T-matrix 8.078 15.443 12.264 0.263 -0.076 -0.054
aug-cc-pVQZ HF 8.144 18.190 13.869 0.220 -1.545 -0.702
2" order 7.999 14.336 11.611 0.297 0.039 -0.563
T-matrix 8.116 15.505 12.401 0.279 0.046 -0.585

Ref.b 790 1570 12.62 0.34 - -

Basis set Method

a. The Dunning-Hay double Rydberg basis functions are added on top of the cc-pVTZ for
F and O. For Li and H the Dunning-Hay diffuse basis functions are used instead.
b. The reference values are taken from?.

Here we observe that the IPs are relatively less sensitive with respect to the basis set, and
that the cc-pVTZ values are reasonably well converged (notice that the addition of the
Dunning-Hay functions does not change the IPs in a significant way). However, for the EAs,
the cc-pV'TZ values are far from converged, and the addition of the Dunning-Hay functions
changes the EAs qualitatively. The same was also in an earlier work on IP /EA computations
with the AMBPT(2) method?, where the IPs generally vary less with respect to basis set
choice (within ~ 0.1 eV), while the Dunning-Hay double Rydberg basis functions are needed

to obtain more accurate EA values.

21



Tabulated numerical results

Table 2: Experimental and computed HOMO ionization potentials of small
molecules. The experimental values are taken from?®; the molecular structures
from the G3 set!®!!; the results of self-consistent GIW (sc-GW) and the Gy,
with the HF (G,W, (HF)) and PBE (G,W, (PBE)) references from'?: unless
otherwise specified. The last two rows show the mean signed errors (MSEs) and
the mean absolute errors (M AE) with respect to experimental data. (Unit: eV)

System  Expt./Ref. HF PBE 2"d.order (HF) 2"d-order(PBE) T (HF) T (PBE) sc-GW GoWy(HF) GoWy(PBE)
H>O 12.62 13.73 6.81 11.46 8.29 12.20 10.98 12.3 12.1 11.9
CH30H 10.96 12.22 6.08 10.21 6.86 10.77 9.27 10.7 10.8 10.5
Ethanol 10.64 11.99 6.04 10.08 6.55 10.58 8.93 - - 10.57¢
CHy 14.35 14.82 9.43 14.09 12.23 14.26 13.37 14.1 14.4 14.4
Ethane 12.20 13.23 8.12 12.40 10.55 12.55 11.54 - - 12.63¢
Propane 11.51 12.59 7.66 11.67 9.76 11.82 10.72 - - 12.05¢
N2 15.58 17.14 10.13 15.02 11.32 15.61 13.67 15.1 15.7 15.6
HF 16.12 17.48 9.14 14.63 11.22 15.56 14.35 16.0 15.6 15.7
NH3 10.82 11.64 5.91 10.20 7.66 10.64 9.55 10.8 11.0 10.6
Fq 15.70 18.14 9.24 14.27 9.25 15.40 13.08 15.2 15.2 16.2
BF“ 11.00¢ 11.05 6.77 11.07 9.97 10.96 10.27 - - 11.49¢
LiH 7.90 8.13 4.34 7.93 5.91 8.08 7.91 8.0 8.2 8.0
Ne 21.56 23.01 12.92 19.95 17.36 21.02 20.03 - - 21.35¢
CO 14.01 15.14 9.01 14.09 11.23 14.33 12.71 13.4 14.1 13.9
CO2 13.77 14.74 8.97 13.05 10.11 13.49 11.89 13.1 13.3 13.6
CaoHs 11.49 11.07 7.09 11.28 10.46 11.06 10.39 10.6 11.1 11.2
H>CO 10.89 12.07 6.15 9.94 6.22 10.61 9.13 10.4 10.5 10.6
H202 11.70 13.08 6.05 10.23 6.40 11.05 9.25 11.0 11.1 11.1
HCN 13.61 13.30 8.86 13.56 12.55 13.31 12.65 12.7 13.2 12.4
NoHy 8.98 11.10 5.54 9.45 6.80 9.88 8.59 9.8 10.1 9.5
CaoHy 10.68 10.24 6.70 10.32 9.36 10.16 9.46 9.8 10.4 9.6
HC1 12.77% 12.94 7.95 12.39 11.07 12.47 11.80 12.2 12.5 12.5
H2S 10.50 10.46 6.23 10.15 9.02 10.15 9.53 9.8 10.1 9.9
CIF 12.77% 13.49 7.80 12.42 9.52 12.64 11.22 12.4 12.4 13.0
PH3 10.59 10.46 6.58 10.28 9.25 10.24 9.60 9.9 10.3 10.0
SiHy4 12.82 13.23 8.52 12.82 11.32 12.89 12.11 12.3 12.6 12.4
MSE - 0.807  -4.904 -0.483 -2.895 -0.146 -1.289 -0.430 -0.187 -0.187
MAE - 0.910  4.904 0.560 2.895 0.313 1.290 0.518 0.364 0.408

a. Result and structure taken from”.
b. Results taken from '3.
c. Results taken from?.
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Table 3: Experimental and computed LUMO EAs of small molecules. The reference values for the vertical
EAs are taken from?® for LiH, BH;, NaCl and BN, and from!? for CS,, O3, SO, and F,; the molecular structures
are from the G3 set'®!! unless otherwise specified; two sets of reference G,W, (PBE) results® are presented,
one obtained with TURBOMOLE (TM-noRI) and the other with BerkeleyGW (BGW-GPP). The CCSD(T)
results stand for the total energy differences between the N-particle system and the (N + 1)-particle system,
using the same basis set as in the T-matrix and the second-order self energy calculations. The last two rows
show the mean signed errors (MSE) and the mean absolute errors (MAE) with respect to the reference data
(left) and the CCSD(T) data (right). (Unit: eV)

nd nd GOWO(PBE)

System Ref. CCSD(T) HF 2" order(HF) T(HF) PBE 2" order(PBE) T(PBE) TMnoRI  BGW.GPP
LiH 0.34 0.30 0.20 0.28 0.26 1.64 0.12 -0.08 0.07 0.37
BH3* 0.04 -0.07 -0.08 -0.08 -0.08 3.06 1.01 -0.14 -0.12 0.06
NaCl 0.73 0.67 0.57 0.66 0.64 2.30 0.44 0.26 0.39 1.38
BN? 3.16 2.96 2.96 3.84 3.94 7.27 5.08 3.96 3.95 3.99
CS, 0.01 -0.05 -0.06 -0.05 -0.05 2.85 1.01 0.64 0.20 0.43
O3 1.93 1.81 1.62 1.93 2.80 6.38 3.25 1.91 2.30 2.59
SO9 0.81 0.87 0.21 1.03 1.28 4.74 1.76 1.02 1.00 1.24
Fo 0.42 -0.07 -0.08 -0.08 -0.08 5.89 2.04 2.01 0.70 0.41

MSE - - -0.262/-0.135 0.015/0.143 0.162/0.289  3.337/3.464 0.649/0.777 0.527/0.654 0.131/0.259 0.378/0.506

MAE - - 0.262/0.135 0.213/0.152 0.369/0.307 3.337/3.464 0.780/0.879 0.793/0.868 0.323/0.399 0.381/0.506

a. The bond length of the Ds;, BHs was taken as 1.19 4.
b. The bond length of BN was taken as 1.281 5.



Table 4: Experimental and computed HOMO and core and ionization potentials
of small molecules. The experimental values are taken from'6. The last two rows
show the mean signed errors (MSE) and the mean absolute errors (MAE) with

respect to experimental data. (Unit: eV)

System MO Expt. HF 2".order (HF) T (HF) PBE 2"%-order (PBE) T (PBE)
Ne 2p 2156 23.01 19.95 21.02 12.92 17.36 20.03
2s  48.50 52.45 47.32 48.87 3591 42.39 47.02
No 3o, 15.58 17.14 15.02 15.62 10.13 11.32 13.67
Im, 16.93 16.31 16.93 16.52  11.30 16.30 15.87
20, 18.75 21.46 18.34 19.32 13.63 12.52 16.62
20, 37.30 39.38 36.81 36.49  27.72 31.28 32.54
H,O 16y 12.62 13.73 11.46 12.20 6.81 8.29 10.98
3a; 1474 15.71 13.81 14.39 8.95 10.86 13.23
16, 18.55 19.15 18.02 18.32 12,77 15.84 17.51
2a;  32.20 36.50 32.43 33.68 2492 26.20 31.48
CO bo 14.01 15.14 14.09 14.33 9.01 11.23 12.71
1= 1691 17.13 16.21 16.44 11.61 14.10 15.67
40 19.72 21.82 18.49 19.56 14.07 13.05 17.43
30 38.30 40.99 38.84 37.62  28.96 30.30 29.71
CHy, 1m, 1149 11.07 11.28 11.06 7.09 10.46 10.40
3o, 16.70 18.47 16.73 17.22 12.14 13.15 15.42
20, 187 20.88 18.69 19.37  14.04 13.69 17.13
20 235 27.89 24.65 25.59 18.49 18.39 22.99
H,CO  2b, 109 12.07 9.94 12.07 6.15 6.22 9.13
16, 145 14.40 13.87 1440  9.89 10.90 13.21
da; 16.1 17.61 15.02 17.61 10.85 10.52 13.95
16y 17.0 18.75 16.56 18.75 12.05 11.36 15.54
day 214 23.73 21.43 23.73 15.76 15.65 19.98
Furan 1las 9.0 8.67 8.52 8.37 5.63 7.27 7.43
20; 104 10.85 9.74 9.91 6.88 7.64 8.68
9a; 13.0 14.75 12.32 12.87 8.96 8.09 10.56
MSE - 1.566 -0.457 0.008  -5.835 -4.384 -1.902
MAE - 1.678 0.616 0.540  5.835 4.384 1.902

24



Table 5: Computed valence and core and ionization potentials of furan as used

in the TOC. The experimental data are taken from!7.

MO PBE HF T (HF)
la; 563 867 837
2, 6838 10.85 991
9a; 896 14.75 12.87
8a; 9.69 1544 13.40
6b, 9.90 15.66 14.11
5by 10.88 16.57 14.91
16, 10.99 17.19  14.72
7a; 1333 20.13  17.94
6a; 14.02 21.32 19.04
b, 14.82 21.98 19.59
3b, 1851 27.36 24.44
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