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Abstract

Electron propagator theory is an efficient means to accurately calculating electron bind-
ing energies and associated Dyson orbitals that is systematically improvable and easily
interpreted in terms of familiar concepts of valence theory. After a brief discussion of the
physical meaning of the poles and residues of the electron propagator, the Dyson qua-
siparticle equation is derived. Practical approximations of the self-energy operator in
common use are defined in terms of the elements of the Hermitian superoperator
Hamiltonian matrix. Methods that retain select self-energy terms in all orders of the fluc-
tuation potential include the two-particle-one-hole Tamm-Dancoff approximation, the
renormalized third-order method, the third-order algebraic diagrammatic construction,
and the renormalized, nondiagonal second-order approximation. Methods based on
diagonal second-order and third-order elements of the self-energy matrix, such as
the diagonal second-order, diagonal third-order, outer valence Green's function, partial
third-order, and renormalized partial third-order approximations, provide efficient alter-
natives. Recent numerical tests on valence, vertical ionization energies of representative,
small molecules, and a comparison of arithmetic and memory requirements provide
guidance to users of electron propagator software. A survey of recent applications
and extensions illustrates the versatility and interpretive power of electron propagator
methodology.
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1. INTRODUCTION

Two historical missions have been the constant companions of the field
in which Per-Olov Lowdin exercised lasting influence, quantum chemistry.
The first is the fulfillment of a reductionist project: to determine molecular
properties solely from fundamental constants and equations of physics. The
derivation of approximate methods, the design of efficient algorithms and
their adaptation to modern computing platforms, and numerical testing of
the accuracy of calculations thus enabled are means to producing tools for
the prediction of molecular properties. Steady advances on all of these fronts
have made quantum chemistry an indispensable part of a chemist’s education
and have enabled the emergence of a new specialty, computational chemistry.
The capabilities of the latter field are especially valuable when competing
experimental techniques are costly, unsafe, or slow. These advantages not-
withstanding, quantum chemistry is not merely a branch of contemporary
computational chemistry because of the former field’s second historical mis-
sion. As the modern successor of valence theory, quantum chemistry con-
tinues to generate concepts of chemical bonding that inform the thinking
of specialists who synthesize or characterize new or important forms of matter.
These concepts enable the recognition and understanding of patterns of struc-
ture, energetics, reactivity, and physical properties and therefore stimulate the
formulation and execution of renewed experimental activity. They also
inform the education of the next generation of scientists.

There is an inherent tension between these two aspirations. Fulfillment
of the first mission inevitably leads to wave function Ansatze, perturbative
arguments, density functionals, and parametrization schemes of increasing
complexity. Concepts that are products of the second mission, to have
any purchase on the minds of experimentalists, must be general and verifi-
able. Accurate predictions are a necessary condition for influence. However,
if such data are not clearly interpreted or if they fail to provide an insight into
related systems, their significance may be limited. Qualitative theories based
on relatively simple concepts have promoted the recognition of broad pat-
terns of chemical phenomena, but their rigorous numerical realization often
leads to inaccurate predictions that undermine their authority.

Theories that are systematically improvable and that generate qualitative
concepts with a rigorous foundation therefore have inherent advantages.
One such approach to quantum chemistry 1s based on electron propagator
(or one-electron Green’s function) theory.' ® An additional advantage arises
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from relevance to experiments that have been prominent in the develop-
ment of quantum theory from its inception: measurements of electron bind-
ing energies. Finally, there are advantages of computational economy that
are related to the conceptual elegance of the propagator approach to spectra.
All of these features of electron propagator theory are related to the Dyson
quasiparticle equation, wherein a nonlocal, energy-dependent operator has
eigenvalues that are, in principle, exact electron binding energies and
corresponding eigenfunctions known as Dyson orbitals that describe how
electronic structure changes when an electron is removed or added.

In this review, some fundamental aspects of electron propagator theory’s
realization in the context of quantum chemistry are discussed. A derivation
of the Dyson quasiparticle equation that employs some of Lowdin’s most
useful concepts and some prominent approximation schemes are presented.
Finally, numerical tests that demonstrate the advantages of electron propa-
gator methods for the computational chemist and some recent applications
are discussed.

2. POLES AND RESIDUES OF THE ELECTRON
PROPAGATOR

The exact electron propagator suffices to determine the electron bind-
ing energies, Dyson orbitals, one-electron properties, and total energy of an
N-electron system.'” Let (Xr, Xs» Xo Xuo---) be a set of orthonormal spin-
orbitals where the corresponding field operators obey the following
relationships:

[aj, a:] T [ar, 2], =0
[aj’ aS] + - 61‘5‘
In this notation, the second-quantized Hamiltonian is given by
fa b L ot
H=2Xh;aa + szu (rs || ut)alalaca,,

where h is the matrix of the one-electron operator and where anti-
symmetrized two-electron integrals in Dirac notation, such that

(rs || ut) = (rs|ut) — (rs|tu)

(rslew) = [ (1) %, (2) (1, 2) (1) 2, (2)A(1)d(2),
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appear in the last term. Solutions of the Schrodinger equation read
H|N,0) = E((N)|N,0)
for the initial, N-electron, ground state and

H|N+1,m)=E,(N+1)[N+1,m)
H|N—1,n) =E,(N—1)|[N—1,n)

for final states with N+ 1 electrons. Elements of the electron propagator
matrix, G(E), are expressed as

Grs (E) = varm V* (E - 1%n1)71 + z:n UrnUsn (E - ])n)i1 >

sm

where A, is the m-th electron attachment energy, E,,(N + 1) —E(N), D,
is the n-th electron detachment energy, Eo(N) — E,, (N — 1), and where the
overlap amplitudes are given by

Vi = (N +1,m[a]|N,0)
Uy, = (N —1,n[a|N, 0).

Dyson orbitals for electron attachment and detachment which read

(I)m(Xl) :(N+ 1)1/2/dX2 dX3 dX4... dXN+1 l|IN+1’m(X1,X2,X3, ceey XN+1)
X W o(X2, X3, X4, -, XN#1)
q)n(Xl) :(N)1/2/dX2 dxsz dxy ... dxyn WN,O(Xl’ X0, X3y eees XN)

X W1 (X2, X3, X4, .00, XN)

are related to the overlap amplitudes through
q)m (X] ) = z“"XfrI:ler(x1 )
$, (1) =Z U, (x1).

Whereas the poles of the electron propagator equal electron binding ener-
gies, the corresponding residues are related to Dyson orbitals.



Electron Propagator Theory: Foundations and Predictions 271

3. DERIVATION OF THE DYSON QUASIPARTICLE
EQUATION

A generalized notation for propagators with field operators or field
operator products that change the number of electrons by one, designated
by pt and v, may be introduced such that

((uT:0)) =2V}, Vi (B— Ay) ™ + Z,U), UL (E-D,) "

pm ¥ vm

Vi, = (N+1,m[p’|N,0)

U =(N-1,n

vn

V|N,0).
In this notation,

Gi(E) = <<aj; as>>.

A generalized propagator defined in terms of p and v may be related to a
more complicated propagator through

E((0)) = (N.0| i, ] IN.0) + (s o, 1),

Let a binary product and an accompanying metric matrix for the operators

be defined by

W] IN,0) =Tr(p[p', 1] ),

(1v) =(N,0
where
p = |N,0)(N,0].

(In his lectures for aspiring quantum chemists, Lowdin often discussed the
axioms, such as Hermitian symmetry, that a binary product must satisfy.)”
Hamiltonian and identity superoperators”'” then may be defined by

Hy = pH —Hp = [y, H]

Ip=p.
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A chain of propagators may be generated, where for example
E((af3a)) = (N,0l[af, a] . IN,0) +((a; a,, HI))
= (a|a,) + ((a;Ha,))
E((alsHa.)) = (N 0] [af Ha] L[N, 0) + ((af; [[a, H], HI))
= (aulfta) + ((af:F%a.))
E((al3H%,)) = (N,0| [l H%a ] IN,0) + ((af; [ A%, H]))

= (ar|I:I€as) + <<aj;I:I§+]as>> .

The electron propagator therefore may be written as a series, where

<<aj; as>>:E71 (ap|ag) + E~? (ar\I:Ias) +E (ar|I:IZaS> +E! (ar|I:I3aS> +oee

- N
or in terms of the superoperator resolvent, (EI — H) , such that

((alsa)) = (sl (BT =11) ') = Gu(B).

A projection technique discussed by Léwdin'' may be used to replace
the superoperator resolvent by an inverse matrix expressed in a complete
manifold of operators, w, such that

= |w) (w]|(ET—FI)w) ' (w].

This substitution yields the following form of the electron propagator

(Ei—f) "

matrix:
G(E) = (a|lw) (w|(El — H)w) ' (wla)

where a is a column vector of annihilation operators. The operator
manifold, w, may be partitioned into a primary space of simple field oper-
ators, a, and an orthogonal, secondary space with higher field operator
products, f, where

w) = [a;f),
(ala) =1,, (alf) = 0,xs, (f]a) = O¢xa, (F|f) =1;.
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After partitioning,

G(E) = [1,0,¢] (asf] (E1 — FD)asf) ™' [1,0,.¢]".

Only the upper left block of the inverse matrix is needed because of the
orthogonalization of the primary and secondary operator spaces. Now let
H= (a;f

Ha;f ) After solving the Hermitian eigenvalue equation,
HQ = Qo,

the electron propagator matrix reads
- 1l
G(E) = [1,0,x¢] [QE1 —©) ' Q1 [1,0,] .

For electron detachment and attachment energies, ®, =D,, and ®,, = A,
respectively. The elements of  from the primary operator space provide
the residues, where Q,, = Vg, and Q, =Uy,. Solving for the upper left

block of (a;f (Ei — H)a;f)i1 yields

G(E)= [ (al (ET —1)a) — (al (BT — F)£) (€] (ET — F1)£) " (F] (BT ~ F1)a) o

For orthogonalized operator spaces,

—1

G(E) = |(al(Ei ~1)a) — (alFf) (£] (B1 ~ F1)f) ' (£F1a) |

Because the first term in the inverse matrix involves a generalized Fock oper-
ator, F, where

(as|Fa;) = hys + Ty (rt] Jsu) (N, 0

az-au‘N7 O> =F,,
the inverse of the electron propagator matrix may be written as follows:
G '(E) = E1, — F' — (a|Hif) (| (EI — H1)f) ' (£|Fia).

A reference electron propagator, G, whose poles and residues are defined by
eigenvalues and eigenfunctions of a Hermitian one-electron operator, Hy,
may be expressed as

Go(E) = (E1,—H,) .
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The reference and exact electron propagators therefore may be related to
each other by

G™'(E) =G, (E) - (F' —Ho) — (alFif) (£] (EL - F1)£) ' (£]Fia).

The second and third terms are, respectively, the energy-independent and
energy-dependent parts of the self-energy matrix, X(E):

F'—H;=2X(00)
(alFIf) (£] (ET — F1)f) ™' (£|Fia) = o(E)
X(o0) +6(E) =X(E).
The energy-independent term is given an argument of oo to emphasize that

the limit of X(E) as |E| increases without bound is X(o0). The inverse form
of the Dyson equation reads

G '(E)=G,'(E) — X(E).
The regular form of the Dyson equation is
G(E) = Gy(E) + Go(E)X(E)G(E).
Poles of the electron propagator are values of E where
detG™'(E) =0.
These values correspond to solutions of
[F'+6(E)]C=CE.

The latter equation may be solved self-consistently with respect to E. The
energy-dependent, nonlocal 6(E) operator and the one-electron density
matrix that determines the Fock operator may be systematically improved
until exact electron binding energies result. The energy dependence of
the o(E) operator implies that the number of poles is larger than the dimen-
sion of the corresponding matrix. The associated eigenfunctions determined
by C are proportional to the Dyson orbitals. The norm of the Dyson orbital
corresponding to the electron detachment energy D,,, known as its pole
strength, is given by

P = (§,l9,) = [1 —Clo'(E)C.] .
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where

o, (E)=do(E)/dE

s

is evaluated at the nth pole, E,, =D,, and CZ:Cn =1. Valid pole strengths
vary between zero and unity. A generalized form of the Dyson quasiparticle
equation at self-consistency reads

[F + G(Dn)]q)n = an)n

for electron detachments. For electron attachments, where pole strengths are
obtained from

Pm = (q)m’q)m> = [1 - CLGI(E)Cm} 719

the Dyson quasiparticle equation at self-consistency is

[F + G(Anl)](bm = Am(l)m'

4. APPROXIMATIONS IN THE DYSON QUASIPARTICLE
EQUATION

Approximations to the exact F and 6(E) matrices may be defined in
terms of the manifold of operators retained in the secondary space, f, and
the reference-state density matrices (ie, p density operators) used to evaluate
matrix elements of the Hamiltonian superoperator, H. The union of all 2hp,
2ph, 3h2p, 3p2h, 4h3p, 4p3h, ... operators (ie, Manne’s f3, f5, 5, ..., forngq
operator manifolds) suffices for a complete f'space provided that the defining
reference determinant that distinguishes particles (ie, p or virtual orbitals
with indices a,b,c,...) from holes (ie, h or occupied orbitals with indices
N,0)."” The non-
redundant members of the a, f3, and f5 operator manifolds are shown in

1,j,k,...) is not orthogonal to the exact reference state,

Table 1. For a complete operator manifold, no improvements over this sin-
gle determinant are needed in |N,0) to produce exact eigenvalues of H and
poles of G(E). This principle is similar to Lowdin’s conclusion that the poles
of the resolvent’s expectation value, <O‘(E1 —H)71|0>, are the same for
exact and approximate |0) provided that the approximate reference state
is not orthogonal to its exact counterpart.'"'”'* Therefore, it is possible
to obtain exact poles of G(E) using an approximate reference state that con-
sists of a single determinant. However, to obtain exact residues of G(E), the
reference state also must be exact.
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Table 1 Operator Manifolds

General nh(n—1)p np(n—1)h
Operator Operator Indices® Operator Indices®
a ap a 10cc a, a vir
f; agaqar azaiaj 1<j occ ala,ap a<b occ
a vir 1 vir
f5 alagarasat ajagaiajak i<j<k a;ra;-aaabac a<b<c
occ vir
a<b vir 1<j occ

1,j,k,1 occupied; a,b,c,d virtual.

Improvements over a single-determinant approximation for the refer-
ence state may reduce the need for higher £, operators and also restore

the Hermiticity of H, a property which can be lost when approximate
choices for |N,0) are made. A study of the effects of perturbative improve-
ments over Hartree—Fock reference states credits Linderberg with the obser-

vation that non-Hermitian terms in H may be expressed as
(YIAX) — (X|AY)*=Tr(p[X, Y] . H-pH[X, Y] ,)
=Tr([H, pl[X. YT]),

where p is a general density operator.'” For example, one may choose p to be
a pure-state density operator: p=|N,0)(N,0|. The usual assumptions of
perturbation theory, where

H=H,+AV,
[Ho, py] =0
and
p=pyt Ap + 7\292 RERLLN
imply that

[Ho, p] + [V, p_1] =0.

If p is correct through order n, then the non-Hermitian terms are of order
n+1:

(YIFIX) — (X[AY)*=Tr([V, p] [X, YT] ,).
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This conclusion also is valid for the polarization propagator, where a com-
mutator replaces the anticommutator in the definition of the superoperator
metric.

For all choices of p, non-Hermitian terms vanish when X and Y pertain

to the primary (a) operator space, for [ag, aq} = 0,q. These terms also equal
+

zero when X is an nh(n— 1)p operator and Y is an n’p(n’ — 1)h operator
(where n and n'=1, 2, 3, ...), as the anticommutator term, [X,YT]Jr, van-
ishes in such cases.

First-order non-Hermitian terms may appear when p is based on a single
Slater determinant. When X is an nh(n — 1)p operator and Y is an (n+ 1)hnp
operator, the anticommutator yields a combination of single-replacement
operators and therefore the non-Hermitian terms vanish through first order
only when the reference determinant satisfies Brillouin’s condition. For
example, the expression

(ajajak|Hai) - (ai]ﬂaiajak) = (1 - ij)ﬁikFaj

is equal to zero when Hartree—Fock orbitals are assumed. (When X is an
np(n— 1)h operator and Y is an (n + 1)pnh operator, the same conclusion
is reached.) However, when X is an nh(n—1)p operator and Y is an
(n+2)h(n+1)p operator, [X, YT] . becomes a combination of double-

replacement operators. Nonvanishing, first-order terms in the (a\ﬂf 5)

matrix therefore appear. For example,
(aiazajakal\lilai> — <ai]I:I ajaliajaka) = (1 — P — Plj)&l(jk || ab).

These terms are cancelled when first-order corrections to p are included.
The resulting zero matrix is identical to the adjoint of the (f 5 |Ha) matrix.

Blocks of H that are more remote from the diagonal, where nh(n — 1)p and
(n+m)h(n+m—1)p operators or np(n—1)h and (n+m)p(n+m—1)h
operators with m > 2 are coupled, have matrix elements that vanish through
first order and therefore there are no corresponding non-Hermitian terms.
Diagonal blocks pertaining to nh(n — 1)p and np(n — 1)h operators also have
no non-Hermitian terms in first order.

An alternative strategy that originates in equation-of-motion theory” is

to introduce a density operator, derive H and solve for eigenvalues of the
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Hermitized matrix, 1/2 (I:I + Iili) Disconnected terms that may appear in

H should be removed before the Hermitization step.

The Manne operator manifold is orthonormal when p is obtained
from a single determinant. However, when other density operators are
employed, the superoperator overlap matrix may no longer be diagonal,
ie, (X|Y)#dxy. To retain the usual form of 6(E) where E-dependence

occurs only in the (f | (Ei — H) f )71 matrix, orthogonalized secondary
operator spaces must be introduced. A convenient technique is to employ
a symmetric orthogonalization, where, for example, the operator ajaiaj =ta
1s replaced by

L 1 1 L
/ f f
= alaja; — izb (ab]aZaiaj)ab —Ezbkl (abakaq|a;l aiaj)abakal + ..l

Several widely used approximations retain all terms in F*+ 6(E) through
a certain order of the fluctuation potential. When Hartree—Fock orbitals are

assumed, one-electron density matrix elements, <N, O|ajas\N, O> or P, have
vanishing contributions in first order. Nonzero terms in P appear in second
and higher orders. Therefore, correlation contributions to F begin in third

order,’ where for real orbitals
3) — (2)
z"pq (00) - Zr5<pr H qS>P

2
Pi(j )= __Zabkt(kzbtx(kzb

P _ _Eucg ) ()

ijac 1ch

2 — 1 . 1 . .
PE) = (1= e2) ™" | Dictfpr (b | i) + Zotil fib 1K)

1

t = (i ab) (e + & —ea—ev)
Whereas the P(2> and P terms arise from products of first-order, double-
replacement amphtudes, the P2 term involves their second-order, single-
replacement counterparts.

For most bases other than the canonical, Hartree—Fock orbitals, F, con-
tains exchange as well as correlation terms. For example, in a canonical,

Kohn—Sham basis,
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Zpq(00) = —Zi(piliq) — [VXC]pq + 2o (pr || gs) (Prs — 8smy),

where matrix elements of the exchange-correlation potential (v,.) occur in
the second-term and spin-orbital occupation numbers, n,, appear in the last
term. The term in parentheses may be set to zero by assuming that the den-
sity matrix of the reference determinant is close to exact. In this case, the role
of X,4(00) is to recover the usual exchange operator in the Dyson quasipar-
ticle equation.

To define approximate forms of 6(E), one may specify f operator mani-
folds and the density matrices that are used to evaluate matrix elements of H.
For example, the two-particle-one-hole Tamm-—Dancoff approximation
(2ph-TDA)'® for the self-energy is defined by an operator manifold that
includes a and f3 in combination with a Hartree—Fock (ie, zero order) ref-
erence state:

Gth—TDA(E) _ (a“:lfs)o (f3| (ET _ I:I)f3);1 (f3|Ha)0.

For the Hartree—Fock reference state, couplings between 2hp and 2ph oper-
ators equal zero and enable a separation of 6(E) into two terms:

¢ZPh—TPA(E) = (a |Hf th) 0 (f2hp | (Ei — H) f2hp)(: 1 (f2hp \I:Ia) 0

(@A), (€l (B 1)), (2P

When the usual Moller—Plesset choice for Hy is made, zeroth order contri-
butions to the primary—secondary couplings vanish and resulting first-order
expressions read

(a3 |Fiay), = (pa )
(afaulftay) = (ol pa)-
Through first order in V, the 2hp—2hp and 2ph—2ph couplings are given by
(aZaiaj |Hazakal> = 8,0 Bj1 (& + & — €,) — B (k1 || ij)

+(1=Py) (1 = P) By (al || bj),
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for 1<j, k<1, and
(af aaab\HajTacad> = 8ii8acBoales + &, — &)
0
+8;;(cd || ab) — (1 — Pyp) (1 — Pea)B,e (id || b),

fora<b, c <d. The latter terms generate ring, ladder, and mixed ring-ladder
diagrams in all orders of V. Because the Hartree—Fock reference state gen-
erates no energy-independent terms,

o2Ph—TDA (E)= $2ph—TDA (E).

The chief arithmetic bottleneck in 2ph-TDA calculations arises from matrix
multiplications that involve 2ph—2ph couplings. These contractions scale as
4 . . . . .
ov', where o is the number of occupied orbitals and v is the number of vir-

tual orbitals.

By ignoring the first-order terms in (ajaiaj|Hazaka1)0 and

<ajaaab‘HajTaCad) , the self-energy expression becomes
0

0 (E) = (a|Hf2hp)o (thp |ET - HO)thp)gl (f2hp |Ha) 0

+ (a|Hf2hp) 0 (f2hp| (Ei - HO)thP)(:1 (thp |Ha) 0

and the matrix elements acquire their familiar, second-order form:

. -1,
Zlgzq) (E) =Ziici(qa ||ji) (E+e, —& —¢)  (jill pa)
+Ziacb(qi || ba) (E+ & —€, — 81;)71 (ba || pi)

For electron detachment energies in which the assumptions of Koopmans’s
identity are qualitatively valid, neglect of off-diagonal elements of
2(E) usually introduces deviations of 0.01-0.02 eV. The resulting diagonal,
or quasiparticle, approximation leads to an especially simple form of the
Dyson quasiparticle equation in which

E= € + ZU(E)

When the diagonal, second-order (D2) self-energy approximation is used
with flexible basis sets, valence, vertical ionization energies (VIEs) of closed-
shell molecules are predicted to be too small, with mean absolute deviations
from reliable data of approximately 0.4 eV. Larger errors obtain for small
basis sets. Predicted VIEs increase as more functions are added. Whereas
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negatives of canonical Hartree—Fock orbital energies usually give VIEs that
are too large, chiefly because of their neglect of final-state relaxation of
orbitals, D2 results that are extrapolated with respect to basis saturation pro-
vide an informal lower bound. For every Koopmans result that is refined
with D2 corrections, only a partial integral transformation to the
Hartree—Fock basis is required. The latter transformation has fourth-power
arithmetic scaling. Because evaluation of Z;(E) matrix elements has cubic
scaling, it constitutes no bottleneck.
A noniterative formula in which the pole is approximated by

Erg + Zi(iz) (&)

is identical to the second-order result of Rayleigh—Schrodinger perturbation
theory in which the N-electron, Meller—Plesset fluctuation potential also is
used to generate total energies for states with N — 1 electrons. (The same
conclusion may be reached in third, but not higher orders.)'” However, iter-
ations with respect to E commonly yield nonnegligible shifts of approxi-
mately 0.05eV. Pole searches may be accelerated by evaluating the
derivatives of X;;(E) with respect to E and using Newton’s method to esti-
mate the next guess. Convergence to within 0.01 eV usually follows after
the third iteration.

A perturbative analysis of the second-order self-energy”'” discloses that
final-state relaxation effects for electron detachment (or attachment) ener-
gies are attributable to terms in the 2hp (or 2ph) summation where i or j
(a orb) equals p. The remaining terms in these summations account for final-
state correlation effects. Second-order, pair correlation energies in the
N-electron reference state that are destroyed (created) in final states with
N —1 (N+1) electrons are given by the 2ph (2hp) summation.

To efficiently estimate VIEs for a set of chemically related molecules,
spin-scaled D2 approximations have been introduced.'””" Several scaled
versions of the D2 self-energy with the general formula,

1 .. -1 .. ..
E0(E) = > Zai (palij) (E+e,—ei—g)  [Coamp(ijlpa) + Cranp jilpa)]
1 . _ . .
* 5 Zub (pilab) (E+ei—e,—ep) '[Ccapn (ablpi) + Ceapn (balpi)],

have been examined for the purpose of enabling calculations on large mol-
ecules. Coulomb (C subscript) and exchange (E subscript) contributions and
the 2hp and 2ph terms have been given four separate weights. Because D2
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often succeeds in identifying Koopmans defects, where the order of final
states predicted with canonical orbital energies is incorrect, it is a better basis
for parametrizations than the Hartree—Fock equations. When a linear fit of
Hartree—Fock orbital energies to reliable data necessarily fails because of
Koopmans defects, parametrized versions of the D2 quasiparticle equation
may yield useful tools for interpolation.

The D2 method, without the introduction of scaling parameters, also has
been used in the context of semiempirical Hamiltonians.”' Successful assign-
ments of photoelectron spectra in which the Koopmans ordering of final
states is incorrect have been realized for several classes of organic and inor-
ganic compounds.

For valence electron binding energies where a frozen-orbital determi-
nant is a reasonable description of the final state, the D2 approximation pro-
vides valuable, semiquantitative corrections to the results of Koopmans’s
identity. However, for core ionization energies, where final-state orbital
relaxation is strong, the orbital energy provided by the transition operator
method (TOM) is a superior zero-order approximation.”” ~* Matrix ele-
ments of the transition operator read

ngOM =hyq + Z:(pr || qr)n,.

Occupation numbers of 0 and 1 are assigned to each spin-orbital, save for a
single spin-orbital (ie, the transition orbital) assigned to an occupation num-
ber of 1/2. (This choice of occupation numbers is a special case of grand-

canonical Hartree—Fock theory.)”””® The eigenvalue corresponding to
TOM
P

For the grand-canonical Hartree—Fock density operator, a generalized form

the transition spin-orbital, & , Incorporates orbital relaxation eftects.

for the second-order self-energy obtains, where

1 —
=2 (E) =3 ZaNuclar | ) (B + e —e,—e) ™ se )

Ny =n,(1—ny)(1 —n;) + (1 —n;)ngn,.

The second-order, transition-operator (TOEP2) method™” also employs the
diagonal self-energy approximation. Poles satisfy the equation

_ . TOM | x(2)
E=¢g, " + X (E).

This method provides a useful, semiquantitative account of core and valence
electron binding energies, with mean absolute errors of approximately
0.35 eV for valence IEs.
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Despite its retention of nondiagonal elements of the self-energy operator
and its inclusion of ring, ladder, and mixed ring-ladder terms beyond
second-order, the 2ph-TDA vyields larger average errors for valence VIEs
than the less computationally demanding D2 method. The chief advantage
of 2ph-TDA is its ability to produce a first-order account of correlation states
in which 2hp or 2ph configurations dominate over the h and p configura-
tions assumed in Koopmans’s identity. In the inner-valence region of a
photoelectron spectrum, numerous poles with low strengths obliterate
the Koopmans picture of one-hole final states.”” Canonical Hartree—Fock
orbital energies in the inner-valence region therefore have little physical
meaning with respect to specific transitions. For typical molecules, the
He II photoelectron spectrum (ie, up to approximately 40 eV) may be qual-
itatively assigned with 2ph-TDA calculations.

To generate all third-order terms in F + ¢(E) or Z(E) with Hartree—Fock
orbitals, the following approximation suffices:

2 (E) = 20 (00) + (alHf5) , (£3] (ET — H)f5) ' (£3]Fa) .

Third-order, energy-independent terms are added to an expression for
6(E) in which the primary—secondary couplings are correct through second-
order (because of first-order terms in the density operator) and the inverse,
first-order matrix of secondary—secondary couplings generates terms in all
orders. Whereas all third-order terms in X(E) are present, there are many
higher-order terms as well. Therefore, this approximation may be den-
ominated 3 +. Expressions for the primary—secondary couplings with real
orbitals read

. . . ~ 1 .
(a; aja ]Hap)1 = (a; aiaj\Hap) ot Ezbctjibc (pa |l bc) + (1 — Pij)Zbktkjba (pk || bi)

(1)

aij,p
(sfaaae F1ay ) = (afaas Flap )+t (pi[136) + (1 = Pan) Zitipepe )

(1)
= Hiab,p

©)

=H,;, +Hyp

~(2)
+ Hiab,p

For each value of p, there are fifth-power contractions. Determination of all
primary—secondary couplings therefore is a sixth-power process and consti-
tutes the chief noniterative bottleneck in 3+ calculations. (In practice, iter-
ative processes with fifth-power scaling may require more arithmetic
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operations.) This additional effort is rewarded with superior accuracy in cal-
culations on valence ionization energies and electron affinities.”®

One may extend the 3 + self-energy by adding more energy-independent
terms.”” One such approach is based on a relationship between the electron
propagator matrix and the one-electron density matrix that reads

P= (2ni)_1/G(E)dE,

where C denotes a contour in the complex plane that includes all electron
detachment poles and where electron propagator matrix elements with a
complex argument are given by

G (E) = lim, g [zmvrmv* (E—Ap+in) ' +2,U. Un(E—D, —in)"'|.

sm

By truncating the expansion of the Dyson equation,
G(E) =Gy (E)+Gy(E)XZ(E)G((E)+Go(E)Z(E)Gy(E)Z(E)Go(E) + Gy (E)
X E(E)GU(E)E(E)GQ(E)Z(E)G()(E) + .-

after the second term, the approximation
P~ (2mi)"! / [Go(E) + Gy(E)Z(E)Gy(E)|dE
C

is obtained. An approximate density matrix defined in this way yields a new
2(o0) and therefore a new X(E). By setting

2(E) =X(c0) +6°F(E),

where
¢’ (E) = (alHf;), (£:| (Bl - H)f5), ' (F3|Ha)

one may obtain P and X(o0) self-consistently. This extension of the 3+ self-
energy is the most common version of the third-order algebraic diagram-
matic construction, or ADC(3).” It suffices to recover all fourth order terms
and many higher-order terms in X(00). In the ADC(3) method, sixth-power
contractions that scale as 0”v* are performed iteratively in the determination
of X(00). Whereas the correlation contribution to P has a vanishing trace for
the 3+ self-energy and for the exact case, its ADC(3) counterpart does not
have this property. This deviation stems from the retention of only some
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2(00) terms in fifth and higher orders of the fluctuation potential and may
become problematic for large molecules.

The design of the 3+ and ADC(3) methods assumes the need to include
all third-order terms in X(E) and embraces the inclusion of higher-order
terms. An alternative approach is based on examination of improvements
to the second-order self-energy and retention of terms that suffice to provide
reliable predictions of electron binding energies.” For the calculation of
electron detachment energies, an asymmetric superoperator metric is
adopted, where

(X[Y), = <HF| X', v], (1 + Tgﬂ) |HF>,

HE),
and the first-order Moller—Plesset wave function define the double excita-

and where the reference Hartree—Fock determinantal wave function,

tion amplitudes of TS". The operator manifold comprises the a and £ spaces.
Second-order terms appear only when Y is a 2ph operator or X is a 2hp
operator. For electron detachment energies, all of these second-order terms

except those occurring in the 2hp-h block of H may be neglected. First-
order terms in the 2ph—2ph block of H also may be omitted. After

Hermitizing H, the resulting self-energy matrix elements are expressed as
NR2-D 21 1) :_p 1 1 ~(2)
zij (E) = |:Hi,2hp + EHi,th:| (f2hp| (EI - H)f2hp)o [Hth,j + EHZhP,J]

R (€l (L~ F10) ), "L

ZSRZ_D (E)

SCONN ) Py —1 ()
|:Hi,2hp + EHi,th:| (f2hp| (EI o H)f2hp)o Hthya

FEL (€] (B - 1) 20), "L

ZY" P (E) = [ENP(B)]*
ENRD(B) — 1Y) (anp | (BT — 1) 21 ), FL,
ab ( )— a,2hp( 2hp’( ) 2hp) 2hp,b

0
+ ) (€20l (BT — o) 2 EL

The designation NR2 was chosen because this self-energy approximation is
nondiagonal, renormalized, and complete through second order. Ring and
ladder renormalizations are generated by the first-order terms that occur in
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(f th| (Ei )f ghp) 0 . There are no energy-independent terms. Because
2ph rings and ladders and second-order p—2hp terms are neglected, the need
for electron repulsion integrals with four virtual indices is eliminated in NR 2
calculations of electron detachment energies. The most arithmetically inten-
sive contraction has 0”v” scaling and is the only step that requires electron
repulsion integrals with three virtual indices.

For the calculation of electron attachment energies, the metric is chosen
according to

(X|Y), = <HF| (1 + Tgl))T X', Y] +|HF>

and the roles of particles and holes are reversed in the selection of self-energy
terms. For electron attachment energies,

_ [ESO R, o) M 1.0
EERZ A(E)— Ha 2ph EHa 2ph:| (f2ph|(EI_ )prh) [Hzph b+2H2ph b:|

+H) (Eapl (BT - FLy) ), I

_ PO RN N _— ~1(1)
EERZ A(E)— Ha 2ph EHa 2ph:| (f2ph|(EI_H)f2ph)o H2ph,i

FH (Eanpl (BT = F10) ), ' EILL

BN A(E) = [E)0A(E)
ENRAE) = H') | (£ (B — H) 2,0, Lo
ij — 4 2ph \1 2ph 2ph 2ph, j

g
FEL D (Eanp) (BE = Flo) 1), FL,

In the evaluation of H1 5ph» there is a contraction with ov* arithmetic scal-
ing that involves electron repulsion integrals with three virtual indices.
Inclusion of the first-order 2ph—2ph elements of H entails a need for elec-
tron repulsion integrals with four virtual indices. NR2 calculations of elec-
tron attachment energies may be expected to require more arithmetic
operations and memory than their counterparts for electron detachment
energies.

Arithmetic bottlenecks encountered in 3+ and NR2 calculations may be
reduced by introducing two additional approximations. To evaluate prod-

ucts of (f 3 (Ei — H) f 3);1 with other matrices, repeated multiplications are
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required. As a result, self-energy terms in all orders are retained. However, if
the inverse matrix is approximated according to

(£3] (BT - H)g)gl ~ (£ (Bl - 1%10)f3)(j1 + (£ (BT — Hy)f5) ;1

(f3|(H_H0)f3)o(f3‘(EI Ho)f3)0’

only terms up to fourth order remain and all third-order terms are conserved.
By applying these arguments to the 3+ self-energy, the third-order self-
energy’s structure is shown:

20)(E) =@ (E) + ) (c0) + A7 (£5] (BT — F1,)£5) A1)

v (65 (BT - 110)£5), AL

T (6] (BT —00)£3) ) (65] (A=) £3),, (6] (BI—F ) £5) )

The last term is responsible for the ring and ladder diagrams that appear in
third order. Applying similar truncations to the NR2 self-energy formulae
defines nondiagonal, partial third-order (NP3) approximations. For exam-
ple, whereas the occupied—occupied block of the NP3 self-energy matrix for
electron detachment energies reads
0y > 1) 1.4(2)
ENPD(E) :z:fJ J(E) + ZHI ahp (€2 (BT = Ho ) Fanp) ) iy |
142 1A (1)

T3 5 H1 2hp (f2hp| (EI - Ho)f 2hp) H2hp, j

+H1(12)hp (thP‘(Ei HO)thp) (thp‘(H HO)thp)

(€2 (BT~ F1y)£21,), "ELY)

the virtual—virtual block of its counterpart for electron attachments reads

3 2 L) —14 <2)
EN A E) =E() (B) + JHL by, (Fapn (BT — Flo ) o) Flyy

T3 I:Iizgph (f 2ph ‘ (Ei B HO)fZPh)(: 11:123)@

+H;(1 Z)ph (f2ph| (EI - HO) fZPh) (f2ph| (H HO) f2ph)

(f2ph| (EI - Hﬂ)f2ph) Hg?h b
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The second approximation is neglect of the oft-diagonal elements of
2(E) in the canonical, Hartree—Fock orbital basis. For a given electron bind-
ing energy corresponding to spin-orbital r, only the elements of I:Ighp or
I:Igz)ph must be evaluated and the corresponding sixth-power contractions
are reduced to fifth power. Arithmetic operations are similarly reduced when
(f 3| (Ei —H)f 3)(: 1I:I31 products are formed. The resulting diagonal third-

order (D3) and P3”'* self-energies therefore have fifth-power arithmetic scal-
ing. Forreal spin-orbitals, the D3 self-energy matrix elements may be written as

1 _ N
E(E) =5 Zagfra | i (B +e, e — ) " |(ra | 5) + 261 + Uy (E)|

T

1 A
4= i | ab) (B + e, —ey) ™ (1 || ab) + 2P, + Usi (E)|

+20%)(o0),

juy

where
1 _ .
Un(E) = =5 Zua{ra | k) (B +, e — &) RO
— (1= Py) Zux(rb || k) (E + &, —g —ex)  (ak | bi)
1
Usian (E) = Zeari || od) (B + & — e — £q) '(cd || ab)

+(1 = Pu)Zic(1j [| be) (E+g —ep — &)~ (ic || ja).

The usual computational bottleneck occurs in the U, (E) expression,
where a contraction with ov* scaling must be repeated for various values
of E. For P3 electron detachment energies,

_ 1 . —1 o~ (2)
ZEﬁ D(E) :52@ (ka| 1) (E +e,—g —Sj) [<ka Il4) +Hpi T Uk (E)

1 -
5 Ziap| (ki || ab)[*(E + & —e, —e)
and for P3 electron attachment energies,

©)

1 _ .
=AE) ziznb@i |ab)(E+& —e,—g,) " [(a || ab) + H,, + Ueiap (E)

1 . -1
+ 3 Ballca [ (E+e, e —s) ™
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In the former case, the evaluation of I:Ifi)1J intermediates requires a contrac-
tion that scales as 0”v™; iterations with respect to E require o”v> contractions.
For electron attachment energies, P3’s noniterative, and iterative bottle-
necks have 0°v° and ov* scaling factors.

D2 tends to overestimate corrections to canonical Hartree—Fock orbital
energies and therefore to produce underestimates of electron detachment
energies. However, D3 displays the opposite trend, especially as basis sets
approach completeness. Estimates of higher-order terms usually are neces-
sary to obtain results of predictive quality. For this purpose, the outer valence
Green’s function (OVGF) methods™” contain two multiplicative factors for
third-order terms in which ratios of third-order and second-order terms are
formed. These factors read

Xo= = 2[R (Fonel (B~ Py ) 1),

) . 1)
+Hr,2ph (fzph| (EI - Ho)fzph)() H2ph,r] |:Zl(’f) (E):|

5 =2 [B (g (1— F)) EE

. o . ~1
X [Hl(] 2)hp (f2hp’ (EI - HO)thP) 0 ]Hg]p)h,r}

Xfph =-2 |:I:I1(F’12)ph (f2ph| (Ei - Ho)fzph) 07 lﬂ;i)h»f}

. o i -1
X |:H1E,12)ph (F2pn | (BT = Ho)f2n) 1Hg:>)h,r} :

In the A version, energy-independent and energy-dependent terms in third
order are scaled as follows:

T juy

EQVOFA(E) =3 () + (1+X,) ' [0 (B) - SP(B)]

Two scaling factors are applied to the energy-dependent, third-order terms
in the B version, so that

EQVOB(E) =22 (E) + £ (o) + (14 X7") T E) 7 (E)

T

+ (14X T g3 2h(E).
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In the C version, a more complicated formula is introduced for cases where

second-order terms are small:
EQVORC(R) =S(B) + (1+X0) ' [20(B) - 50 ()|

(= () + M (E)]
The scaling factors and self-energy matrix elements generally are evaluated at
the D3 pole energy. Results of the A, B, and C versions are usually within
0.1 eV of each other. A recommended value which is reported typically as
the recommended OVGEF result emerges from the selection criteria of von
Niessen™:
1. IFEOVEFA <15¢V, the E°VY"™ value is chosen when ZEE) (E) >0.6eV.

2. IFEOVEFA < 15¢eV, the E°V"C value is chosen when ZS) (E) <0.6 eV.

3. IFEOVEFA < 15eV and X, <0.85, the E°VST value is chosen unless
ZS) (E) <0.6 eV and |X,“| < 0.85. In the latter case, the EOV¢T
value is chosen.

4. If EOVEFA S 15eV,
value is chosen.

5. If EOV6FA > 15¢eV, [X,[>0.85 and Y. (E) 0.6 eV, the EOVO®

X,|>0.85 and ZE?(E) <0.6eV, the EOVEFC

value is chosen unless ‘thp‘ > (.85, Xfph| > (.85,
EOVGF-C 15 eV, or ‘ch‘ > 0.85. In the latter cases, the E°VEF-C yalue
is chosen.

In the P3+ method,” the self-energy reads

-11 -
Z£E+D(E) = (1 + Yihp) EZaij <ka || 1_]> (E +e,—¢&— SJ') !
Kal[ij) + FIC) + U (E
(kal[ij) + Hyy + Ura (E)
1
+ 2Bk ) P(E+e,— e, —e)

where

2h 1 .. 1~ 2) 2-2h -
Y = [_Ezaij (ka || 1) (E +e,—¢g —ej) Hy s [zlgk p) (E)}
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For P3+ electron attachment energies,

D - 1 -
ZI3+A(E) _ (1 +szh) 1§Ziab<d”ab> (E te—¢, —Eb) 1

cc

[(ciab) + FIG, + U (B)|

1 . -1
+ 5Tyl (ca [ 4) (B +e,—ei—e)

ciab

1 . —
y2rh — {_Ezmb@i | ab)(E+& —e, —ey) " F1 ] [zﬁ*zvm (E)}

P3+ self~energy terms and Y factors are evaluated at the P3 pole energy. The
OVGF and P3+ methods entail only trivial calculations beyond D3 and P3,
respectively.

5. TEST CALCULATIONS

The predictive capabilities of the presently considered self-energy
approximations for valence, VIEs have been examined recently.” In this
study, coupled-cluster singles and doubles plus perturbative triples,
ie, CCSD(T),”® calculations have been performed with correlation-

73()
on 21 molecules

consistent double, triple, and quadruple { basis sets”’
and on 52 cationic states. Basis-set extrapolations of these total energies pro-
vide standards of comparison. In Table 2, results obtained with the
correlation-consistent quadruple £ basis at the same molecular geometries
are compared to these standards. In addition to the statistical measures of error
(ie, mean signed error, mean absolute error, and root-mean-square error),
the most taxing arithmetic bottlenecks and storage requirements are listed.

Diagonal self~energy approximations are in widest use. The most effi-
cient of these methods, D2, consistently underestimates VIEs, but these
errors decrease as the basis-set approaches completeness. D3 results tend
to overestimate VIEs when large basis sets are used. OVGF produces more
reliable data than D3 with the same effort. P3 is competitive with OVGF,
for, with fewer arithmetic operations and smaller memory requirements, it is
only slightly less accurate, despite having no selection criteria with numerical
parameters. The P3+ method reduces the tendency of P3 to overestimate
VIEs with almost no additional effort and is an efficient alternative to OVGF
that involves no selection procedure.



Table 2 Errors of Calculated Vertical lonization Energies® vs Extrapolated CCSD(T) Results

Electron

Mean Signed Mean Absolute Root-Mean-

Iterative Arithmetic

Noniterative

Largest

Propagator Method Error” Error® Square Error® Bottleneck® Arithmetic Bottleneck® Intermediate Matrix®
Koopmans —0.75 0.83 1.01

D2 0.50 0.52 0.61 ov’ NA‘ ov
D3 —0.28 0.39 0.55 ov' o'V’ vt
OVGF —0.01 0.11 0.13 ov o’v’ v
P3 —0.10 0.18 0.24 o’v? o’v’ ov’
P3+ 0.01 0.13 0.16 o'V’ oV’ ov’
2ph-TDA 0.66 0.66 0.71 ov NA‘ vt
3+ —0.08 0.17 0.23 ov o’v’ vt
ADC(3) —0.12 0.16 0.23 o’v’ v’ vt
NR2 0.11 0.16 0.19 o’V oy’ ov’

52 Vertical ionization energies (eV) for 21 molecules calculated with the cc-pvqz basis.
Ppositive signs correspond to underestimates of vertical ionization energies vs basis-set extrapolated CCSD(T) standards, ie, Error=VIEccspr) — VIEgp.

“o=number of valence occupied orbitals; v=number of valence virtual orbitals.

“Not applicable: no energy-independent intermediates are necessary.
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Nondiagonal self-energy methods also are compared in Table 2. For cal-
culating valence VIEs, 2ph-TDA produces worse results than D2 with much
higher effort. Unlike D2, 2ph-TDA is capable of giving a qualitatively
meaningful description of shake-up (ie, chiefly 2hp) final states in photo-
electron spectra and of core-excited (ie, chiefly 2ph) electron attachments.
The 3+ method is a considerable improvement over 2ph-TDA for valence
VIEs that retains the ability of the latter approximation to account for cor-
relation final states. The iterative, sixth-power contractions that distinguish
ADC(3) from 3+ do not appear to procure any advantage for this test set. 3+
and ADC(3) tend to overestimate VIEs; error criteria will increase slightly as
larger basis sets are employed. For the nondiagonal methods, NR2 has the
smallest error measures, arithmetic scaling factors, and memory require-
ments. Improvements in basis sets will reduce errors in the majority of cases
where NR2 underestimates VIEs.

6. RECENT APPLICATIONS AND EXTENSIONS

Electron propagator methods have been applied to the calculation of
ionization energies of common amino acids in the gas phase and, with the
benefit of polarizable continuum models, in aqueous solution.*’ Applica-
tions to the photoelectron spectra of fullerenes, macrocyclic molecules,
and nucleotide fragments have been reviewed."' Electron binding energies
of compounds that are effective scavengers of free radicals have been deter-
mined."”" Electron propagator methods have been used to predict bound,
excited states of anionic fullerenes.* They have facilitated assignments of the
photoelectron spectra of tetrazoles.” " The nature of diffuse electronic
structure in substituted aza-uracil and thio-uracil anions has been eluci-
dated.”” ™ A systematic study of electron-accepting molecules that may
be useful in photovoltaic devices showed the predictive power of electron
propagator methods.”” Electron binding energies of confined atoms, crucial
quantities for understanding their electronic structure, have been deter-
mined with electron propagator methods.”” Calculations on electron affin-
ities of cations provided essential information for the determination of
photoionization cross sections in the molecular quantum defect model.”’
The electronic structure of metallocenes and their Penning ionization spec-
tra have been interpreted.” Electron propagator calculations provided an
explanation for the remarkable changes in anion electronic structure that
depend on coordination to noble-gas atoms.” They also demonstrated
how Dyson orbitals may be localized or delocalized in halide-water
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complexes and in aqueous solution.”*>* Anion photoelectron spectra of
superalkalides were interpreted with electron propagator methods.””®

A comparison of various approaches to calculating ionization energies of
molecules reported superior performance for electron propagator
methods.”” Automated derivations of improved electron propagator
methods have been incorporated into a general electronic structure package
named for Léwdin.”’ An approach to self-energy expressions of any order

. . . 17
and the convergence of perturbative expansions have been examined.

7. CONCLUSIONS AND PROSPECTS

The Dyson quasiparticle equation provides a framework for accurate
and efficient calculation of molecular electron binding energies. The sim-
plest self~energy approximation, D2, often suffices to correct qualitative
errors obtained with canonical Hartree—Fock orbital energies,
eg, incorrect orderings of final states caused by neglect of final-state orbital
relaxation or differential correlation effects. A restricted need for trans-
formed electron repulsion integrals and low arithmetic demands indicate
that D2 results should be obtained routinely after self-consistent-field iter-
ations are complete. D2 provides a suitable foundation for parametrized
interpolation schemes or semiempirical approaches that pertain to selected
classes of molecules. Because the largest corrections to Koopmans results
generally occur at the D2 level, this approximation can provide reliable diag-
nostics of basis-set effects and a means of estimating the results of higher-
order calculations that are infeasible with large basis sets.

For predictions of valence, VIEs with mean, unsigned errors between 0.1
and 0.2 eV, the OVGF methods and their selection procedure constitute an
efficient alternative to methods based on many-electron state functions or
density functionals. This tool can be especially powerful when several final
states of a given irreducible representation are needed. More computation-
ally efficient alternatives of similar accuracy are provided by the partial
third-order (P3) approximation and its renormalized extension (P3+).
The quasiparticle, or diagonal self-energy, methods (ie, D2, OVGF, P3,
and P3+) are most useful when the Koopmans description of an electron
binding energy is qualitatively valid. In these cases, the Dyson orbital is a
canonical Hartree—Fock orbital times the square root of the pole strength.
The success of these methods implies that the chief flaw in the Koopmans
description often pertains not to the quality of the occupied orbitals, but
to the potential that determines their energies. In such cases, the addition
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of easily calculated, nonlocal, energy-dependent corrections to canonical
Hartree—Fock orbital energies suffices for a prediction of electron binding
energies that verifies the presence of gas-phase molecular species in exper-
imental samples and enables assignments of photoelectron spectral peaks. For
core ionization energies, where orbital relaxation effects are large, the TOM
produces an orbital energy that may be improved with low-order, self-
energy corrections, such as D2 generalized to grand-canonical Hartree—
Fock reference ensembles.

More general (nonquasiparticle) approximations include all elements of
the self~energy matrix. When correlation states in photoelectron spectra are
under consideration, the collapse of the Koopmans picture can be diagnosed
with 2ph-TDA calculations, although a quantitatively accurate description
generally demands a self~energy with higher-order terms. Whereas the two-
particle-one-hole Tamm-—Dancoft approximation (2ph-TDA) fails to gen-
erate reliable results for valence, VIEs, other nondiagonal alternatives, such
as renormalized third-order (3+), the third-order algebraic diagrammatic
construction (ADC(3)) and the nondiagonal, renormalized, second-order
(NR2) methods yield mean absolute errors between 0.1 and 0.2 eV. The
NR2 method achieves competitive accuracy with smaller demands for arith-
metic operations and memory. All of these nondiagonal methods are capable
of describing 2hp correlation final states qualitatively. Their Dyson orbitals
are linear combinations of canonical Hartree—Fock orbitals. Dyson orbitals
for electron affinities are likely to require such flexibility. Recent studies of
vertical electron affinities of electron-accepting molecules indicate that the
NR2 method may be a promising approach.””

Higher accuracy for valence electron binding energies, quantitatively
accurate calculations for correlation final states such as shakeups in photo-
electron spectra or core-excited anions, descriptions of strong orbital relax-
ation effects for inner-shell ionization energies, and descriptions of more
complex correlation effects that involve several open shells may be treated
by introducing higher operator manifolds and more correlated reference
states. Descriptions of low-spin, open-shell states that conserve exact spin
quantum numbers may be accommodated with more flexible Ansatze for
reference density matrices. Research along these lines is in progress.
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