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A comparison between the Meller-Plesset and Green's function perturbative 
approaches to the calculation of the correlation energy 
in the many-electron problem 

L. J. Holleboom and J. G. Snijders 
Department o/Theoretical Chemistry, Vrije Universiteit, De Boelelaan 1083, 1081 HV Amsterdam, 
The Netherlands 

(Received 6 November 1989; accepted 15 May 1990) 

The well-known expression for the total energy in terms of the single-particle many-body 
Green's function is analyzed in detail. In particular the relation between the nth order M011er­
Plesset energy and the energy calculated from a Green's function generated by the nth order 
self-energy is investigated. It is shown how the nth order M011er-Plesset energy can be 
expressed in terms of the Green's function. The H2 molecule is studied in a minimal basis to 
serve as a model in which exact results can be easily obtained. Numerical calculations are 
performed for H2, He, Be, LiH, Ne, HF, H 20, NH3, and CH4 and the results are analyzed in 
detail. 

I. INTRODUCTION 

The Green's function (GF) theory provides a viable ap­
proach to the many-electron problem. From the broad range 
of applications 1-5 we mention only the calculation of ioniza­
tion potentials,6.7 and the correlation energy.8.9 In this pa­
per we concentrate on the correlation energy. Since, as 
usually implemented, the GF method is essentially a pertur­
bative method like M011er-Plesset theory, the question 
arises what exactly the relation is between these two meth­
ods. 

The lowest order M011er-Plesset theory, usually de­
noted as MP(2), is simple and the corresponding second 
order energy correlation, denoted as E(2) , can easily be ob­
tained after an SCF calculation has been completed. The 
lowest order Green's function theory, commonly referred to 
as second order Green's function theory, and denoted as 
GF(2) on the other hand is more elaborate. The second or­
der self-energy matrix ~ (2) has to be obtained in a number of 
points in the complex plane after which the second order 
Green's function, denoted as G Dyson(2) (w), can be obtained 
by matrix inversion. The advantage is that G Dyson(2) (w) 

contains contributions from second up to infinite order in 
the self-energy. The total energy obtained from 
G Dyson(2)(w) is denoted as E Dyson(2). 

In order to facilitate a comparison between E Dyson(2) 
and E (2) a detailed analysis of the expression for the total 
energy in terms of an order parameter A is performed. It is 
shown that the nth order contribution to the total energy 
involves the strictly nth and (n - l)th order contributions 
to the full Green's function, which are not the same as the 
Green's functions calculated from the nth and (n - l)th 
order self-energy. 

Since the first order Green's function vanishes because 
the Fock operator is taken as the zero order Hamiltonian, 
the second order M011er-Plesset energy E (2) can be ex­
pressed in terms of the second order contribution to the 
Green's function only. The expression of the MP(2) energy 
E (2) in terms of the Green's function allows comparison 
with the second order Green's function energy E Dyson(2)_ 
which contains higher order contributions. 

To further analyze the relation between M011er-Plesset 
and Green's function theory a simple model is studied in 
which all quantities can be worked out in detail: the minimal 
basis H2 molecule. In this model the exact Green's function 
can be obtained from the Feynman-Dyson amplitudes. 
From these one can obtain the exact self-energy. This is par­
ticularly interesting in the limit of infinitely separated hy­
drogen nuclei. If one calculates the second order self-energy 
in this limit it turns out to be identical to the exact self­
energy. Now both E (2) and E Dyson(2) are calculated from 
this second order self-energy but in this special case E (2) 

diverges and E Dyson(2) becomes exact. This very different 
behavior is a direct consequence of the Dyson summation: 
the inclusion of terms up to infinite order in the Green's 
function is crucial in avoiding the divergencies. Following 
this model study the results of numerical calculations on a 
number of molecules are reported, i.e., H2, He, Be, LiH and 
the ten-electron series Ne, HF, H20, NH3, CH4 • 

II. THEORY 

In all perturbative approaches to the calculation of the 
correlation energy a partitioning of the Hamiltonian into a 
solvable zero order part and a perturbative or interaction 
part is the starting point. Thus we write lO

•
1J 

H(A) = f dX1 ¢'t(xI)h(xI)~(xI) + f dX1 dx; ~t(x; )VHF(X;,XI)~(XI) 

+ A [! f dX1 dX2 ~t(XI)~t(X2) V(XI,X2)~(X2)~(XI) - f dX1 dx; ~t(x; )VHF(X; ,XI)~(XI) l (2.1) 
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The circumflex indicates second quantized operators 
and A is an order parameter ranging from 0 to 1. For A = 1 
the above Hamiltonian is equal to the full many electron 
Hamiltonian and for A = 0 it is equal to the Fock operator 
that will serve as the zero order and which can be obtained in 
diagonal form 

'" '" t F=H(O) = L E/l/t,. (2.2) 
; 

The operators 01 and 0; are the creation and destruction 
operators, respectively, for a Hartree--Fock particleA The 
wave function as well as the energy that correspond to H(A) 
become A dependentaccotding to the SchrOdinger equation 

(2.3 ) 

and as a result the single-particle propagator l2 becomes A 
dependent: 

G(l,I',A.) 

= ~ ('11 H (A) I T~H (1,A.)~1 (1',A.) I'll H (A». (2.4) 
I 

E(A) = ('I1(A) I" + pHF +A(V - pHF)I'I1(A» 

A '" = ('I1(A)lh + pHFI'I1(A» +A ('I1(A) IV - vHF I'I1(A» 

The symbol T stands for the Wick time-ordering opera­
tor and the subscript H refers to the (A dependent) Heisen­
berg picture 

~1(1,A.) = ~1(Xl,ll,A.) = e;H(A)tI~t(xl)e-;H(A)t,. (2.5) 

Just as in the case of the full Hamiltonian (A = 1) we 
obtain the density which, however, is now A dependent, in 
the limit where 11 approaches I ~: 

1 
lim G(l,I',A) = ('I1(A)I~t(x; )~(xl)I'I1(A» 

11 - 1,-0-

(2.6) 

The wave function and the field operators in equation 
(2.6) have been transformed back to the Schrodinger pic­
ture. 

We now wish to express the total energy E(A) in terms 
of the Green's function (2.4). We use the following short­
hand notation for the Hamiltonian (2.1) 

'" A '" H = h + pHF + A( V_VHF), (2.7) 

where the four terms in Eq. (2.7) stand for the four terms in 
Eq. (2.1), respectively. The total energy now reads 

(2.8) 

(2.9) 

= f dxl dx; [h(Xl )15(xl - x~ ) + VHF (XlOX~ ) ]p(X~ ,xl,A.) + A ('I1(A) IV - VHF) 1'I1(A». (2.10) 

While the term involving the density can be obtained from Eq. (2.6), the second term can be obtained from the time 
derivative of G(1,I',A.) with respect to 110 

i~ G(1,I',A.) = ('I1H(A)IT~ ~H(1,A.)~1(l',A.)I\(IH(A» + l5(xl - x; )15(tl - I;) (2.11) 
all atl 

=~ ('I1H(A)IT[~H(1,A.),H] _ ~1(1',A.)I'I1H(A» +15(X I -X~ )15(t1 - I~). (2.12) 
I 

The 15 functions emerge as a consequence of differentiat­
ing the () function which in turn arises from the time order­
ing operator. When we later take the limit 11- t ~ --+0-
there will be no contribution from this 15 function. The com­
mutator in Eq. (2.12) can now be evaluated 

A A ..... A A ,.. 

[~H(1,A.),H] _ = eiH(A)t, [~(xl),h + pHF] _ e- ;H(A)I, 

+ A.e;H(A)I'[~(XI)'V _ pHFLe-;H(A)I,. 

(2.13 ) 

Since the commutators in Eq. (2.13) are A independent 
they can immediately be evaluated in the usual way. I In the 
limit of equal times we have 

lim i~G(l,I',A.) 
i 1,-1;_0- all 

= f dX2[h(xl)l5(xl - x2) + vHF(XI,x2) ]P(X2,x~) 

+ A f dX2 [V(XI,X2)P(XlOX2,x~ ,x2) 

(2.14) 

wherep(xl,x; ,X2'X~) is the two-electron density matrix. Us­
ing Eqs. (2.6), (2.10), and (2.14) the total energy can be 
written as 

E(A) = ~f dX l lim ~ lim [i ~ + h(x l ) 
2 xi_x, I I, - li-O - at l 

+ VHF (X; ,Xl) - AVHF(X; ,Xl) ]G(l, 1',A.). (2.15) 

This follows after making the observation that the total elec-
'" tron-electron repulsion energy (V) is obtained twice from 

the trace of Eq. (2.14). All other terms in Eq. (2.14) are 
therefore added once more and the result is divided by 2 to 
arrive at Eq. (2.15). Now that we have a general expression 
for the total energy in terms of the order parameter A it is 
possible to identify contributions to the total energy order by 
order. It is then most convenient to Fourier transform ob­
taining 

E(A) = - Tr....- cicJ(OJ + F - AvHF)G(OJ,A.) 1 1 f 
2 2m 

(2.16) 
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in which F, VHF, and G( m),) are the matrix equivalents of the 
corresponding quantities in Eq. (2.15). The time limit now 
corresponds to a contour integral and the time derivative 
yields a multiplicative factor m. The contour should enclose 
all the ionization poles of G(m,A). For A = 1, Eq. (2.16) 
reduces to the familiar energy expression 12 

E=-Tr- dm(m+h)G(m). 1 1 f 
2 21Ti 

(2.17) 

Note, however, that this expression is not correct for 
intermediate values of A. 

To make further progress we expand the total energy 
and the Green's function in orders of A: 

00 

E(A) = L A nE(n), (2.18 ) 
n~O 

00 

G(m,A) = L A nG(n)(m), (2.19) 
n~O 

where E (n) and G (n) (m) are the nth order contributions to 
E(A) and G(m,A). Substituting Eqs. (2.18) and (2.19) in 
Eq. (2.16) we can identify the nth order contribution to the 
total energy as 

E(n) = J... Tr_l_,r dm(m + F)G(n)(m) 
2 21Ti J 

(2.20) 

Formula (2.20) establishes the relation between the to­
tal energy and the Green's function order by order. Note that 
for the nth order energy the nth as well as the (n - 1) th 
order Green's function is needed. For n = 2 a similar analy­
sis has been performed by Jaszunski, Pickup, and 
McWeeny.13 

The lowest order contributions can be easily obtained 
from Eq. (2.20) and it can thus be seen how they reduce to 
the well known expressions from the M0ller-Plesset pertur­
bation theory.2 For the zero order energy we only need 
G (0) (m) which reads in the basis ofthe Hartree-Fock orbi­
tals12 

8pq np 8pq lip 
G(O)(m) = + pq . . 

m - Ep - 17J m - Ep + 17J 
(2.21) 

Here lip = (1- np) withnp the occupation number of orb i­
tal p (0 or 1), 7J a positive infinitesimal convergence factor, 
and Ep from Eq. (2.2). It now immediately follows that 

E(O) = J... Tr _l_,r dm(m + E)G(O)(m) = '" n.E·, 
2 21Ti J 4' I I 

(2.22) 

i.e., the zero order energy is just the sum of the occupied 
orbital energies. Successive contributions G (n) (m) can be 
obtained by iterating the Dyson equation 

G = Go + Go~Go + Go~Go~Go + ... (2.23 ) 

and expanding the self-energy order by order as is done for 
G(m) in Eq. (2.19). The lowest contribution to ~(m) is of 
second order, therefore G (I) (m) = O. This means that 

E(I) = --Tr- dmvHFG(O)(m) = 1 1 f 
2 21Ti 

_ J... '" vl-lFn. 
2 4''' I 

(2.24) 

On summing Eqs. (2.22) and (2.24) we obtain the Har­
tree-Fock energy 

EHF = E(O) + E(l) = J... '" (h.. + E.)n. (2.25) 2 4' II I ,. 

Now one is able to understand why the general energy 
formula (2.17) when applied to the zero order Green's func­
tion already produces the zero plus the first order energy 

1 1 f 1 -Tr-. dm(m+h)G(O)(m) =-L (h ii +Ei)ni · 
2 2m 2 i 

(2.26) 

The reason is that the one-electron term h in Eq. (2.26) is 
not of zero order, but the Fock operator is [cf. (2.22)]. Of 
more interest of course are the second and higher order con­
tributions. From Eq. (2.20) it follows that 

E(2)(m) = ~ Tr 2~ifdm(m+F)G(2)(m), (2.27) 

where 

(2.28) 

G (2)(m) is not simply related to what is known as the 
second order Green's function which we will denote as 
G Dyson(2) (m) since it is obtained by solving the Dyson equa­
tion ll 

G Dyson(2) (m) = [G (0) - 1 (m) _ ~(2)(m) ] - 1 _ G (0) (m) 

(2.29) 

which is equivalent to iterating formula (2.23) to infinite 
order using ~(2)(m). 

It is interesting to see how Eq. (2.27) reduces to the well 
known MP(2) approximation for the correlation energy. 
We then need the expression for the second order self-ener­
gy5 

~~~) (m) = J... L (pi I lab ) (ab Ilqi) . 
2 i m - Ea - Eb + Ei + 17J 

ab 

+ J... L (pallij) (ijllqa) . 
2 ij m - Ei - Ej + Ea - i7J 

a 

(2.30) 

Here we have adopted the conversion that a, b, ... stand for 
unoccupied orbitals whereas iJ, ... stand for occupied orbitals 
and p,q, ... for general (occupied or unoccupied) orbitals. 
Substitution of G (2) (m) in Eq. (2.27) by means of Eq. 
(2.28) yields 

E (2) = J... Tr _1_,r dm ~(2)(m)G (O)(m) 
2 21TiJ 

+ Tr E_l_,r dm G (0)(m)~(2)(m)G (O)(m), 
21Ti J 

where we used the fact that 

mG(O)(m) = 1 +EG(O)(m). 

Evaluating the first term in Eq. (2.31) yields 

- Tr- dm~(2)(m)G(0)(m) 1 1 f 
2 21Ti 

(2.31) 

(2.32) 
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=..!.. L (ab IIY) (ijllab ) 
2 ij Ej + Ej - Ea - Eb 

(2.33 ) 

ab 

which is twice the MP (2) result. The second term yields 

Tr E _1_ i dm G (0) (m )1:(2) (m)G (0) (m) 
21Ti j 

= _..!.. L (ijllab) (ab IIY) . 
4 ij E j + Ej - Ea - Eb 

(2.34) 

ab 

By adding Eqs. (2.33) and (2.34) we recover the usual 
MP(2) result 

E (2) =..!.. L II (jillab) W (2.35) 
4 ij Ej + Ej - Eo - Eb 

ab 

To analyze the difference in energy as obtained from the 
MP(2) method, as opposed to the second order Green's 
function method, cf. Eq. (2.29), we define the correction to 
the Hartree-Fock energy as 

E Dyson(2) =..!.. Tr_l_ i dm(m + h)G Dyson(2)(m). 
2 21Ti j 

(2.36) 

The MP(2) energy on the other hand is obtained from 
Eq. (2.27) which can be written in the form 

E(2) =..!.. Tr_l_ i dm(m + h)G(2)(m) 
2 21Ti j 

+..!.. Tr VHF(pHF)p(2). (2.37) 
2 

ComparingEqs. (2.36) and (2.37) there are two differ­
ences. First, Eq. (2.37) contains G (2) instead of G Oyson(2). 
This reflects the summation of terms up to infinite order in 
the interaction 

G Dyson(2) = G(O)1:(2)G(O) + G(O)1:(2)G(O)1:(2)G(O) + "', 
(2.38) 

whereas G (2) is made up of the first term at the rhs of Eq. 
(2.38), cf. Eq. (2.28). This difference affects the one-elec­
tron contributions as well as the two-electron contributions 
to the total energy. Second, Eq. (2.37) has the additional 
term ~ Tr VHF (pHF)p(2) which only affects the two-electron 
contribution to the total energy. 

Formulas (2.36) and (2.37) can be expressed in terms 
of the contributions r l and r eorr to the electron repulsion 
energy density r defined in a previous paper by the authors 
which is referred to as 1.14 r l and r eorr read 

and 

reOrr(x},x;) = ~ lim f d21:'(l,2)G(2,1') 
I ' 1 - tI-O-

(2.40) 

in terms of which expressions (2.36) and (2.37) read 

E (2) = Tr hp(2) + Tr rl(2} + ! Tr r eorr(2) 

and 

(2.41 ) 

Dyson(2) 
E Dyson(2) = Tr hp DYSOn(2) + ! Tr rDyson(2) + ! Tr r eorr , 

(2.42) 

respectively. The superscripts (2) and Dyson(2) in formu­
las (2.41) and (2.42) are added to indicate that the super­
script quantities result from the true second order term 
G (2) (w) in expansion (2.19) and from G Dyson(2) (w) defined 
in Eq. (2.29), respectively. 

Apart from the absence of higher than second order 
terms in the Green's function the MP(2) energy has a factor 
1 in front of rl(2) instead of a factor! in E Oyson(2). It is 
therefore of interest to determine whether it is the infinite 
summation or the absence of the last term at the rhs of Eq. 
(2.37)in (2.36) that accounts for the difference between the 
second order Green's function energy and the MP(2) ener­
gy. 

It is worthwhile to note another difference between 
G (2) (w) and G Oyson(2) (w). The trace of the density obtained 
from an approximate Green's function does not in general 
conserve the number of electrons. This is due to the fact that, 
for example, G Dyson(2) (w) is not consistent in orders, it con­
tains fourth, sixth, and higher order terms but not all fourth, 
sixth, and higher order terms. If however the density is cal­
culated in a way consistent through the nth order the num­
ber of electrons is conserved since from Eq. (2.19) one de­
duces 

Tr p(O) = Nand Tr p(n) = 0, n = 1,2,... . (2.43) 

For the second order this can be explicitly verified as 
follows 

Tr p(2) = Tr ~ i dw G (2)(W) 
2m j 

= Tr _1_ i dw G (O)(w)1:(2)(w)G (0) (w). 
. 21Ti j 

Evaluating the contour integral we obtain 

Tr _1_ i dw G (0)(W)1:(2) (w)G (0) (w) 
21Ti j 

= _..!.. L (jillab ) (ab I Vi) 
2 ij (Ea +Eb -Ej -Ej )2 

ab 

ab 

=0. 

III. ANALYSIS FOR H2 IN A MINIMAL BASIS 

(2.44 ) 

(2.45) 

As an illustration of the considerations in Sec. II we will 
apply the formalism to the H2 molecule in a minimal basis. 
This approach has the advantage that the problem can be 
treateO analytically rather than numerically. Moreover this 
very simple system is capable of illustrating various aspects 
of the Green's function approach by varying the internuclear 
distance R. At small internuclear distances the Hartree­
Fock method provides an accurate solution and consequent­
ly serves as a good zero order starting point for both the 
MP(2) and GF(2) perturbative corrections. At large inter-
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nuclear distances the Hartree-Fock zero order solution is 
much less accurate. Furthermore traditional M011er-Plesset 
perturbation theory completely breaks down due to the de­
generacy of the Hartree-Fock eigenvalues. It will be shown 
that the Green's function approach does not suffer from this 
drawback. The second order Green's function provides ac­
curate results at large internuclear distances and even gener­
ates the exact solution in the limit R -+ 00 provided the sys­
tem is described in the minimal basis of atomic hydrogen 
functions. As a consequence there is an interval of intermedi­
ate distances where the deviation from the exact solution is 
largest, reaching a maximum of about 5ao. 

The minimal basis H2 problem is treated in many text­
books 's and is in fact a one-parameter model in the internu­
clear distance R. Not all quantities can be simply expressed 
in terms of R though, except in the limit R -+ 00. The exact 
Green's function can be obtained from the Lehmann repre­
sentation 12 

G .. (O) = L g'!'gj* + L f7fj* (3.1) 
IJ m 0) - /3m - il1 n 0) - an + il1 

in which the Feynman-Dyson amplitude are defined as l 

(3.2) 

and 

(3.3) 

and /3 and a correspond to the negatives of the ionization 
potentials and electron attachment energies, respectively, 

(3.4) 

and 

(3.5) 

Here 'I'm (N - 1) denotes a N - 1 electron state and 
'l'n(N + 1) denotes aN + 1 electron state. In the case under 
consideration we have N = 2. To calculate the Feynman­
Dyson amplitudes we thus need the two-electron ground 
state and the one- and three-electron states. The matrix 
G ij (0) blocks into two identical blocks due to spin symme­
try. Therefore i andj can be restricted to be of spin-up type, 
say, and Gij (0) is a 2 X 2 matrix. The Hartree-Fock orbitals 
are determined by symmetry and read 

1 
g(x) = (A (x) + B(x» 

J2(l +S) 
(3.6) 

and 

u(x) = 1 (A (x) - B(x», 
J2(l- S) 

(3.7) 

where S is the overlap between the basis functions A (x) and 
B(x) which are the atomic hydrogen Is functions centered 
on the nuclei labeled A and B and separated by a distance R. 
The gerade and ungerade orbitals (3.6) and (3.7) will be 
numbered 1 and 2, respectively. The normalized Hartree­
Fock solution of the ground state readsls 

1'1' HF) = III) (3.8) 

and the normalized exact solution reads '5 

I'I'(N» = I [III) +cI22)]. 
If+? 

(3.9) 

where the coefficient c has to be determined from the CI 
matrix. The Hartree-Fock orbitals are the only orbitals that 
can be constructed in this model and are therefore also the 
exact one-electron states. From the states 11), 11>, 12), and 
12) one can construct eightg;" type amplitudes, two of which 
contribute to Gij (0): 

g: = (1Io,I'l'(N» = I (3.10) 
If+? 

iz = (21021'1'(N» = c (3.11) 
If+? 

In the same way the contributingff amplitudes can be 
constructed from the three-electron states 1112), 1112), 
1122), and 1122) yielding 

f: = ('I'(N) 1011221) = c, (3.12) 
If+? 

f~=('I'(N)1021112)= 1 
If+? 

(3.13 ) 

The Green's function can now be written down as 

G(O) =_1_2 (0)~/31 + O)~al 2 +0 I ). 
l+c -- --o 0) - /32 0) - a 2 

(3.14 ) 

The quantities c, /31' /32' ai' and a2 can all be expressed 
in terms of one- and two-electron integrals as follows. Let 
E HF be the Hartree-Fock energy and E C the correlation en­
ergy [i.e., E(N) = EHF + E C

], EI and E2 the eigenvalues of 
the Fock operator. We then have the one-electron integrals 
h II and h 22 , the Coulomb integrals ( 11111) = J II , 
(12112) = J 12' (22122) = J 22 and the exchange integral 
(11122) = K 12' From Eqs. (3.4) and (3.5) now follow 

/31 = E HF + E C - h II 

=2h ll +JII +Ec-hll =EI +E C
, 

/32 = E HF + E C - h22 

=2E I -E2 -JII +2J12 -K12 +Ec, 

a l = (2211H1221) -E(N) 

= 2E2 - EI + J22 - 2J12 + K12 - EC, 

a 2 = (112IHI112) -E(N) 

= E2 _E c
, 

whereas I 5 

E C K12 
c=--=---

K12 E C 
- 2a 

(3.15 ) 

(3.16 ) 

(3.17) 

(3.18 ) 

(3.19 ) 

(3.20) 

(3.21) 

In order to obtain the exact self-energy expression 
(3.14) can be manipulated algebraically to yield 
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[
PI + ale- + {e-(al - PI)2/' [ (al + Ple-)]} 0 ] 

G- I (w)=w1- 1+e- (1+e-)2 w- 1+e- P2e-+a2+{e-(a2-P2)2/[w_(a2e-+P2)]} 
o 1 + e- (1 + e-)2 . 1 + e-

(3.22) 

If we partition the self-energy into an energy-dependent part :I'(w) and an energy-independent part:I( 00 );6 the Dyson 
equation reads 

G -: I(W) = [w1 - E -:I( 00) - :I'(w)] (3.23) 

and we can immediately identify 

:I'( .... ,) = e- [(al -PI)'l!(W - a~ :~~e-) !/( 
0 

_2 /3)] 
.., (1 + e-)2 0 (a2 -P2)/\W - a21C-++e- 2 • 

(3.24) 

Nolice that :I' (w) like G HF (w) has only one singularity 
in each symmetry, while the full Green's fun~tion (3.22) has 
two singularities in each symmetry corresponding to an ioni­
zation energy and an electron attachment energy. 

We will now determine the ~havior of :I' (w) at large 
internuclear distances which follows froni the behavior of 
the molecular one- and two-electron integrals whose behav­
ior in tum follows from the atomic integrals. Retaining only 
terms linear in 1/ R we have 

(2IhI2)=h-! +0(;2)' 

(AA IAA) =J + 0(; 2)' 

(AB lAB) = ! + 0 (; 2 ), 

(AA IBB) = 0(; 2} 

(3.25a) 

(3.25b) 

(3.25c) 

(3.25d) 

(3.25e) 

. (3.25f) 

Here (3.25a) and (3.25d) define hand J, respectively. 
The integral (AA IBB) decays faster than 11R. For the mo­
lecular integrals we thus find 

J 11 ,J12 ,J22 = ~ (J + !) + 0(; 2). (3.25g) 

K12 = ~(J -~) + 0(_1_) (3.25h) 
2 R R2 ' 

and finally 

/31,/32 = h + 0(; 2). 

a 1,a2 = h +J + 0(; 2). 

c= -1+0(;2)' 
a= 0(;2)' 
El=h+ ~(J- !)+0(;2)' 
E2=h+ ~(J+ !)+0(;2) 

(3.25i) 

(3.25j) 

(3.25k) 

(3.251) 

(3.25m) 

(3.25n) 

The behavior of :I' (w) in the limit oflarge R can now be 
determined from (3.24) and (3.~5) which yields 

(3.26) 

The expression for the second order self-energy in the same limit can be obtained from Eqs. (2.30) and (3.25) and reads 

~''''(w)~ [( ~' - ~)/ [w: (h + ~ + 2~)1 (~' _ ~)/[w~ (h+ ~ - ~)l] + oU ,) (3.27) 

. Surprisingly expressions (3.26) and (3.27) differ only 
in the coefficients of the 1/ R term which means that the 
dynamic second order self-energy becomes exact in the limit 
of R- 00. Furthermore it follows from (3.22), (3.23), and 
(3.25) that 

[
h+!... 

(E+:I(oo»= 0 2 

whereas in the second order approximations for the self-en­
ergy the energy independent part is zero and we thus have 

(E+:I(00»(2) 

which again only differs from (3.28) in the coefficients of the 
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1/ R term. It now has been proven that the second order 
Green's function for the minimal basis H2 system becomes 
exact at infinite internuclear distance. 

This means that the Green's function obtained from the 
second order self-energy is identical to the Green's function 
obtained from the full CI wave function. Moreover, since the 
minimal basis is made up of the atomic hydrogen s functions, 
the energy obtained from Green's function (3.14) becomes 
exact for the H2 system at infinite internuclear distance. As a 
consequence we have in this case 

lim [E Dyson(2) + EHF] = - l.OE
h

• (3.30) 
R- 00 

If on the other hand the MP (2) energy is calculated, one 
obtains from Eq. (2.40) 

[ 
. 1 (11122) 2 ] lim [E HF + E (2)] = lim 2EI - J II + - -'----'---

R-oo R-oo 2 EI -E2 

= lim [2h + J - .!i.K12 2] 
R- 00 2 

= - 00. ( 3.31) 

The striking difference between Eqs. (3.30) and (3.31) 
is due to the fact that E (2) is calculated from Eq. (2.27) 
which contains only the second order term G (2) (UI) whereas 
E Dy

son(2) is calculated from Eq. (2.41) which contains some 
contributions G (11) (UI) up to infinite order. The effect of 
keeping all terms up to infinite order c.an also be seen as 
follows. Consider the limit R -> 00 and suppose one aims to 
calculate G g) (UI) by explicitly summing the Dyson series 
(2.23) 

00 

GIl (UI) = G\?)(UI) L P:II (UI)G\?)(UI)]k 
k~O 

1 00 [ j2 ]k 
=-- L 2 • 

UI - E k ~ 0 4(UI - E) 
(3.32) 

If the summation in Eq. (3.32) is cut off at some finite 
value k the resulting Green's function always has a singular­
ity at UI = E. If, however, the whole series is summed one 
obtains [cf. Eq. (3.14) 1 

G (w) = _1 [1/(1-~ 1 )] 
11 W _ E 4 (w _ E)2 

i.e., a Green's function with two simple poles that are shifted 
an amount ± J 12, respectively, with respect to the original 
pole at w = E. The density matrix element corresponding to 
Eq. (3.33) iSPII' = 1. Ifone on the other hand calculatesp\~) 
one obtains, see Eqs. (2.47) and (2.48) 

(3.34) 

IV. RESULTS 

In this section we discuss the results of calculations per­
formed on a number of small systems. In subsection A atten­
tion will be focused upon the He and Be atoms and the LiH 
molecule. In subsection B the hydrogen molecule is studied, 
now in a large basis set. Finally, in subsection C the iso­
electronic series Ne, HF, H20, NH3, CH4 is studied. It turns 
out that the effect of correlating the motion of the electrons 
on the systems Ne, HF, H 20 is different from the general 
trend: the density expands slightly instead of contracting. 
This effect has important consequences in the interpretation 
of the results. 

A. He, Be, LiH 

The basis sets as well as the type of CI calculation for 
He, Be, and LiH were the same as those used in I. The basis 
set and geometry used for LiH is referred to as 'basis 3' in I, 
consisting of 44 functions in total whereas the He and Be 
bases both comprise 32 functions. 

The results for these systems are collected in Tables 1-
III. Considering the He atom first (Table I) it is clear that 
the total electronic energy Eel produced by the second order 
Green's function method (GF(2» is closer to the full CI 
result than the sum of the Hartree-Fock and the M0ller­
Plesset result (MP(2». Considering the two terms hand 
V that together constitute Eel it is also clear that the differ-ee 

ence between the MP (2) and GF (2) total energy E e\ is fully 
attributable to the difference in the Vee contribution. Since 
the one-electron contribution h differs only in the fourth de­
cimal for MP (2) and GF (2) it is strongly suggested that the 
density obtained from the G F (2) method is almost identical 
to the truly second order corrected density p(O) + p(2). This 
would mean that the infinite summation performed indirect­
ly by solving the Dyson equation has no effect, or at least not 
on the density. This is confirmed by comparing the nuclear 
attraction VNe and the kinetic energy T for GF(2) and 
MP (2). The energy contributions are almost the same in 
both methods and also close to the CI results. 

Now the two-electron energy will be examined in more 
detail, i.e., the two terms Vstatic and! Tr r corr that constitute 

Vee' The term V"atic is defined as Vstatic = Vee - ! Tr r corr 

and accounts for the Hartree-Fock like part of the electron 
repulsion energy. Again comparing MP(2) and GF(2) one 
notices that there is no difference in the true-correlation con­
tribution! Tr r corr and consequently the term Vstotic is total­
ly responsible for the difference in the total energy between 
MP(2) and GF(2). This is due to the fact that V,tatic con­
tains Tr r 2 in the case of MP (2) and ~ Tr r 2 in the case of 
GF(2), and not to the fact that r 2 is slightly different in 
GF(2) and MP(2) as Table I shows. Since r l is fully deter­
mined by the density this further confirms that the Dyson 
summation has almost no effect on the density in the case of 
the He atom. It also has hardly any effect on the true correla­
tion contribution. 

Table II contains the results for the Be atom, the CI 
refers to a SDCI from 13 reference configurations as in I. 
Comparing MP (2) and GF (2) almost the same conclusions 
as for He can be drawn: there is no significant difference for 
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TABLE I. Ground state energies for the He atom (in Eh ). Vertical: Hartree-Fock (HF), second order 
Mflller-Plesset (MP(2», second order Green's function (GF(2», and configuration interaction (CI). Hori­
zontal: electron-nucleus attraction VNe , kinetic energy T, total one-electron energy h = VNe + T, density de­
pendent correction to the electron-e1ectron repulsion! Tr r l, total electron-electron repulsion V..a.ie' dynam­

ic correlation energy! Tr r"", total electronic energy Eel = h + V ... The nuclear repulsion is denoted as VNN 
and the density obtained from tbe second order Green's function aspf>y«>n(2). Tr pOY","(2) = 2.000 16. 

VNe T h !Trrl ~tatic ! Tr r corr V •• Eel 

HF -6.7462 2.8600 - 3.8862 0 1.0251 0 1.0251 - 2.8610 
MP(2) - 6.7567 2.8973 - 3.8594 0.0043 1.0336 -0.0706 0.9630 - 2.8963 
GF(2) - 6.7569 2.8974 - 3.8596 0.0043 1.0295 -0.0705 0.9590 - 2.9006 

CI - 6.7514 2.9024 - 3.8490 0.0052 1.0355 - 0.0884 0.9471 - 2.9019 

the terms VNe to! Tr r eorr
; the difference in Vee and Eel is 

fully attributable to an extra! Tr r 2 contribution. This dif­
ference is much bigger than that in the case of the He atom 
due to the fact that the density dependent term! Tr r I is not 
small now. The conclusions in I can now be repeated for 
MP (2): the rather accurate value for the total energy is due 
to a fortuitous cancellation in the terms that constitute the 
electron-electron repulstion energy. It was shown in I that 
the radial distribution of the electron density as calculated 
for GF(2) locally differs considerably from the correspond­
ing CI charge distribution. This wrong behavior is of course 
due to the near degeneracy of the system which cannot be 
accounted for in the reference single-determinant wave func­
tion. The MP(2) density very likely suffers from the same 
drawback. 

The conclusions to be drawn from the results for the 
LiH molecule in Table III are essentially identical to those 
drawn from the results from Table I for the. He atom. This 
conforms to what one reasonably would expect since both 
systems are well described by Hartree-Fock theory. Again, 
asin He the MP(2) results are almost identical to the GF(2) 
results and very close to the CI results. The slightly better 
GF(2) electronic energy as compared to MP(2) is once 
more due to the different way that Tr r l enters the energy 
expressions. This effect is small though significant. 

B. The hydrogen molecule 

The minimal basis used in Sec. III provides exact results 
in the limiting case of R -+ 00 but is obviously inadequate at 
smaller distances and is in particular insufficient to describe 
the system at the equilibrium distance Re = 1.4008ao. 
Therefore calculations have also been performed in the larg­
er basis that was used in I which consists of 34 basis func-

tions. In I it has been shown that at distances R <.Re the 
results from GDyson(Z)(w) are accurate. However, with R 
increasing to values greater than Re the results soon become 
inaccurate, though the largest distance used was still rather 
small: 3.0ao' One may ask what happens with for instance 
the total energy as obtained from G Dyson ( 2 ) (w ), taken in the 
larger basis now, when pulling the nuclei apart to infinity. 
From the results of lone might expect that EDyson(Z)(w) 

would become very bad at R -+ 00. However, the model of 
Sec. III shows that in a minimal basis E Dyson(Z) becomes 
exact in this limit, and one would expect this result to hold 
approximately on augmenting the basis. 

It turns out that the difference between the minimal ba­
sis and a larger basis is to be found in the orbitals. In a mini­
mal basis there is only one possible set of orbitals namely the 
symmetry determined set of orbitals (3.6) and (3.7) which 
in this case are constructed from the atomic hydrogen orbi­
tals and differ therefore from the real Hartree-Fock orbitals. 
A larger basis will in general be flexible enough to describe 
the real Hartree-Fock orbitals. As a consequence the density 
calculated from the gerade and ungerade Hartree-Fock or­
bitals will still be too diffuse even if the occupation numbers 
are both 0.5 since the orbitals are too diffuse. Therefore it is 
expected that E Dyson(Z) will not be exact in the larger basis at 
R-+ 00. 

In Fig. 1 EDyson(Z) and E CI as well as EHF and 
EHF + E(2) are plotted against the internuclear distance. 
Comparing EDyson(Z) and E CI one notes that at distances 
smaller than approximately the equilibrium distance 
E Dyson(Z) is very accurate. This is a consequence ofthe well­
known fact that in this region the Hartree-Fock approxima­
tion is good which implies a quick convergence of the pertur­
bation expansion of the correlation energy. With increasing 

TABLE II. Ground state energies for tbe Be atom. For the meaning oftbe row and column beadings see Table 
I. Tr pOY""'(2) = 4.005 192. 

VNe T h ~ Tr r l 
Jt:lalil' 

~ Tr r,"'mr Vl'C.' Eel 

HF - 33.6279 14.5696 - 19.0582 0 4.4886 0 4.4886 - 14.5697 
MP(2) - 33.6712 14.6359 - 19.0353 0.0228 4.5342 -0.1371 4.3971 - 14.6382 
GF(2) - 33.6790 14.6370 - 19.0419 0.0256 4.5142 - 0.1366 4.3776 -14.6643 

CI - 33.6791 14.6469 - 19.0322 0.0476 4.5815 - 0.2075 4.3740 - 14.6582 
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TABLE III. Ground state energies for the LiH molecule. For the meaning of the row and column headings see 
Table I. VNN = 0.995 02, Tr pO""",,) = 4.001 12. 

VNe T h ~ Tr r' v:.lalit: ! Tr r cnrr Vee Eel 

HF - 20.4538 7.9913 - 12.4625 0 3.4831 0 3.4831 - 8.9794 
MP(2) - 20.4625 8.0468 - 12.4139 0.0071 3.4972 - 0.1254 3.3717 - 9.0422 
GF(2) - 20.4625 8.0472 - 12.4153 0.0077 3.4908 -0.1252 3.3656 - 9.0498 

CI - 20.4467 8.0583 - 12.3884 0.0087 3.4999 - 0.1663 3.3336 - 9.0548 

R E Dyson (2) deviates more and more from E CI. the difference 
reaching a maximum at about R = 5.0ao. This is because the 
Hartree-Fock starting point is now bad and perturbation 
theory is not able to fully correct this deficiency. At larger 
distances the Dyson summation becomes effective causing 
the E Dyson(2) curve to bend downwards and eventually set­
tling parallel to the Eel curve. though at a somewhat lower 
value. 

The characteristics of the E HF + E (2) curve. referred to 
as the MP (2) curve from now on are the same as those for 
E Dyson(2) up to the crossing point at R = lOao except that it 
is shifted up an amount EHF + E (2) - EDysOn(2)~! Tr r l 

-! Tr r l
(2). From the crossing point onward the MP(2) 

energy starts to diverge due to the degeneracy of the eigen­
values corresponding to the gerade and ungerade orbitals. cf. 
Eq. (3.30). 

The results of calculations at R = 1.4008ao• 5.0ao• lOao, 
and 30ao are collected in Tables IV-VII. At the equilibrium 
distance the situation is like that in the case of the He atom: 
MP(2) as well as GF(2) produce rather accurate results. 
The difference in Eel and Vee is determined by the term ! 
Tr rl. There is no significant difference in the one-electron 

terms including! Tr r l
, indicating no effect of the Dyson 
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R 

FIG. 1. The total molecular ground state energy E (in Eh ) of the H2 mole­
cule from Hartree-Fock (HF), second order M011er-Plesset (MP(2» sec­
ond order Green's function (GF(2», and configuration interaction (CI) 
calculations as a function ofthe internuclear distance R (in Do). 

summation. This changes at 5.0ao; the MP(2) one-electron 
terms now start to differ from their GF(2) equivalents. The 
difference in MP(2) and GF(2) total energy increase but is 
still determined by ~ Tr rl. Beyond lOao the situation 
changes drastically. The GF(2) results now come closer to 
the CI results whereas the MP(2) results differ more, com­
pared to the situation at 5.0ao. Near the crossing point the 
MP (2) total energy is close to the CI value but this is clearly 
due to fortuitous cancellation since h and Vee are by no 
means close to the CI value. At 30ao the situation is even 
more extreme. The HF, CI, and GF(2) numbers have 
reached their limiting values, the MP (2) results are now 
meaningless. 

C. Ne, HF, H20, NH3, CH4 

We now tum to the results for the ten electron series Ne, 
HF, HzO, NH3, and CH4 collected in Tables VIII-XII. For 
Ne the 5s4p contracted Gaussian basis set from Dunning17 
was used, augmented with twod functions, exponents 1.8918 

and 0.8,19 and onef function, exponent 2.5,20 resulting in 34 
functions in total. On the H atoms ofHF, NH3 and CH4 we 
used the 3s set of Dunning21 augmented with a p function 
with exponent 1.0. For HF the 7s4p2d set from Lie and Cle­
mentf2 augmented with anf function with exponent 1.0 was 
used, yielding 42 functions. The HF internuclear distance, 
1.733ao, was taken from Urban et al.z3 For the HzO mole­
cule we adopted the basis and geometry that was denoted as 
'basis 3' in I, which consists of 44 functions. For NH3 and 
CH4 the 5s3p sets from Dunning,21 were taken. These sets 
were augmented with a d function with exponent 0.8523 in 
the case of NH3 and with exponent 0.626z4 in the case of 
CH4. For NH3 this resulted in 38 functions, the geometry 
was taken from Ref. 23. The CH4 this resulted in 44 func­
tions and the experimental C-H distance25 of 2.065ao was 
used. For all these systems a MRSD-CI of reasonable accu­
racy, i.e., 10 to 15 reference configurations, was performed. 

In the results discussed in Secs. IV A and IV B the 
GF(2) total energy was always lower than the correspond­
ing MP(2) energy. The difference GF(2)-MP(2) turned 
out to be -! Tr r l where! Tr r l always was a positive 
number. This is different in the series of calculations present­
ly under consideration. For the system Ne, HF, and HzO the 
contribution! TR r I is negative resulting in an MP (2) total 
energy that is lower than GF(2). For the systems NH3 and 
CH4 the! Tr r I term is positive again. 

This effect can be interpreted as follows. It is well known 
that the Hartree-Fock electron density is too diffuse. Corre­
lating the motion of the electrons will contract the density. 
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TABLE IV. Ground state energies for the H2 molecule at R = R. = 1.400800 , For the meaning of the row and 
column headings see Table I. VNN = 0.7139Eh , Tr pDy""n(2J = 2.000 56. 

VNe T h ~ Trr' V"tatic ~ Tr r eoIT Vee Eel 

HF - 3.6309 1.1253 - 2.5056 0 0.6582 0 0.6582 - 1.8473 
MP(2) - 3.6439 1.1579 - 2.4860 0.0059 0.6701 - 0.0628 0.6072 - 1.8788 
GF(2) - 3.6447 1.1582 - 2.4865 0.0061 0.6643 -0.0627 0.6016 - 1.8849 

CI - 3.6474 1.1722 - 2.4752 0.0096 0.6772 -0.0884 0.5888 - 1.8864 

TABLE V. Ground state energies for the H2 molecule at R = 5.Oao• For the.meaning of the row and column 
headings see Table I. VNN = 0.2000 E h , Tr p(Dy""n(2J = 2.014 51. 

VNe T h ! Trr' ~Ialic ! Tr reo" V,,, Ee' 

HF - 2.0726 0.6502 - 1.4224 0 0.3635 0 0.3635 - 1.0589 
MP(2) - 2.2474 0.8261 - 1.4213 0.0378 0.4392 -'0.1536 0.2856 - 1. 1357 
GF(2) - 2.2327 0.8059 - 1.4268 0.0345 0.3980 -0.1385 0.2595 - 1.1673 

CI - 2.3839 0.9770 - 1.4069 0.0985 0.5026 -0.2992 0.2034 - 1.2035 

TABLE VI. Ground state energies for H2 molecule at R = 10.Oao• For the meaning of the row and column 
headings see Table!. VNN = 0.1000 Eh , Tr pDy""n(2) = 2.050 10. 

VNe T h ! Trr' V .. tatic ! Tr reo" V .. E e
' 

HF - 1.8826 0.7094 - 1.1732 0 0.3060 0 0.3060 -0.8673 
MP(2) - 2.4673 1.2212 - 1.2461 0.1574 0.6209 -0.4840 0.1368 - 1.l093 
GF(2) - 2.1797 0.9630 - 1.2167 0.0619 0.3679 - 0.2473 0.1205 - 1.0962 

CI - 2.2000 1.0000 - 1.2000 0.0800 0.4125 - 0.3125 0.1000 -1.l000 

TABLE VII. Ground state energies for the H2 molecule at R = 30.Oao• For the meaning of the row and column 
headings see Table I. VNN = 0.333 33 Eh , Tr pDy""n(2J = 2.0623. 

VNe T h ~ Trr' ~Iutic ! Tr reo" V(.'(. E e
' 

HF - 1.7600 0.7203 - 1.0397 0 0.2747 0 0.2747 -0.7650 
MP(2) - 3.7326 2.3818 - 1.3508 0.6111 1.4969 - 1.8222 -0.3253 -1.6761 
GF(2) - 2.0857 0.9982 - 1.0875 0.0497 0.3244 -0.3034 0.0210 - 1.0665 

CI -2.0667 1.0000 - 1.0667 0.0455 0.3458 - 0.3125 0.0333 - 1.0333 

TABLE VIII. Ground state energies for the Ne atom. For the meaning of the row and column headings see Table I. Tr pDy,",n(2J = 10.002 29. 

VNe T h ~ Tr r' ~talic ! Tr r'''IT Vee E e
' 

HF - 311.1278 128.5420 - 182.5859 0 54.0454 0 54.0454 - 128.5404 
MP(2) - 310.6912 128.5993 - 182.0920 -0.1064 53.8327 - 0.5624 53.2703 - 128.8216 
GF(2) - 310.6985 128.5972 - 182.1013 - 0.1014 53.9440 -0.5616 53.3824 - 128.7188 

CI - 310.8923 128.6962 - 182.1961 -0.0574 53.9304 -0.5542 53.3761 - 128.8200 

TABLE IX. Ground state energies for the HF molecule. For the meaning of the row and column headings see Table I. VNN = 4.9729 Eh , Tr pDy""n(2) 

= 10.004 88. 

VNe T h ~ Trr' '-:tulic ! Tr re'''' ~.e E
e
' 

HF - 250.6360 100.0328 - 150.6032 0 45.3426 0 45.3426 - 105.2606 
MP(2) - 250.2715 100.1595 -150.1119 - 0.1005 45.1416 - 0.5805 44.5610 - 105.5509 
GF(2) - 250.2831 100.1565 - 150.1267 -0.0929 45.2497 - 0.5795 44.6702 - 105.4565 

CI - 250.4817 100.2400 - 150.2416 - 0.0411 45.2598 - 0.5635 44.6945" - 105.5471 
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TABLE X. Ground state energies for the H 20 molecule. For the meaning of the row and column headings see Table I. VNN , = 9.1972 E", Tr pD"nn(l) 

= 10.004 87. 

VN< T h ! Tr r' v;,latil: ~ Tr r cnrr V,.,. Ed 

HF - 199.0627 76.0007 - 123.0620 0 37.8201 0 37.8201 - 85.2419 
MP(2) - 198.9489 76.2316 - 122.7173 - 0.0405 37.7390 - 0.5272 37.2118 - 85.5055 
GF(2) - 198.9687 76.2328 - 122.7359 - 0.0311 37.7890 - 0.5264 37.2626 - 85.4733 

CI - 199.0175 76.2418 - 122.7758 - 0.0158 37.7877 - 0.5152 37.2725 - 85.5033 

TABLE XI. Ground state energies for the NH3 molecule. For the meaning of the row and column headings see Table I. VNN = 11.9630 E", Tr pD"nn(l) 

= 10.00277. 

VN< T h ! Tr r' Vo;IHli .. : ~ Tr r corr Vee Ed 

HF - 155.8153 56.1686 - 99.6467 0 31.4734 0 31.4734 - 68.1733 
MP(2) - 156.0714 56.4890 - 99.5824 0.0772 31.6279 - 0.4376 31.1904 - 68.3920 
GF(2) - 156.0844 56.4910 - 99.5934 0.0827 31.5561 - 0.4367 31.1194 - 68.4740 

CI - 155.9670 56.4439 - 99.5230 0.0536 31.5799 - 0.4567 31.1233 - 68.3998 

TABLE XII. Ground state energies for the CH. molecule. For the meaning of the row and column headings see Table I. VNN = 13.3919 E,., Tr pO,,,,,, (2) 

= 10.00271. 

VN< T h ! Tr r) V"tati~' 1 Tr rl.·orT 
V,." Ed 

HF - 119.7844 40.1378 - 79.6466 0 26.0469 0 26.0469 - 53.5997 
MP(2) - 120.0220 40.3861 - 79.6358 0.0893 26.2255 - 0.3788 25.8467 - 53.7891 
GF(2) - 120.0382 40.3906 -79.6477 0.0955 26.1424 - 0.3792 25.7632 - 53.8844 

CI -119.9273 40.3650 -79.5623 0.0670 26.1802 - 0.4233 25.7569 - 53.8054 

As a result the static part of the electron-electron repulsion, 
V,tatie, will increase. This effect is described by the term 
1 Tr r' which is therefore usually positive. If, however, the 
electron density expands by correlating the electrons the 
contributions of! Tr r' will lower the electron-electron re­
pulsion and as a result the MP(2) total energy is lower than 
theGF(2) energy. It can immediately be verified from Table 
VIII-XII that for the systems Ne, HF, and H20 the nuclear 
attraction energy VNe rises relative to Hartree-Fock which 
also indicates an expanding density whereas it falls in NH4 
and CH4 indicating a contracting density. 

In all these 10 electron systems the following observa­
tions hold. 

( 1) There is little difference between MP (2) and 
GF(2) for all terms except Vstatic' Vee' and E e

'. This means 
in particular that pDYSOn(2) differs very little from p(O) + p(2) 

since the difference in one-electron terms (including r') is 
completely determined by the density. Furthermore this 
means that the inclusion of terms 

p2(n) = ~ i dw G (O)[~(2)G(O)]", n = 1,2, ... ,00 

21Tl J 
in the density is not very effective i.e., the Dyson summation 
could as well be omitted and the whole series be replaced by 
the second order term only as far as the density is concerned. 

(2) The correction to the kinetic energy is described 
reasonably well and usually somewhat better than correc­
tion to VNe by both MP(2) and GF(2). 

(3) The true correlation contribution! Tr r eorr as cal­
culated from MP(2) as well as from GF(2) is accurate com­
pared to CI and accounts for the greatest part of the correc­
tion to Vee' 

( 4) The difference in the Vee correction as calculated 
from MP(2) and GF(2) is fully determined by the extra 
contribution! Tr r' in MP(2). GF(2) consistently yields a 
better value for Vee than MP(2). 

( 5) The difference in the total energy is determined by 
the difference in Vee which results in too high a value for 
E Dyson(2) for Ne, HF, and H20 where! Tr r' is negative and 
too Iowa value for E Dy

son(2) in the case of NH3 and CH4 
where! Tr r' is positive. 

(6) Both MP(2) and GF(2) yields a relatively inaccur­
ate V Ne' The error in this term is of about the same magni­
tude as! Tr r' but has the opposite sign. 

( 7) The MP (2) electronic energy is closer to the CI 
thanGF(2). Following observations (5) and (6) this is at­
tributable to cancellation of VNe against! Tr r' in MP(2) 
which does not take place in GF(2). 

In conclusion it can be said that the difference between 
MP(2) and GF(2) is determined by the extra term 
! Tr VHF (pHF)!1p(2) =! Tr r'(2) that is present in Eq. 
(2.42) and not by the fact that in GF(2) higher than second 
order terms are included. This yields a consistently better 
electron repulsion energy Vee from GF(2). However, as a 
consequence of the less satisfactory description of V Ne and 

J. Chem. Phys., Vol. 93, No.8, 15 October 1990 



L. J. Holleboom and J. G. Snijders: MGlller-Plesset vs Green's functions 5837 

therefore of h, by both MP(2) and GF(2), the better Vee 
value of GF(2) implies a worse value for the total energy 
Eel. 

v. CONCLUSIONS 

The relation between M011er-Plesset and Green's func­
tion total energies has been established. This relation has 
been analyzed in detail for the second order. It has been 
pointed out that if in the general energy formula (2.17) the 
Green's function G(OJ) is replaced by the second order term 
G(2) (OJ) one does not obtain the second order energy E 2. In 
order to obtain E (2) one also has to replace the one-electron 
operator h by the Fock operator F. One can view this as a 
consequence of the fact that h is not of zero order but F is. 
This causes the energy expression as obtained from GF(2) 
to differ an amount! Tr zfiF[pHF]~(2) from the MP(2) 
correction. 

An expression for the Green's function has been ob­
tained for the H2 molecule in a minimal basis. From this it 
has been shown that the Green's function obtained from the 
second-order self-energy becomes exact in the limit of infi­
nite internuclear distance and produces the correct number 
( - l.OEh ) for the total energy. This contrasts sharply with 
the M011er-Plesset energy which diverges in this limit. The 
model is an example of the power of the Dyson summation. 

Although the Green's function for the H2 molecule in a 
larger basis does not become exact (within the basis) at 
R -+ 00 it does not suffer from divergences and produces an 
acceptable value for the total energy whereas M:P (2) di­
verges. On the other hand among the.cases studied here the 
hydrogen molecule at long internuclear distances is the only 
system. where the effect of the Dyson summation is truly 
significant. In all other cases the difference between the 
MP(2) energy E(2) and the correction E Dy

son(2) obtained 
from the Green's function is almost completely determined 
by the fact that E (2) contains an extra term! Tr r 1 relative 
to EDyson(2). 

It is not possible to decide from theory whether or not 
this extra term should be included. One could argue that it 
should be included in E Dyson(2) to make it more consistent in 
the order of the perturbation. But on the other hand the 
Green's function method is intrinsically inconsistent in or­
ders when partial Dyson summations are used. So it seems 
better to let numerical calculations settle the issue. However, 
the results presented here do not provide sufficient evidence 
as to what is the best way to calculate the energy correction. 

In all the systems studied in this paper GF(2) yields a 
better value for the electron repulsion energy Vee than 

M;P(2). For the systems He, Be, LiH, and H2 the GF(2) 
total energy Eel is better than the corresponding MP (2) 
number. However, as shown by the results in Sec. III C, a 
better Vee does not necessarily imply a better value for the 
total energy. Since also in all systems there is no significant 
difference in the one-electron corrections from GF(2) and 
MP(2) one might argue that GF(2) is superior to MP(2) 
even though the total energy obtained from GF(2) may be 
worse. 
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