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The leading cause of error in standard coupled cluster theory calculations of thermodynamic prop-
erties such as atomization energies and heats of formation originates with the truncation of the one-
particle basis set expansion. Unfortunately, the use of finite basis sets is currently a computational
necessity. Even with basis sets of quadruple zeta quality, errors can easily exceed 8 kcal/mol in small
molecules, rendering the results of little practical use. Attempts to address this serious problem have
led to a wide variety of proposals for simple complete basis set extrapolation formulas that exploit the
regularity in the correlation consistent sequence of basis sets. This study explores the effectiveness of
six formulas for reproducing the complete basis set limit. The W4 approach was also examined, al-
though in lesser detail. Reference atomization energies were obtained from standard coupled-cluster
singles, doubles, and perturbative triples (CCSD(T)) calculations involving basis sets of 6ζ or better
quality for a collection of 141 molecules. In addition, a subset of 51 atomization energies was treated
with explicitly correlated CCSD(T)-F12b calculations and very large basis sets. Of the formulas
considered, all proved reliable at reducing the one-particle expansion error. Even the least effective
formulas cut the error in the raw values by more than half, a feat requiring a much larger basis set
without the aid of extrapolation. The most effective formulas cut the mean absolute deviation by a
further factor of two. Careful examination of the complete body of statistics failed to reveal a single
choice that out performed the others for all basis set combinations and all classes of molecules. ©
2011 American Institute of Physics. [doi:10.1063/1.3613639]

I. INTRODUCTION

The accuracy of standard wave function-based methods
for solving the molecular Schrödinger equation hinge on two
principal expansions that underlie most of the widely used
approaches. The first expansion, which is associated with the
one-particle basis set, has received much more attention in the
chemical literature in recent years than the complementary n-
particle expansion. To date, over 300 families of Gaussian ba-
sis sets have been proposed. This abundance reflects, in part,
the wide variety of needs among computational chemists.
Some researchers are interested in very high accuracy, while
others seek only a qualitative understanding of molecular phe-
nomena. Different properties also place different demands on
the basis set. The strongest motivation driving the develop-
ment of new basis sets is the steep rise in computational time
as the size and quality of the basis set improves. This over-
arching characteristic of electronic structure methods places
a premium on using the smallest possible basis set capable
of providing the “right” answer. The present work will focus
on techniques for obtaining the highest possible levels of ba-
sis set accuracy, while at the same time avoiding the expense
of a brute force assault on the problem. The ultimate goal
is represented by the complete basis set (CBS) limit where
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all error attributable to the one-particle expansion vanishes.
Achieving this goal is hindered by the simultaneous desire to
combine large basis sets with a high quality n-particle expan-
sion method. For example, density functional theory (DFT)
is known to provide much faster convergence with respect to
the basis set than wave function or orbital expansion methods
such as coupled cluster theory. Presently, DFT is not yet ca-
pable of consistently providing high accuracy across a wide
range of chemical systems and properties.

The cause of the slow basis set convergence is the widely
recognized difficulty that orbital product expansion methods
have in reproducing the electron-electron Coulomb cusps of
the exact wave function, represented by1

lim(r12 → 0)�(r12) → 1 + 0.5r12, (1)

where r12 is the interelectronic distance. Explicitly corre-
lated methods, especially those that involve nonlinear terms
in the interelectronic distance, rij, offer more rapid basis set
convergence.2–12 While such methods offer much hope for
ameliorating the one-particle basis set expansion problem,
they are not the focus of the current investigation.

Fixed node, variational and diffusion quantum Monte
Carlo (QMC) techniques also allow one to circumvent the
slow basis set convergence and steep scaling problems of stan-
dard wave function techniques.13 In a comparison with frozen
core (FC) coupled cluster theory, the diffusion QMC method
produced reaction enthalpies that were slightly less accurate
than coupled cluster cc-pVTZ basis set results for a collec-
tion of 17 test cases involving small first row molecules.14
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The coupled cluster theory method included iterative single
and double excitations plus a quasiperturbative treatment of
“connected” triple excitations, a technique commonly known
as coupled-cluster single double (triple) (CCSD(T)). In the
worst case, the QMC value was in error by 28 kcal/mol. A
more recent study by Nemec et al. found that diffusion QMC
was capable of reproducing the total atomization energies of
55 small molecules with a mean absolute deviation (MAD), or
mean unsigned deviation, of 3.2 kcal/mol.15 It should be noted
that atomization energies have proven to be among the most
difficult thermochemical properties to compute. In multiple
instances the errors exceeded 5 kcal/mol. For the same col-
lection of molecules, we have reported results that are within
0.5 kcal/mol of experiment.16 Thus, at this stage in their de-
velopment QMC techniques do not appear to offer the same
level of thermochemical accuracy as coupled cluster theory.

Within the realm of coupled cluster theory, the n-particle
expansion corresponds to a sequence of methods incorporat-
ing higher and higher excitation levels. If the expansion is
truncated at double excitations, coupled cluster theory yields
a relatively poor MAD of ∼6 kcal/mol with respect to high
quality experimental results.17 Since “chemical accuracy,” the
generally accepted target for thermochemical properties, cor-
responds to an error of ±1 kcal/mol (4.184 kJ/mol) or less,
CCSD is inadequate for our purposes. Incorporating triple
excitations via the CCSD(T)(FC) method cuts the MAD in
half if sufficiently large basis sets can be used. Further cuts
in the error are achievable by including a number of smaller
but fairly expensive corrections. The perturbative (T) cor-
rection produces a result that falls fortuitously closer to the
full configuration interaction (FCI) limit than the fully iter-
ative inclusion of triples via CCSDT. Thus, CCSD(T) pro-
vides a the good starting point for many approaches that
aim for high accuracy, including the Wn methods of Martin
and co-workers,18–21 the HEATxyz methods,22–24 the ccCA
methods of Wilson, Cundari, and co-workers,25–27 as well
as our own composite approach.28–42 The power of the last
of these is demonstrated by its ability to reproduce experi-
mental heats of formation with an accuracy of 0.19 kcal/mol
(εMAD), 0.30 kcal/mol (root mean square deviation, εRMS)
and −1.25 kcal/mol (maximum deviation, εMAX). The sta-
tistical metrics were obtained from 123 comparisons in-
volving molecules whose experimental uncertainties were
≤1 kcal/mol. Still closer agreement was found with a smaller
set of 64 molecules whose experimental uncertainties are
≤0.2 kcal/mol. There we find εMAD = 0.08, εRMS = 0.10, and
εMAX = −0.24 kcal/mol. These statistics relied on informa-
tion stored in the Computational Results Database (CRDB),
which contains ∼120 000 experimental and theoretical entries
covering 363 molecules.43

The goal of the present study is to measure the effective-
ness of different CCSD(T)(FC) complete basis set extrapo-
lation formulas when used for predicting atomization ener-
gies. In our composite coupled cluster procedure, which was
developed with high accuracy thermochemistry in mind, the
CCSD(T)(FC)/CBS component strongly dominates the other
components and at the same time is the most slowly conver-
gent. This behavior is observed in other composite approaches
that also incorporate a CCSD(T)(FC) step. Although our fo-

cus will be on frozen core atomization energies, many of
the same extrapolation formulas can be applied to the more
rapidly convergent core/valence (CV) correction. To the best
of our knowledge no head-to-head, large scale study of the
effectiveness of various CBS extrapolation formulas has been
reported.

II. SELECTED APPROACHES FROM
THE LITERATURE

The critical importance of the one-particle expansion and
the need to mitigate as much of the basis set truncation error
as possible is reflected in the chemical literature. There are a
large number of papers touching on this topic. We first discuss
the six approaches to be treated in detail, followed by a brief
survey of selected other formulas. Due to the large number
of papers, a comprehensive review of the relevant literature is
beyond the scope of the current work.

Shortly after the introduction of the diffuse function aug-
mented correlation consistent basis sets44, 45 in 1992, they
were used in a study of the binding energy of the water
dimer.46 Motivated by the observation that the first three
members of this sequence produced atomic correlation ener-
gies that converged in roughly an exponential manner, a sim-
ple functional form,

E(n) = ECBS + Ae−bn, (2)

was used to estimate the binding energy at the basis set limit.
In this expression, n is the index of the basis set, i.e., n = 2
for aug-cc-pVDZ, 3 for aug-cc-pVTZ, etc. The three param-
eters ECBS, A and b were exactly fit to a sequence of three
energies. While a 5ζ correlation consistent basis set was de-
veloped at approximately the same time, diffuse functions had
not been reported. When the first row aug-cc-pV5Z basis sets
were finally released, their use in the case of the water dimer
would have required a 574 function calculation which would
have been prohibitively expensive with the hardware available
in 1992. Four years later, it became possible to carry out the
aug-cc-pV5Z calculation using the resolution of the identity
Møller-Plesset perturbation theory method.47 In light of the
scarcity of evidence available at the time, the use of an ex-
ponential function to estimate the basis set limit was largely
a conjecture. To the best of our knowledge, this was the first
attempt to extrapolate the correlation consistent basis set se-
quence to the CBS limit using a simple functional form. Other
expressions would soon follow.

Shortly after the appearance of the exponential extrapola-
tion formula, a three parameter, mixed Gaussian/exponential
expression,

E(n) = ECBS + Ae−(n−1) + Be−(n−1)2
, (3)

was suggested by Peterson et al. in the context of a multiref-
erence configuration interaction study of the H + H2 → H2

+ H exchange reaction.48 The same expression was used
by Woon and Dunning in a paper on first row/second row
AB diatomics with various levels of perturbation theory and
CCSD(T).49 It was noted that the mixed formula fit the total
energies through cc-pV5Z better than the straight exponential
function, although it was not clear if Eq. (3) was being used
in an exact fit to three energies or in a least squares fashion
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to four energies. In the present study, the three parameters in
Eqs. (2) and (3) will always be used in exact fits to three en-
ergies. While least squares fitting of lower index basis sets is
possible, retaining the lower quality energies in the extrap-
olation has not been found to lead to improved results. All
of the two parameter formulas to be discussed below were
used with the two largest basis sets from any three basis set
combination. Eqs. (2) and (3) are typically used with total en-
ergies, whereas many of the formulas to follow were initially
intended to describe only the correlation energy. We will dis-
cuss the merits of separating the Hartree-Fock and correlation
energies below.

The next two formulas involve inverse powers of the
highest angular momentum value present in the basis set
(�max). They were motivated by the 1/Z second order pertur-
bation theory work of Schwartz, who analyzed the correla-
tion energy in 2-electron, He-like systems.50, 51 In Schwartz’s
study the basis sets were saturated at every angular momen-
tum level. A subsequent CI/natural orbital study of the He
atom correlation energy by Carroll et al. showed that E(�max)
could be expanded in inverse powers of (�max + 1/2) begin-
ning with the 3rd power and with energy increments, E(�max)–
E(�max-1) beginning with the 4th power.52 Hill53 reached sim-
ilar conclusions using the Rayleigh-Ritz variational method,
as did Kutzelnigg and Morgan54 in their partial-wave expan-
sion covering arbitrary electronic states for 2-electron atoms.
Martin55 subsequently adopted this approach with the for-
mula,

E(�max) = ECBS + A/
(
�max + 1

2

)4
, (4)

where E(�max) is the CCSD(T) correlation energy for a spe-
cific correlation consistent basis set characterized by a fixed
value of �max and ECBS is the corresponding complete basis
set limit. The offset of 1/2 was a compromise choice between
hydrogen, which would have had a value of 0, and first- and
second-row elements, with a value of 1. With the correla-
tion consistent basis set family, the basis set index, n, in Eqs.
(2) and (3) is identical to �max for second and third period ele-
ments Li – Ar. Some ambiguity may arise if the basis set index
does not correspond to a single value of �max for all elements
in the chemical system. Examples would include simple sys-
tems such as C2H4 and ZnF. In such cases we have chosen to
use the highest �max value in the extrapolation formula.

Martin also proposed several other three parameter for-
mulas. The first of these extended Eq. (4) with an additional
1/(�max + 1/2)6 term,55 and a second formula substituted the
inverse fifth power for the inverse fourth power in Eq. (4).56

In a 1997 paper, Martin and Taylor considered replacing the
fixed 4th power in Eq. (4) with a variable exponent.56 For a set
of 15 small, first row molecules they found exponent values
that ranged from 3.52 to 5.38, with an average value of 4.21.
Although the collection of molecules was limited, the results
suggest that an exponent of 4 should be close to the optimal
value.

While some studies have emphasized this connection
to partial-wave analyses in order to justify one extrapola-
tion over another, the practical situation with finite basis sets
differs considerably from a partial-wave expansion for 2-
electron atoms. The correlation consistent basis sets are far

from �-space saturated even at the quadruple zeta level. In a
molecular environment the wave function is also not an eigen-
function of the angular momentum operator, as is the case in
atoms. It might seem a reasonable assumption that molecular
correlation energies can be efficiently expanded in terms of
�max (at least for atom-centered basis functions), however, we
know of no direct theoretical justification for this conjecture.
Klopper et al.57 discussed the basis set convergence of the
correlation consistent and atomic natural orbital basis sets58

in terms of a “principal expansion,” by which they meant
an expansion in n, the principal quantum number. Follow-
ing work by Bunge59 and Caroll et al.52 on He atom, which
showed that the energy contribution of a NO is proportional
to 1/n6, Klopper et al. argued in favor of extrapolations based
on inverse powers of the basis set index, beginning with the
3rd power. However, they conceded that their analysis should
only be viewed as motivating such formulas and that it did not
constitute a rigorous derivation for the cc basis sets because
these sets are not NO-based. Consequently, the basis set con-
vergence observed with real basis sets and chemical systems
beyond 2-electron atoms is not well characterized. The nu-
merous extrapolation formulas to be discussed in this work
reflect both the diverse nature of chemical systems and the
lack of a clear-cut favorite that satisfies all needs.

A 1999 study examined the effectiveness of Eqs. (2)–
(4) for reproducing the experimental atomization energies of
57 small molecules.60 When the extrapolations were limited
to aug-cc-pVDZ through aug-cc-pVQZ basis sets, the mixed
formula was found to produce slightly better agreement with
experiment. With larger basis sets (aug-cc-pV5Z and aug-cc-
pV6Z) the situation was less clear due to the limited number
of examples (CCSD(T)/aug-cc-pV5Z calculations on poly-
atomic molecules were still very challenging at the time of the
report) and the uncertainties in the experimental values. No
single formula was found to work best across all molecules
and basis sets.

The second formula involving the inverse power of �max

is

E(�max) = ECBS + A/�3
max, (5)

and was originally presented in a paper discussing the basis
set convergence of the water molecule by Helgaker et al.61 A
year later, a follow-up paper on Ne, N2, and H2O compared
the effectiveness of Eq. (5) with quintuple and sextuple zeta
quality basis sets to explicitly correlated R12 MP2, CCSD,
and CCSD(T) calculations.62 The authors concluded, “. . . that
a two-parameter linear Schwartz extrapolation of the correla-
tion energy of the form (2) gives excellent fits with R12 ener-
gies. . . .” In the text to follow, labels such as aVQ56Z will be
used to indicate that the aug-cc-pVQZ through aug-cc-pV6Z
sequence of basis sets was used with three parameter fits or
the aug-cc-pV5Z and aug-cc-pV6Z sets were used for two pa-
rameters fits.

Another formula which will be considered in detail in this
study is due to Schwenke

ECBS = (En+1 − En)FC
n+1 + En, (6)

and involves parameters (FC
n+1) that are specific for the

Hartree-Fock (HF), CCSD, and (T) pieces of the CCSD(T)
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FIG. 1. Variation in the Schwenke extrapolation coefficients for the aug-cc-
pVnZ basis sets.

energy. The parameters were determined by least squares fit-
ting of reference energies for seven first row molecules (Ne,
N2, CH2, H2O, CO, HF, and F2).63 The reference HF and
(T) energies were evaluated with very large, uncontracted “f-
limit” basis sets. The details of the basis sets varied from el-
ement to element, but all involved even-tempered exponents
with �max = 6 (i functions) for first row elements. The CCSD
piece of the reference energies were taken from the explic-
itly correlated CCSD-R12 energies of Klopper.6 Despite the
limitations of the training set, this formula and the accompa-
nying coefficients have proven remarkably applicable beyond
first row molecules. While the original parameterization was
based on the cc-pVnZ and aug-cc-pVnZ sequences of basis
sets, the method also works well with the aug-cc-pV(n+d)Z
second row basis sets. In the present study we have applied
Eq. (6) to molecules composed of even heavier elements, such
as Br and I, with good results.

The original Schwenke extrapolation coefficients were
only reported for basis sets up through aug-cc-pV6Z. We have
extended the coefficients through the aug-cc-pV7Z basis by
extrapolating their values, as seen in Figure 1. A somewhat
conservative choice was made by taking the average of the
aV6Z values and the aV7Z results predicted by a quadratic

CO2 (1
g

+)

Avg.
exp.
mixed
1/(Lmax+0.5)4

1/Lmax
3

Schwenke

Max. Angular Momentum Value

386.5

387.0

387.5

388.0

388.5

389.0

389.5

390.0

4 5 6 7 8

FIG. 2. Convergence of the CO2 estimated complete basis set CCSD(T)(FC)
atomization energies (kcal/mol) as a function of the maximum angular mo-
mentum (�max) in the orbital basis set. The open shell atomic asymptotes were
treated with the R/UCCSD(T) method.

extrapolation. Specifically, we used a CCSD coefficient of
2.49059 and a (T) coefficient of 2.41715. The self-consistent
field (SCF) coefficient was taken from the published aV6Z
value, namely, 1.119855. These choices are somewhat arbi-
trary but seemed reasonable in light of the very limited scope
of the training set. In the case of CO2, use of the aV6Z coeffi-
cients with aV7Z energies results in an atomization energy of
388.15 kcal/mol. The coefficients we adopted yielded a value
that was 0.02 kcal/mol larger, while the coefficients predicted
by a quadratic fit yielded a value that was several hundredths
of a kcal/mol larger yet.

Our own work has involved Eqs. (2)–(6), as well as their
average. The latter choice was suggested by observations of
the extrapolated atomization energy convergence patterns for
many different molecules. Figure 2 shows a typical conver-
gence pattern for the CO2 molecule as a function of the un-
derlying basis sets. Previously published CBS atomization
energy convergence patterns bear a qualitative resemblance
to Figure 2.16, 39, 64–66 While the exact details of the conver-
gence varies from molecule to molecule, the exponential and
mixed formulas generally approach the best estimate of the
CBS limit from below while the formulas involving the in-
verse powers of �max approach it from above. This pattern
persists up through basis sets as large as aV7Z and aV8Z. The
Schwenke values often follow the (�max + 1/2)−4 results, but
can differ quantitatively by as much as 1 kcal/mol for larger
molecules.

We have found that averaging the values from the
five formulas helps to damp out some of the undesirable
fluctuations in the individual extrapolations and the spread
in the values can be interpreted as a crude estimate of the
uncertainty in the extrapolation. The use of an average in
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this situation is similar in spirit to the averaging employed
by Samson and Klopper in their explicitly correlated second
order Møller-Plesset perturbation theory (MP2-R12) study of
C2H4 and C2H6.67 Of the two available MP2-R12 Ansätze,
the /A method produced correlation energies that converged
to the CBS limit from below, while the /B variant converged
from above. Samson and Klopper proposed using a 60/40
weighted average as their best estimate of the true limit.

Among the many formulas that space limitations will not
allow us to cover in detail is one by Martin and Lee utilizing
a simple three parameter inverse power expression,

A(n) = ACBS + BC−n, (7)

that was applied to harmonic frequencies obtained from
CCSD(T) calculations using the cc-pVDZ, cc-pVTZ, and cc-
pVQZ basis sets.68 The authors stated that an advantage of
Eq. (7) is that it did not presuppose monotonic convergence
and that it produced CBS frequencies accurate to about 0.1
cm−1. Huang and Lee69 compared quartic force field frequen-
cies produced by extrapolating the cc-pVTZ, cc-pVQZ, and
cc-pV5Z grid energies with Martin’s three-point formula55

and with the 1/�max
3 formula. Very recently, Huang et al. com-

pared a three parameter basis set extrapolation against explic-
itly correlated results.70 They concluded that a 5ζ quality ba-
sis set was needed for accurate results.

Another formula that we will not be able to examine fur-
ther was suggested by Gdanitz who applied it to the case of
the helium dimer,

ECBS =
[(

n + 3
3

)3
En − (

n − 1 + 3
3

)3
En−1

]
/
[(

n + 3
3

)3

− (
n − 1 + 3

3

)3
]
, (8)

in a multireference averaged pair functional study published
in 2000.71

Klopper considered separate extrapolations of the CCSD
singlet and triplet pair correlation energies using 1/�max

3

and 1/�max
5 formulas, respectively.6 He compared his total

energies for six closed shell molecules (CH2
1A1, H2O,

HF, N2, CO, and F2) and the neon atom against explicitly
correlated CCSD-R12/B calculations performed with a large
uncontracted basis set. Valeev et al. found that introducing
offsets of 1/2 into the singlet and triplet pair energy formulas,
e.g., 1/(�max + 1/2)3 for singlet pairs, dramatically improved
results at the MP2 level.7 For open shell systems, a third
term associated with single excitations is required in the
decomposition of the CCSD correlation energy. Martin
and co-workers have adopted separate extrapolations of the
Hartree-Fock, singlet and triplet pair and (T) energies in their
W2.2, W3.2, and W4n methods.19, 20

Although the focus in the present paper is on methods
utilizing correlation consistent basis set energies of quadruple
zeta or better quality, some researchers have proposed
extrapolations with the much smaller cc-pVDZ and cc-pVTZ
basis sets. Truhlar suggested variable exponent expressions
of the form,

EHF(n) = EHF
CBS + AHFn−α, (9)

Ecorr(n) = Ecorr
CBS + Acorrn−β, (10)

for the HF and correlation energies, as opposed to the fixed
exponent expressions in Eqs. (4) and (5).72 The exponents α

and β were determined by minimizing εRMS with respect to
the estimated basis set limit energies for Ne, HF, and H2O
using values given by Halkier et al.62 Energy differences
were not discussed and the basis set limit energies were only
defined to 1–2 mEh. The RMS total energy accuracy of the
CCSD(T) extrapolation was reported to be 2.4 kcal/mol,
compared to a raw CCSD(T)/cc-pV6Z value of 3.1 kcal/mol.
In a follow-up study a year later, the exponents were re-
optimized with respect to reference atomization energies (as
opposed to total energies) for 29 small molecules, the largest
of which were C2H2 and H2CO.73 Fast et al.73 generated their
reference atomization energies from 3-point extrapolations
with cc-pVTZ through cc-pV5Z basis sets. The resulting
CCSD(T) εMAD, εRMS, and εMAX values were 1.79, 2.16, and
4.48 kcal/mol, respectively. For a smaller set of 19 molecules,
the atomization energies obtained from the VDZ/VTZ extrap-
olation formulas of Fast et al. were found to be slightly closer
to experiment than raw CCSD(T)(FC)/cc-pV5Z values. On
the basis of experience with other calibration studies, we
would expect the magnitude of the error for the VDZ/VTZ
extrapolation to increase as the reference set encompasses
a larger and more diverse set of molecules. To illustrate this
point, we found errors with respect to our best values for
n-propane and n-butane of 11.2 and 14.2 kcal/mol using
R/UCCSD(T) atoms and MP2(FC)/cc-pVDZ optimized
geometries. While it may be true that extrapolation leads
to an improvement over the raw VTZ values, errors of
this magnitude are not suitable for accurate work. Chuang
and Truhlar advocated the use of Eqs. (9) and (10) with
the VDZ/VTZ basis set combination for performing CBS
geometry optimizations.74 Their study was limited to just
three molecules (H2O, NH3, and H2O2) at the MP2 and
CCSD levels of theory. Halkier et al. criticized the VDZ/VTZ
geometry extrapolation scheme of Truhlar and co-workers
as being unreliable in the sense that it sometimes produced
results that were worse than the raw cc-pVTZ results.75 While
acknowledging that the requirements for an extrapolation
procedure were subject to personal tastes, these authors felt
that an effective scheme should only rarely predict CBS
results that were less accurate than the best raw results used
in the extrapolation. In light of the very small number of
molecules included in the Chuang/Truhlar study, their statis-
tical comparison is necessarily limited. Nonetheless, using
aug-cc-pV5Z and R12 results as their reference standard,
Halkier et al. found that the Truhlar CBS scheme reduced the
VTZ mean signed deviation from 0.0020 Å to −0.0011 Å,
but εMAD actually increased from 0.0020 Å to 0.0028 Å and
εRMS increased slightly from 0.0026 to 0.0029 Å.

Martin and Oliveira adopted Eq. (10) for estimating the
CCSD/CBS limit in their W1 model chemistry. The empiri-
cal parameter β was chosen to minimize the mean absolute
deviation with respect to 28 experimental atomization ener-
gies. Unlike Truhlar, they extrapolated from the much larger
aVTZ+2d1f/aVQZ+2d1f combination of basis sets. The no-
tation “+2d1f” indicates that two tight d’s and one tight f
primitive were added to the regular correlation consistent sets
in order to account for inner shell polarization effects.
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At the low end of the basis set sequence, Schwenke’s for-
mulas also support a VDZ/VTZ extrapolation.63 In our expe-
rience, the accuracy of the results is not comparable to the ac-
curacy achievable with extrapolations based on aug-cc-pVQZ
or better basis sets.64 The Schwenke VDZ/VTZ scheme also
often fails to reach the goal of “chemical accuracy.”

Varandas discussed a CBS extrapolation expression of
the form,

Ecorr(n) = Ecorr
CBS [1 + A3(1 + A4/n)/n3], (11)

where A4 = a exp(bA3) + c and the three parameters (a, b, c)
were either globally fit to reference data on 20 molecules and
one atom at the MP2, CCSD, and CCSD(T) levels of theory
or to individual levels of theory using basis sets up through
cc-pV6Z.76 The single atom was Ne for which the MP2/cc-
pVnZ correlation energies were arbitrarily given a weight of
5. The reference values were taken from the work of Klopper
et al.57 and Halkier et al.62 The nonlinear system of equations
associated with Eq. (11) must be solved iteratively. Varandas’
work dealt strictly with the correlation component of the en-
ergy. Total energies or energy differences were not reported.
Compared to estimates of the CCSD(T)/CBS correlation en-
ergies obtained from 1/�max

3 and the V5Z/V6Z basis set com-
bination, the formula of Varandas led to maximum errors of
−4.8 and −4.4 mEh using (D,T) and (T,Q) combinations.

Varandas also proposed a formula to describe the basis
set limit for multireference singles and doubles configuration
interaction with the Davidson correction (MRSD-CI+Q),

Ecorr(n) = Ecorr
CBS + A3/

(
n − 3

8

)3
[
1 + τ53/

(
n − 3

8

)2
]
,

(12)
where Ecorr is the dynamic correlation energy component.76

The non-dynamical correlation energy, which corresponds to
the complete active space SCF (CASSCF) energy, was extrap-
olated with a four-point formula. The parameters A3 and τ 53

were fit to data for 23 atomic and molecular systems. As in
the earlier study, only total energies were reported.

Huh and Lee focused on the CBS limits for hydrogen-
bonded and van der Waals complexes.77 They pointed out
that the 1/�max

3 formula underestimated the CCSD(T) cor-
relation energy of 9 small reference systems by as much as
18.2 mEh with the aVDZ/aVTZ combination and overshot it
by as much as −1.1 mEh with the largest combinations they
considered (aV5Z/aV6Z). Dropping the basis set combination
from (aV5Z/aV6Z) to (aVQZ/aV5Z) caused the errors to dou-
ble. Errors at the MP2 level of theory were even larger, hitting
a maximum of 30.5 mEh. Based on their analysis, they pro-
posed the expression,

Ecorr(n) = Ecorr
CBS + 1/(n + γ )3, (13)

for aVnZ/aV(n + 1)Z combinations where γ is specific for
each combination and level of theory. In the case of CCSD(T),
γ takes on values of 1/2 (aVDZ/aVTZ), −1/4 (aVTZ/aVQZ),
and −1/2 (aVQZ/aV5Z).

A more recent paper by Bakowies advocates replacing
the fixed exponent in Eq. (5) with an adjustable, noninteger
parameter (β),

E(�max) = ECBS + A/�β
max, (14)

β is chosen to minimize the RMS deviation with respect to
two types of reference systems.78 One set consisted of 105
closed-shell, neutral first row molecules for which Bakowies
ran MP2 and CCSD calculations with cc-pVnZ, n = D, T,
. . . 6. CBS limits were not estimated for these molecules. Lim-
its for another 12 molecules were taken from the R12 work
of Klopper and co-workers.79 As pointed out by Hill et al.80

and even earlier by Schwenke,63 for particular values of the
F coefficients in Schwenke’s expression, see Eq. (6), it yields
the same results as Eq. (14). Not surprisingly, the statistics in
Table VIII of the Bakowies article were quite close to the re-
sults obtained from the Schwenke formulas in terms of pre-
dicting CCSD basis set limit correlation energies. Atomiza-
tion energies were also reported, but the author felt that the
very limited CBS reference data (7 molecules) was not rep-
resentative enough or accurate enough to allow reliable expo-
nents to be derived for (Q5) or (56) extrapolations.

In addition to the CCSD(T)-based approaches al-
ready discussed, the literature contains numerous “model
chemistries,” such as the Gn methods,81–89 which incorpo-
rate empirical parameters in order to improve agreement with
experiment. In a similar vein, Petersson and co-workers pro-
posed a variety of CBS methods that likewise involved empir-
ical corrections and attempt to estimate the one-particle and
n-particle limits through extrapolations.90–92 As an illustration
of the capabilities of one of these models, the ROCBS-QB3
method was reported to produce an εMAD of 0.91 kcal/mol for
the heats of formation in the G2/97 test set.93 This test set
consists of 148 small molecules composed of first and sec-
ond row elements. In previous studies, we have compared our
coupled cluster approach to methods like the CBS-Q method
of Petersson and co-workers.29, 35, 39, 94–96 Across a collection
of more than 100 small molecules, we found an εMAD(CBS-
Q) of 1.3 kcal/mol for the heats of formation. Klopper noted
that the CBS-Atomic Pair Natural Orbital (APNO) level of
theory,97 another of the methods developed by Petersson and
co-workers, produced MP2 correlation energies roughly on
par with raw cc-pV6Z calculations.6 For example, Klopper re-
ported a Ne atom MP2 correlation energy of −0.3200 Eh ob-
tained from an explicitly correlated calculation, compared to
−0.3118 Eh for raw MP/cc-pV6Z and −0.3097 Eh for CBS-
APNO.

III. APPROACH

Before discussing the details of our approach, we note
that practical limitations preclude a brute force strategy for the
creation of a broad collection of CBS reference atomization
energies unambiguously accurate to ≤0.1 kcal/mol. A “broad
collection” would ideally include a sufficient number of
molecules to represent many of the myriad bonding situations
observed in small chemical systems containing elements from
throughout the periodic table. Even in the case of a simple first
row diatomic molecule such as C2 (1
g

+), where correlation
consistent basis sets as large as aug-cc-pV8Z are available,
it has not been possible to achieve 0.1 kcal/mol convergence
in De via direct computation.98 Explicitly correlated methods
provide much faster basis set convergence, but up through
cc-pVQZ-F12 are still not capable of achieving 0.1 kcal/mol
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TABLE I. List of molecules and corresponding largest basis sets.a

H2 (1
g
+)b aV8Z OFO (2B2) aV8Z CS2 (1
g

+)b aV8Z FCN (1
+) aV7Z
CH (2�) aV8Z CCl (2�) aV8Z S2 (3
g−)b aV8Z FNC (1
+) aV7Z
C2 (1
g

+)b aV8Z ClNO (1A′) aV7Z Cl2O (1A1) aV7Z FS (2�) aV7Z
O2 (3
g

−) aV8Z PS (2�) aV7Z SO (3
−)b aV8Z ClF (1
+)b aV8Z
H2O (1A1) aV8Z B2 (3
g

−)b aV7Z SO2 (1A1)b aV7Z CHFO (1A′) aV7Z
CH2 (3B1) aV8Z BH3 (1A1)b aV7Z SO3 (1A1) aV7Z HS (2�)b aV8Z
CH2 (1A1)b aV8Z CH3 (2A2

′′) aV8Z P2 (1
g
+) aV7Z Br2 (1
g

+) aV6Z
CO (1
+)b aV8Z CH4 (1A1)b aV7Z PN (1
+)b aV7Z HBr (1
+) aV6Z
C2H2 (1
g

+) aV8Z NH (3
−) aV8Z PO (2�)b aV7Z CBr (2�) aV6Z
N2 (1
g

+) aV8Z NH2 (2B1) aV8Z PH (3
−) aV7Z BrO (2�) aV6Z
CN (2
+)b aV8Z NH3 (1A1) aV7Z PH2 (2B1) aV7Z HO2 (2A′′) aV7Z
CO2 (1
g

+)b aV8Z C2H (2
) aV8Z PH3 (1A1) aV7Z AlN (3�)b aV6Z
NO (2�) aV8Z HCO (2A′) aV7Z CCl2 (1A1) aV7Z Si2 (1
g

+) aV7Z
HNO (1A′) aV8Z H2CO (1A1) aV7Z CCl3 (2A1) aV7Z SiO (1
+)b aV6Z
F2 (1
g

+)b aV8Z CF2O (1A1) aV7Z BP (3�) aV7Z AlH (1
+)b aV6Z
CF (2�) aV8Z CF (4
−) aV8Z PF (3
−) aV7Z BN (3�)b aV7Z
CF2 (1A1) aV8Z NO2 (2A1) aV8Z BCl (1
+) aV7Z H2O2 (1A′)b aV7Z
HF (1
+) aV8Z O3 (1A1) aV8Z H2S (1A1) aV8Z SiH (2�) aV7Z
FO (2�) aV8Z F2O (1A1) aV7Z Al2 (3�u)b aV7Z SiH2 (1A1)b aV6Z
NF (3
−) aV8Z FOO (2A′′) aV7Z ClO2 (2B1) aV7Z SiH4 (1A1)b aV7Z
OH (2�) aV8Z SiF (2�) aV7Z AlF (1
+) aV7Z C2H2F2 1,1−difluo aV6Z
C2H4 (1Ag)b aV8Z FOOF (1A) aV7Z C3H4 cyclopropene aV7Z C2H2F2 trans−1,2- aV6Z
Cl2 (1
g

+)b aV8Z HCN (1
+) aV8Z C2F2 (1
g
+) aV7Z C2H2F2 cis-1,2- aV6Z

HCl (1
+) aV8Z HNC (1
+) aV8Z N2O (1
+) aV7Z SiS (1
+)b aV6Z
ClO (2�) aV8Z CS (1
+)b aV8Z CH (4
−) aV8Z OCS (1
+) aV7Z
C3H6 cyclop aV6Z CH2Cl2 aV6Z C4H6 trans-1,3-buta aV6Z LiO (2�) aV6Z
ClCN (1
+)b aV6Z H2SiO (1A1) aV6Z BrCl (1
+) aV6Z I2 (1
g

+) aV6Z
HOCl (1A′) aV6Z CH3Cl (1A1) aV6Z Li2 (1
g

+) aV6Z AlF3 (1A1) aV6Z
CF3 (2A1) aV6Z LiCl (1
+) aV6Z LiF (1
+) aV6Z C3H4 allene aV6Z
CF4 (1A1) aV6Z LiH (1
 +) aV6Z LiN (3
 −) aV6Z C2F4 (1Ag) aV6Z
CH3OH aV6Z HNCO (1A′) aV7Z CH3CHO acetald aV6Z HOCN (1A′) aV6Z
CH3F (1A1) aV6Z H2CS (1A1)b aV7Z AlP (3
−)b aV7Z H2S2 (1A′)b aV7Z
NS (2�) aV8Z ZnP (4
−) aV6Z ZnO (1
+) aV6Z CH3NH2 (1A′) aV6Z
C2H6 (1Ag) aV6Z N2H2 trans aV7Z N2H2 cis aV7Z N2H2 iso aV7Z
N2H4 (1A) aV6Z NH2OH (1A′) aV7Z SiF4 (1A1)b aV7Z NCO (2�) aV7Z
C2HF (1
) aV7Z

aFor second row elements (Na Cl) aVDZ = aug-cc-pV(D + d)Z, aVTZ = aug-cc-pV(T + d)Z, etc.
bMember of the F12 reference set.

accuracy.80, 98 Clearly, if this level of accuracy is desired
in a reference set obtained from standard CCSD(T), some
type of extrapolation seems unavoidable. Regrettably, this
requirement inherently introduces an element of uncertainty.
Despite the difficulties, we propose to create a diverse refer-
ence set of ground state closed and open shell molecules with
elements as heavy as iodine (see Table I). Our ultimate goal
is to calibrate the effectiveness of selected CBS extrapolation
formulas intended for use with standard CCSD(T). In order to
avoid the complications arising from reference values derived
from experimental data, we have adopted a two-pronged
approach which relies on very large basis set standard
CCSD(T) atomization energies combined with extrapola-
tions and very large explicitly correlated CCSD(T)-F12b
(Refs. 9–11) calculations that do not involve extrapolation.

A. Reference values from standard CCSD(T)

Most high accuracy thermochemical studies in the recent
literature employ the correlation consistent basis sets of Dun-
ning, Peterson, and co-workers.44, 45, 60, 99–105 Due to the un-

derlying regularity inherent to these basis sets, the resulting
total energies and atomization energies smoothly converge to
the CBS limit. It is this critical behavior that enables simple
extrapolation formulas to be effective. The diffuse function
augmented sequence of basis sets is conventionally denoted
aug-cc-pVnZ, n = D, T, Q, 5–8. For second row elements,
an additional tight d function is known to be important for
accelerating convergence to the basis set limit. The latter are
referred to as the aug-cc-pV(n+d)Z sequence of basis sets.106

For the sake of brevity, we will use the notation aVDZ, aVTZ,
etc. to represent collectively both the aug-cc-pVnZ and aug-
cc-pV(n + d)Z sequences of basis sets. Several new aV6Z,
aV7Z, and aV8Z basis sets were developed for this work.

Unless otherwise noted, all calculations discussed in this
paper utilized the frozen core approximation. CCSD(T) cal-
culations that did not involve k (� = 7) or l (� = 8) functions
were performed with MOLPRO 2010.1.107 Calculations with
k and l functions were performed with DALTON 2.0.108 Most
of the aV7Z and aV8Z results reported here did not explicitly
include k and l functions due to excessively long run times
with DALTON. Instead, the small contributions from the
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TABLE II. Raw CCSD(T)(FC) atomization energies errors (kcal/mol).a

Basis set Items εMAD εSTDEV εMax

aug-cc-pVQZ 141 2.34 2.69 −8.08
aug-cc-pV5Z 141 1.05 1.22 −3.69
aug-cc-pV6Z 141 0.52 0.61 −1.86
aug-cc-pV7Z 99 0.27 0.31 −0.58
aug-cc-pV8Z 46 0.12 0.15 −0.33

aThe errors are measured with respect the best available average estimate of the CBS
limits. MAD = mean absolute deviation. STDEV = standard deviation. Max. = maxi-
mum error (negative sign indicates the raw value is smaller than the best estimate of the
CBS limit).

missing functions were estimated via a short extrapolation as
discussed elsewhere.64 The accuracy of this approximation
for atomization energies was tested on 7 systems (C2, N2, F2,
C2H2, CH4, ClF, and Cl2) and was found to result in errors of
≤0.02 kcal/mol relative to the exact values. The magnitude
of this error may grow with the size of the molecule, but we
are currently unable to calibrate that trend. For the molecules
in the standard method reference set, we expect the error
associated with this approximation to be small compared to
the error associated with extrapolating to the basis set limit.

Our collective experience gained from studies on many
different chemical species indicates that CBS extrapolations
using a basis set sequence ending with aVnZ generally pro-
vides results comparable to or better than raw results with
an aV(n + 2)Z basis set. Since the smallest basis set used
to produce the current reference atomization values is aV6Z,
we expect the least accurate of our reference values to be
of aV8Z quality or better. As seen in Table II, where vari-
ous statistical measures of quality are shown for the raw (i.e.,
non-extrapolated) atomization energies as a function of ba-
sis set, the aVQ56Z-based reference energies should equate
to a mean absolute deviation (or root mean square deviation)
of ∼0.1 kcal/mol, assuming a CBS(n) ≈ Raw(n + 2) corre-
spondence. All three metrics shown in Table II decrease by
approximately a factor of 2 for every increment in the ba-
sis set index n. To the extent the correspondence between
extrapolated and raw values continues to hold for the larger
basis sets, we would expect the aV678Z-based reference val-
ues to be comparable in quality to raw aV10Z results, with
εMAD and εRMS on the order of 0.02 to 0.03 kcal/mol and
εMAX ∼0.06 kcal/mol. Because the majority of reference val-
ues were based on aV567Z or aV678Z extrapolations, we
conservatively estimate the overall uncertainty in the standard
method reference set to be ±0.05 kcal/mol. Therefore, statis-
tical differences associated with this reference set of less than
∼0.05 kcal/mol are not likely to be significant.

Our reference set includes both ground and excited elec-
tronic states, open and closed shell species, and selected sta-
tionary points on the potential energy surface. Although it is
fairly large and diverse, it is nonetheless weighted towards
small systems and elements from the first few rows of the pe-
riodic table. As a result, the raw statistical metrics in Table II
would likely increase somewhat as bigger chemical systems
with larger correlation energies are added. For instance, εMax

for the aVQZ basis set is given as −8.08 kcal/mol, but if it had
been possible to include a system such as octane (C8H18) in

the reference set, the maximum error would have been ∼ −11
kcal/mol. Errors of this magnitude emphasize the importance
of extrapolation methods that partially alleviate the basis set
truncation problem.

As stated previously, some type of CBS extrapolation
is essential for achieving the highest possible level of accu-
racy in our standard CCSD(T) reference values. For this pur-
pose, we will use the average of the five formulas given in
Eqs. (2) – (6). The sensitivity of the statistical analysis to that
choice will be probed by performing a parallel analysis with
the 1/(�max+1/2)4 formula, which in our experience also per-
forms well across many different types of molecules.

Energies for the standard CCSD(T) reference values were
evaluated at the optimal geometries for every basis set level,
as is our customary practice. When coupled with CBS ex-
trapolation, this provides atomization energy estimates at the
basis set limit geometry. The use of optimized geometries
produces slightly larger atomization energies than would be
found if fixed geometries were used, especially if the fixed
geometries were obtained at a low level of theory and dif-
fered significantly from the CBS limit structures. This pro-
cedure differs from the one used in creating the CCSD(T)-
F12b reference values, where all energies were evaluated at
CCSD(T)(CV)/cc-pCVQZ optimized geometries.

In the present work, open shell CCSD(T) energies were
based on the R/UCCSD(T) method, which begins with re-
stricted open-shell Hartree-Fock orbitals, but allows a small
amount of spin contamination in the solution of the CCSD
equations.109–112 Full atomic symmetry was imposed in cal-
culations on the atomic asymptotes. This matches the proce-
dure normally followed in our thermochemical studies. With
the CCSD(T)-F12 reference set, it was not possible to im-
pose full atomic symmetry on the atoms. For small molecules,
such as the ones considered in this study, the differences in the
magnitude of the atomization energies are small. However, all
comparisons will be made using similarly treated atoms, i.e.,
with the standard reference set the atoms will be symmetry
equivalenced and with the F12b set they are not equivalenced.

B. Reference values from explicitly correlated
CCSD(T)-F12b

In addition to the large reference group of molecules
treated with the standard CCSD(T) method, atomization ener-
gies were also compiled for a second set of 51 representative
first and second row molecules with the explicitly correlated
CCSD(T)-F12b method.8, 11 For this purpose we used the very
large orbital basis sets recently reported by Hill et al.80 and
used in a subsequent calibration study of hydrocarbons.98 It
constitutes a subset of the list of molecules in Table I. Care-
ful attention was paid to the F12 orbital basis sets with the
goal of approximating the CBS limit as closely as possible.
The (s, p) portion of the basis sets was taken from the corre-
lation consistent aV6Z basis set, which includes contractions
of (17s, 11p) → [8s, 7p] (B–F) and (22s, 15p) → [9s, 8p]
(Al–Cl). Higher angular momentum even-tempered Gaussian
primitives, with exponents optimized in explicitly correlated
MP2 calculations on the atoms, were added in an attempt to
saturate each l space. The final sets consisted of (9d, 9f, 8g,
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FIG. 3. Convergence of the CO2 CCSD(T)-F12b atomization energy
(kcal/mol) as a function of the maximum angular momentum (�max) in the
orbital basis set (�max).

7h) (B–F) and (12d, 10f, 8g, 6h) (Al–Cl). Figure 3 shows the
convergence of the CO2 atomization energy as a function of
�max with the CCSD(T)-F12b method. The basis sets just de-
scribed were used to estimate the CCSD component of the
CCSD(T) energy. The noniterative triples portion of the en-
ergy was obtained from standard CCSD(T) calculations car-
ried out with basis sets further augmented with a group of four
i-type functions. Software limitations, which are discussed
below, prevented the inclusion of i-type functions in the F12
orbital basis sets.

The CCSD(T)-F12b method is more computationally
complex than standard CCSD(T). While much of the com-
plexity can be hidden from the user by reasonable program
defaults, it cannot be completely ignored in studies that push
the theory to its limits. Besides the normal orbital basis set,
the F12 method requires a complementary auxiliary basis set
(CABS) for the resolution of the identity step and two den-
sity fitting (DF) basis sets for the Fock Coulomb and ex-
change matrices, as well as for other 2-electron integrals. De-
tails of the DF auxiliary and MP2 basis sets, used for all
integrals needed in F12 except the coulomb and exchange
matrices, are given in the work of Hill et al.80 Inclusion of
i-type functions in the F12 orbital basis set would have re-
quired the presence of k-type functions in the auxiliary ba-
sis sets. MOLPRO does not currently support k-type functions.
Studies of DF-MP2 theory indicate that truncating the angular
momentum space of the auxiliary basis set can lead to over-
estimation of the correlation energy.113 Unlike the reference
values derived from standard CCSD(T), the F12b reference
values do not involve any extrapolation. Reference Hartree-
Fock energies for this portion of our study included a CABS-
singles correction.8, 10 As previously mentioned, all energies
were evaluated at CCSD(T)(CV)/cc-pCVQZ optimized ge-
ometries.

For the present study the 3C(FIX) ansatz was used in
combination with a geminal exponent (β) of 1.4 in order to
maintain consistency with the reference data previously re-
ported by Hill and Peterson.80 We chose not to use energy-
optimized β values since as discussed previously80 this leads
to values that are much larger than those obtained at the MP2-

F12 level of theory, and these were deemed unphysical. This
was confirmed in the present work for both CO2 and O3,
where the optimal CCSD-F12b β values were found to be
close to 2.4. A value this large resulted in correlation energies
0.4−0.5 mEh lower than were obtained with β = 1.4. The
impacts on the atomization energy, however, were negligible
(∼0.03 kcal/mol) in both cases. Werner et al. recently warned
about the undesirability of optimizing geminal exponents in
CCSD(T)-F12b due to the inclusion of an approximate La-
grangian that is used to compute the energy.114

The uncertainty in the reference values derived from stan-
dard CCSD(T) have already been discussed. We now turn our
attention to estimating the uncertainty in the F12 reference
set of atomization energies. Due to the increased complexity
of the F12 method, it presents additional challenges when try-
ing to gauge the accuracy. The absolute accuracy of the F12b
CCSD total energies for a set of 7 small molecules was esti-
mated by Hill et al. to be on the order of 0.2 to 0.3 mEh (0.13
to 0.19 kcal/mol) relative to the CBS limit.80 If the errors in
the atomic asymptotes were negligibly small, we could there-
fore expect the F12 atomization energies to possess a similar
accuracy. However, it seems likely that some cancellation of
error occurs. The differences between F12a and F12b correla-
tion energies may provide some clue about the absolute accu-
racy of the F12b reference energies. In the limit of a complete
orbital basis, the two methods are expected to yield the same
energy. Hill et al. noted that despite the use of very large ref-
erence basis sets they found energy differences of more than
1 mEh. For example, for CO2 the F12a–F12b difference is
2.3 mEh. It is unknown whether the true basis set limit lies
between the F12a and F12b values. While this may provide
some insight on the absolute accuracy, it tells us little about
any cancellation of error.

Although the focus in the present work is on energy
differences, we briefly examined the accuracy of the F12b
correlation energies for a few closed shell chemical systems.
A comparison of reference F12b and large basis set CCSD(T)
values is presented in Table III. The CCSD/CBS estimates
were based on separate extrapolations of the singlet and triplet
pair energies using 1/�max

3 and 1/�max
5 formulas, respectively.

The (T)/CBS component was handled with a 1/�max
3 extrap-

olation. All standard method energies explicitly included the
contributions of k-type and l-type basis functions. For the four
diatomic molecules in Table III, the F12b method consistently
produces larger CCSD correlation energies than those ob-
tained from extrapolations of the standard method and smaller
(T) energies. Thus, differences between standard CCSD(T)
and CCSD(T)-F12b partially cancel. This behavior has been
observed in several other systems that are not included in the
table for the sake of brevity. In the worse cases, the differ-
ences in the CCSD correlation energies amounted to 0.40 to
0.55 mEh. Due to the difficulty of achieving unequivocal ac-
curacy in the correlation energies to better than 0.2 mEh, it is
difficult to draw unassailable conclusions about which values
are more accurate. In the case of the Ne (1S) atom, where
Barnes et al. reported a CCSD correlation energy of −315.64
± 0.02 mEh,115 the V7Z/V8Z extrapolation produces a value
of −315.72 mEh, a difference of −0.08 mEh, while the
F12b reference value80 is −315.60 mEh, a difference of
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TABLE III. Comparison of F12b reference correlation energies and standard CCSD(T) values.a

C2 (1
g
+)

Singlet pair Ecorr.
CCSD Triplet pair Ecorr.

CCSD CCSD/CBS
Basis setsb Computedc 1/�max

3 Computedc 1/�max
5 Ecorr.

AV7Z, aV8Z −0.283175 −0.283742 −0.083551 −0.083581 −0.367323
F12b ref. value −0.367438

(T) (T)/CBS
Basis setsb Computedc 1/�max

3

aV7Z, aV8Z −0.036048 −0.036113
F12b ref. value −0.036020

N2 (1
g
+)

Singlet pair Ecorr. Triplet pair Ecorr. CCSD/CBS
Basis setsb Computedc 1/�max

3 Computedc 1/�max
5 Computedc

aV7Z,aV8Z −0.280741 −0.281892 −0.125508 −0.125559 −0.407451
F12b ref. valued −0.40750

(T) (T)/CBS
Basis setsb Computedc 1/�max

3

aV7Z, aV8Z −0.021256 −0.021335
F12b ref. valued −0.02119

F2 (1
g
+)

Singlet pair Ecorr. Triplet pair Ecorr. CCSD/CBS
Basis setsb Computedc 1/�max

3 Computedc 1/�max
5 Computedc

aV7Z, aV8Z −0.411239 −0.413956 −0.186800 −0.186914 −0.600870
F12b ref. valued −0.60127

(T) (T)/CBS
Basis setsb Computedc 1/�max

3

aV7Z, aV8Z −0.022752 −0.022889
F12b ref. valued −0.02274

Cl2 (1
g
+)

Singlet pair Ecorr. Triplet pair Ecorr.

Basis setsb Computedc 1/�max
3 Computedc 1/�max

5 Computedc

aV7Z, aV8Z −0.327905 −0.330031 −0.142795 −0.142821 −0.472852
F12b ref. value −0.473397

(T) (T)/CBS
Basis setsb Computedc 1/�max

3

aV7Z, aV8Z −0.023840 −0.024011
F12b ref. value −0.023708

aThe F12b reference energies were obtained with the large basis sets discussed in the text.
bBasis sets used in the CBS extrapolation.
cRaw value obtained with the largest basis set in this group.
dValue quoted in Hill et al. found in Ref. 80.

+0.04 mEh. The earlier discussion of the sensitivity of the to-
tal energy to the choice of geminal exponent suggests that the
use of optimized β values, which is not recommended, would
increase the differences between F12 and standard CCSD
values.

Our admittedly limited evidence suggests that the F12b
reference energies may somewhat overshoot the CBS limit
and lead to atomization energies that are somewhat larger
than the values obtained from the standard method. Future
work with even larger basis sets and shorter extrapolations
could lead to more definitive conclusions. Based on the infor-
mation on hand, we tentatively assign a crude uncertainty of
∼0.1 kcal/mol to the F12b reference atomization energies.

IV. RESULTS AND DISCUSSION

A. Separability of the Hartree-Fock
and correlation components

It has been our practice to apply CBS extrapolation for-
mulas (2)–(5) to the total CCSD(T) energy rather than per-
form separate extrapolations of the HF and correlation en-
ergy components. This choice was motivated by the belief that
decreases in the CCSD(T) energy accompanying improve-
ments in the basis set were dominated by the change in the
correlation energy, at least for basis sets of aV5Z quality or
better. Anecdotal evidence suggests that separate extrapola-
tions of the HF and correlation components typically leads to
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negligible differences in atomization energies using the aver-
age of multiple methods.16, 65, 98 For example, a difference of
only 0.07 kcal/mol was noted for the dissociation energy of C2

with the aVTQ5Z basis set combination, an amount consid-
erably smaller than several other sources of error. For larger
molecules occasional instances were found where separate
extrapolations led to differences on the order of 0.5 kcal/mol
with the aVQZ basis set, but again other sources of error in
the calculation were much larger.

Among the extrapolation formulas examined in detail in
this study, only the Schwenke formulas inherently separate
the HF and correlation energies. Many researchers perform
separate extrapolations of the HF and correlation components
when using Eq. (5), (1/�max

3), which was intended strictly for
the correlation energy. Other protocols for high accuracy ther-
mochemistry, such as the Wn models, estimate the HF/CBS
energy with a variety of formulas. W1, W2, and W3 used
ECBS + B/�max

5, whereas W4 used a formula to be discussed
below.18–20 The HEAT model22 extrapolates the HF energy
with an exponential. However, in a recent HEAT paper24 it
was noted, “in fact, it seems that there is little point in doing
extrapolations of the HF-SCF energy at all.” Following a sug-
gestion by Halkier et al.116 the ccCA model25, 117 and the G4
model chemistry85 used a linearized exponential E(n) = ECBS

+ Be−1.63n for estimating the HF limit. The Halkier et al. ex-
ponent was derived from a study of nine first row diatomic
molecules for which numerical HF energies were available.
Martin and Taylor56 examined a three parameter expression
of the form A + B/(�max + 1/2)x and a two parameter func-
tion of the form A + B/(�max + 1/2)−5. We find that, as with
the correlation component, there is a general lack of consen-
sus on how best to handle the HF energy, despite the relative
ease of approaching within 1 kcal/mol via direct calculation.
For example, in CO2 the aVQZ basis set yields an atomization
energy within ∼0.1 kcal/mol of the HF limit, without recourse
to extrapolation.

A re-examination of this issue was undertaken in the
present study using the 51 molecule F12 reference set. Two
formulas were chosen for extrapolating the HF energy. The
first was the three parameter exponential, given by Eq. (2).
The second was a two parameter formula recommended by
Karton and Martin,118

E (�max) = ESCF (CBS) + A (�max + 1) e−B
√

�max, (15)

where B = 7 for TQ and B = 9 for Q5 and 56 combinations.
Strictly speaking, Karton and Martin only proposed B = 9 for
the Q5 and 56 combinations, but we adopted B = 7 from the
data in their Table I. Both B values were determined from an
analysis of numerical HF energies for 42 diatomic molecules
published by Jensen.119 The Karton and Martin formula is a
variation on a three parameter formula originally suggested
by Jensen,120

E (�max, n(s)) = ESCF (CBS) + A (�max + 1) e−B
√

n(s),

(16)
where B is now an adjustable parameter and n(s) is the num-
ber of s-type functions in the basis set. Jensen also discussed
the possibility of fixing B at some reasonable value and turn-
ing Eq. (16) into a two parameter fit. Jensen’s work, in turn,

was preceded by work on the hydrogen atom by Klopper and
Kutzelnigg in which they described the Gaussian basis set
convergence of the SCF energy to the exact value with the
expression,

E (n) = ESCF (CBS) + Ae−B
√

n, (17)

where n is the number of s functions. Zhong et al. recom-
mended Eq. (15) with B = 6.30 and their newly developed
nZAP basis sets, which are designed to converge systemati-
cally for both SCF and correlation energies.121

Neese and Valeev found that the SCF piece of the en-
ergy was surprisingly more difficult to handle than the correla-
tion piece.122 They adopted the same basic formula described
above, but fitted B for every pair of basis sets. Very recently,
Bischoff and Valeev proposed a multiresolution finite element
technique for solving the SCF equations to a guaranteed pre-
cision of 1 μEh for systems up to 14 electrons.123

Among the four simple functional forms examined
here (Eqs. (2)–(5)) the only one to show any notable ef-
fect from separate extrapolations of the HF and corre-
lation pieces was the 1/�max

3 formula. In Table IV the
impact of separate extrapolations is shown for combina-
tions of 1/�max

3 and 1/(�max + 1/2)4 for Ecorr with the
Karton/Martin and exponential functions for EHF. The statis-
tical errors (εMSD, εMAD, εSTDEV) for the 1/�max

3 formula are
cut roughly in half with the (aVDTQ) and (aVTQ5) basis set
combinations. The amount by which the 1/�max

3 formula typ-
ically overestimates the true CBS atomization limit is greatly
reduced. Clearly, this expression does a particularly poor job
of describing the HF basis set convergence. There is also a re-
duction for the (aVQ56) combination, but is statistically ques-
tionable in light of the ±0.1 kcal/mol uncertainty in the F12
reference values. With the 1/(�max + 1/2)4 formula there is
no clear improvement for any of the basis set combinations.
The same is true for the exponential and mixed formulas. If
the analysis is expanded to the larger standard method refer-
ence set, the impact of separate extrapolations was found to
be similar to what was observed with the F12 reference set, as
will be discussed in a subsequent section.

These findings reflect the relatively minor role played by
the HF energy in CCSD(T) basis set extrapolations. If we fo-
cused exclusively on HF atomization energies, we can use
HF energies obtained with the reference basis sets augmented
with the CABS-singles corrections. In this context, we find
that the exp(aVDTQ) estimates yield εMSD, εMAD, and εSTDEV

values that are ∼0.2 kcal/mol larger than the mixed, Kar-
ton/Martin or Schwenke values. Errors of this magnitude are
small compared to the uncertainty inherent in CCSD(T)/CBS
estimates with basis sets of this size. When larger basis sets
are used, all of the extrapolation methods produce HF atom-
ization error metrics that fall within 0.05 kcal/mol of the ref-
erence values.

Overall, the Karton and Martin Hartree-Fock formula
was not found to provide any significant advantage over the
exponential function for atomization energies in this collec-
tion of molecules. High absolute accuracy in the HF ener-
gies is not a prerequisite for achieving accuracy in the at-
omization energies. We only require that the error in the
HF component be significantly smaller than the error in the

Downloaded 09 Jun 2012 to 128.118.88.243. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



044102-12 Feller, Peterson, and Hill J. Chem. Phys. 135, 044102 (2011)

TABLE IV. Impact of separate HF/correlation CBS extrapolations on CCSD(T) atomization energies.a

Extrapolation method(s)
Correlation HF Basis Max. pos. Max. neg. MSD MAD STDEV

1/�max
3 K/Mb (aVDTQ) 0.86 −0.58 0.31 0.35 0.40

Exponential 0.92 −1.55 0.05 0.28 0.38
Combinedc 1.35 −0.05 0.60 0.60 0.65

K/Mb (aVTQ5) 0.49 −0.07 0.13 0.14 0.18
Exponential 0.51 −0.17 0.12 0.14 0.19
Combinedc 0.68 −0.08 0.23 0.23 0.28

K/Mb (aVQ56) 0.15 −0.03 0.03 0.04 0.05
Exponential 0.19 −0.04 0.04 0.05 0.06
Combinedc 0.41 −0.01 0.09 0.09 0.12

1/(�max + 1/2)4 K/Mb (aVDTQ) 0.44 −1.54 − 0.17 0.27 0.37
Exponential 0.14 −0.53 − 0.12 0.14 0.63
Combinedc 0.78 −0.86 0.03 0.21 0.26

K/Mb (aVTQ5) 0.11 −0.50 − 0.11 0.13 0.18
Exponential 0.14 −0.53 − 0.12 0.14 0.19
Combinedc 0.24 −0.43 − 0.05 0.10 0.14

K/Mb (aVQ56) 0.01 −0.26 − 0.10 0.10 0.12
Exponential 0.03 −0.24 − 0.09 0.09 0.11
Combinedc 0.07 −0.22 − 0.06 0.07 0.09

aBased on the 51 molecules in the F12 reference set. Max. pos. = maximum positive deviation. Max. neg. = maximum negative deviation. MSD = mean signed deviation. MAD =
mean absolute deviation. STDEV = standard deviation.
bK/M = Karton/Martin formula given in Ref. 118.
cCombined – the total CCSD(T) energies (Hartree-Fock and correlation energies) were extrapolated with the indicated correlation formula.

electron correlation component, a goal that is relatively easy
to achieve given the difference in their respective convergence
rates. The present findings are consistent with the atomization
energy results reported in Jensen’s 2005 study120 with correla-
tion consistent basis sets but differ somewhat from the much
earlier study by Martin and Taylor who found improved re-
sults when using separate extrapolations for the SCF and cor-
relation components.56 The Martin-Taylor work used differ-
ent formulas than were considered here.

B. Statistical results utilizing the standard
method reference set

The results of a statistical comparison based on the
141 member standard method reference set are presented in
Table V. A graphical representation of these findings can be
found in Figure 4. The CBS estimates were measured with
respect to reference values obtained from basis sets that were
at least one level higher in quality. For instance, an aVQ56Z
extrapolation, which we will denote as CBS(aV6Z), would
only be compared to a reference value obtained from at least
an aV7Z basis set. As mentioned previously, while we some-
times refer to a three basis set combination, such as aVQ56Z,
in the case of two parameter fits only the largest two sets were
used. Before discussing the details of the analysis, several
general observations will be made. First, at every basis set
level even the least accurate formula yielded results roughly
equivalent to raw values from the next higher level basis set,
i.e., CBSworst(aVnZ) ≈ raw(aV(n + 1)Z). For example, the
1/�max

3 CBS(aVQZ) MAD value of 0.78 kcal/mol compares
to a raw(aV5Z) MAD of 1.02 kcal/mol. The practical con-
sequences of this are apparent when one considers that the
computational cost of CCSD(T) scales as steeply as n2N4Nit

(with a single n3N4 step), where n, N, and Nit are the number
of occupied and unoccupied molecular orbitals and the num-
ber of CCSD iterations. Thus, for a fixed molecule CCSD(T)
scales as N4 with respect to the size of the basis set. The best
performing extrapolation formulas produce results that are
superior to the raw results from basis sets two levels higher,
i.e., CBSbest(aVnZ) was better than raw(aV(n + 2)Z). Second,
as the basis sets improve in quality all error metrics for the
best formulas uniformly approach zero. Among the poorer
performing formulas there were instances where some of the
metrics increased slightly despite a step up in basis set quality.

Table V and Figure 4 illustrate the point that no sin-
gle formula is optimal in all cases. Among the choices ex-
amined in detail, the mixed Gaussian/exponential formula
proved most accurate with the small aVDTQZ basis set com-
bination, but the 1/(�max + 1/2)4 and 5-formula average were
only slightly (∼0.05 kcal/mol) worse. Recall that the esti-
mated uncertainty in the standard method reference values
is on the order of ±0.05 kcal/mol. For the aVDTQZ com-
bination the exponential and 1/�max

3 formulas displayed the
largest errors, at least when the latter was used on total en-
ergies. However, when the Hartree-Fock energy is extrapo-
lated separately from the CCSD(T) correlation energy, the
1/�max

3 formula does much better, roughly matching the ac-
curacy of the Schwenke method. The values corresponding
to separate extrapolations of the Hartree-Fock and correlation
energies are listed in parentheses in Table V. As discussed in
Sec. III A dealing with the F12 reference set, separate extrap-
olations roughly cut the 1/�max

3 error metrics in half.
The poor performance of the exponential comes as

no surprise, since its tendency to underestimate the im-
portance of higher angular momentum functions beyond
�max = 4 is well known, as reflected in a MSD of
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TABLE V. CBS performance statistics of atomization energies obtained relative to the standard CCSD(T) reference set (kcal/mol).a

Basis sets Formula Max. pos. Max. neg. MSD MAD STDEV

aVDTQZ Exp. 2.94 −2.75 −0.43 0.57 0.80
Mixed 1.77 −1.27 0.12 0.27 0.39

1/(�max + 1/2)4 1.76 −0.84 0.20 0.33 0.44
1/�max

3 3.15 (2.51)b −0.53 (−1.45) 0.83 (0.38) 0.84 (0.50) 1.06 (0.67)
Schwenke 1.77 −1.43 0.33 0.46 0.60
Average 2.05 −1.17 0.22 0.33 0.45

aVTQ5Z Exp. 0.21 −1.94 −0.53 0.53 0.67
Mixed 0.09 −1.13 −0.31 0.31 0.38

1/(�max + 1/2)4 0.49 −0.47 −0.01 0.11 0.15
1/�max

3 1.26 (0.81) −0.10 (−0.77) 0.30 (0.12) 0.30 (0.16) 0.38 (0.22)
Schwenke 0.53 −0.91 −0.04 0.13 0.19
Average 0.92 −0.72 −0.11 0.16 0.23

aVQ56Z Exp. 0.08 −0.79 −0.21 0.21 0.26
Mixed 0.00 −0.80 −0.22 0.22 0.26

1/(�max + 1/2)4 0.49 −0.13 0.02 0.05 0.08
1/�max

3 0.90 (0.91) 0.00 (−0.58) 0.18 (0.09) 0.18 (0.11) 0.23 (0.17)
Schwenke 0.75 −0.62 0.03 0.08 0.14
Average 0.42 −0.22 −0.04 0.07 0.10

aV567Z Exp. 0.12 −0.23 −0.01 0.06 0.08
Mixed 0.05 −0.22 −0.09 0.10 0.13

1/(�max + 1/2)4 0.18 −0.03 0.06 0.06 0.08
1/�max

3 0.27 (0.29) 0.00 (−0.15) 0.12 (0.11) 0.12 (0.12) 0.14 (0.14)
Average 0.27 −0.09 0.02 0.04 0.07

Combined Exp. −0.37 0.42 0.61
Mixed −0.12 0.26 0.34

1/(�max + 1/2)4 0.07 0.16 0.27
1/�max

3 0.43 (0.20) 0.43 (0.26) 0.66 (0.42)
Schwenke 0.11 0.24 0.39
Average 0.03 0.18 0.29

aBased on the 141 member reference set. Max. pos. = maximum positive deviation (CBS extrapolated value is larger than the reference value). Max. neg. = largest magnitude negative
deviation (CBS extrapolated value is smaller than the reference value). MSD = mean signed deviation. MAD = mean absolute deviation. STDEV = standard deviation. The reference
set was based on the average of the available formulas obtained with the largest available basis sets. Unless otherwise noted, all of the CBS extrapolations were applied to the total
CCSD(T) energies, except the Schwenke formula. The “Combined” values were based on the cumulative statistics for basis set combinations aVDTQZ through aV567Z.
bValues in parentheses are based on separate extrapolations of the Hartree-Fock and correlation energies. The Hartree-Fock extrapolation was performed with the Karton/Martin
formula found in Ref. 118. An exponential function produced very similar results.

−0.43 kcal/mol. On the other hand, the 1/�max
3 formula tends

to overestimate contributions from higher angular momentum
functions, even if separate extrapolations are employed (MSD
= 0.38 kcal/mol). The significance of Table V and Figure 4
is they provide for the first time a quantitative measure of
the variations in extrapolation performance for a sizable sam-
ple set and across a wide range of basis sets. With the large
aV567Z combination of basis sets all of the formulas are
closely grouped. The difference between the 1/�max

3 values
based on total energies and separate Hartree-Fock and corre-
lation energies is negligible. Even with the slightly smaller
aVQ56Z combination this difference is approaching the point
where it is statistically questionable. The exponential and
mixed formulas often underestimate the CBS limit while the
�max formulas err on the opposite side, in a manner similar to
the situation depicted in Figure 2 for CO2. Balancing these
competing errors, which are most pronounced for smaller ba-
sis sets is what first suggested the use of an average.

For thermochemical studies it has been our practice to ap-
ply a single, consistent CBS extrapolation technique across all
basis sets and molecules, in order to gauge the stability of the
values. We tended to avoid switching formulas for different

situations. Therefore, it was of interest to examine the cumu-
lative statistics across all basis sets. We find that the 1/(�max

+ 1/2)4 and 5-formula average provide the smallest mea-
sures of error (εMAD ∼0.17, εSTNDV ∼0.27 kcal/mol) on the
basis of 417 comparisons. The largest combined errors were
found with the exponential and the 1/�max

3 formulas, where
εMAD was more than twice as large as in the best cases. The
Schwenke and mixed formulas fell somewhere in the middle.
These results are insensitive to the choice of formula used in
defining the reference values. Switching the reference values
from the 5-formula average to the 1/(�max + 1/2)4 formula
produced shifts in the numerical values of the error metrics
by just 0.02–0.04 kcal/mol.

While the extrapolation formulas were found to be very
effective in general at reducing the one-particle truncation er-
ror, several instances were found where the extrapolated at-
omization energies overshot the CBS limit by more than the
raw value obtained with the largest basis set undershot the
limit. We refer to such situations as “failures” of the methods.
Figure 5 shows the number of failures for each extrapolation
technique where a threshold of 0.05 kcal/mol was used to de-
fine a “failure.” Most of the failures amounted to less than 0.1
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FIG. 4. Convergence of the CCSD(T)/CBS extrapolation statistics as a function of the basis set quality for the large standard method reference set. The 1/�max
3

(2) values were obtained by separately extrapolating the Hartree-Fock and correlation energies. All other values, except those labeled Schwenke, correspond to
extrapolation of the total CCSD(T) energies.

kcal/mol, but in two of the cases the error slightly exceeded
1 kcal/mol. Both cases involved the exponential function and
the aVDTQZ basis set combination with molecules contain-
ing the Zn atom. The cause for this anomaly was traced back
to the aVDZ basis set for Zn which produced energies that
were in some sense much better than is normally seen with
a double zeta set. In fact, the aVDZ basis set for Zn was ac-
tually derived from the aVTZ set mainly by contracting the
2f set to 1f using atomic natural orbital coefficients.124 This
caused the aVDZ → aVTZ energy difference to be similar in
magnitude to the aVTZ → aVQZ energy differences which in
turn caused the exponential extrapolation to overestimate the

CBS limit by several millihartrees. With larger basis sets this
anomalous behavior disappeared.

As mentioned earlier, the W4 thermochemical model
of Karton et al.20 decomposes the CCSD(T) extrapolation
into four separate pieces (SCF, CCSD singlet pair, CCSD
triplet pair, and (T)). In accord with most high accuracy
computational strategies, the complete W4 method includes
additional corrections to account for core/valence correla-
tion, scalar relativistic and higher order correlation effects.
The largest correlation contributions to the atomization en-
ergy come from the CCSD singlet pair and (T) compo-
nents. Because W4 uses a 1/�max

3 formula for both, it
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FIG. 5. Number of instances in which the CBS extrapolation error, measured with respect to the best available values, exceeds the error in the raw result by
more than 0.05 kcal/mol.

seems plausible that W4 might mimic the error statistics as-
sociated with the 1/�max

3(aVQ56Z) formula, whose results
are found in Table V. W4 utilizes a mixture of basis sets
that include cc-pVnZ (H), aug-cc-pVnZ (B–F), and aug-cc-
pV(n + d)Z (Al–Cl), with the SCF, singlet and triplet pair
energies handled by the aV5Z/aV6Z combination and the (T)
component handled by a smaller aVQZ/aV5Z combination.

As already mentioned, the 1/�max
3(avQ56Z) formula

tends to overestimate the reference values. It has a mean
signed error of 0.18 kcal/mol (extrapolation on the total en-
ergy) or 0.09 kcal/mol (separately extrapolating the SCF
and correlation energies). However, Karton et al. reported
very high levels of agreement between W4 atomization en-
ergies and experimental/theoretical values taken from the ac-
tive thermochemical tables (ATcT).20, 125 For a collection of
25 small first and second row molecules the RMS error was
0.09 kcal/mol (MAD = 0.07 kcal/mol). The authors actu-
ally examined 26 systems, but one of them (ClCN) displayed
a significantly larger error and the ATcT value for it was
largely based on older theoretical numbers. If ClCN is in-
cluded in the statistics, the RMS increased to 0.15 kcal/mol
and MAD to 0.09. The mean signed deviation for W4 was a
scant −0.04 kcal/mol, indicative of very little systematic bias.
Karton et al.20 also reported that including “W3 species” and
older experimental data in the statistics, but continuing to ex-
clude ClCN, yielded RMS and MAD values of 0.10 kcal/mol.
Although the CCSD(T)(FC)/CBS energy is the largest sin-
gle piece of the multi-component W4 method, the associ-
ated error may not be the largest source of error in the final
atomization energies. Unless there is a systematic cancella-
tion of error, the high level of agreement with ATcT values
would appear to imply an accuracy in the CCSD(T)(FC)/CBS
piece of no more than ±0.1 kcal/mol. Here, we are as-
suming the quoted uncertainties in the ATcT values (εMAD

= 0.05 kcal/mol) are accurate.

In an effort to understand these differences, W4
CCSD(T)/CBS values were obtained for a collection of 42
molecules chosen from the standard method reference set of
this study. All of the molecules found in Table VI of the
W4 paper were included in this comparison.20 W4 uses two
slightly different open shell coupled cluster methods, one for
the singlet/triplet pair extrapolation and another for the (T)
extrapolation. For the sake of simplicity and to make for a
more direct comparison with the reference data, we have cho-
sen to use the R/UCCSD definition in MOLPRO for both parts.
We have also chosen to use symmetry equivalenced atomic
asymptotes, in order to better match the reference set. These
changes resulted in small increases (several hundredths of a
kcal/mol) compared to the data for 30 molecules listed in
the W4 paper. All calculations were performed at the opti-
mal CCSD(T)(FC)/VQZ geometries, as specified in the W4
protocol. We will refer to these results as “W4-like.”

As expected, the W4-like atomization statistics
closely track the 1/�max

3(avQ56Z) statistics, with εMSD

= 0.15 kcal/mol (W4) compared to 0.11 kcal/mol (1/�max
3)

with separate HF and correlation extrapolations, reflecting
the same systematic bias towards overshooting our best
estimates of the limit. The largest observed overestimation
of the CBS limit was 0.5 kcal/mol. Expanding the 1/�max

3

statistics to the entire 141 molecule reference set increases
εMSD to 0.20 kcal/mol. Consequently, we tentatively assume
the same would be true of the W4-like statistics. Offsetting
this tendency to overestimate the CBS limit is the omission of
two corrections in the W4 procedure that are included in the
more computationally demanding W4.2 and W4.3 models.
These include a consideration of higher order core/valence
correlation effects and an improved accounting of higher
order valence correlation. The magnitude of both corrections
varies considerably from molecule to molecule, but in general
both tend to increase the atomization energy. While many
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TABLE VI. CBS performance statistics obtained relative to the Explicitly
correlated CCSD(T) reference set (kcal/mol).a

Basis sets Formula Max. pos. Max. neg. MSD MAD STDEV

aVDTQZ Exp. 0.36 −2.27 − 0.42 0.45 0.61
Mixed 0.72 −1.02 − 0.01 0.18 0.26

1/(�max + 1/2)4 0.78 −0.86 0.02 0.20 0.26
1/�max

3 1.35 NA 0.59 0.59 0.65
Schwenke 0.83 −0.64 0.26 0.31 0.36
Average 0.77 −0.88 0.09 0.20 0.27

aVTQ5Z Exp. 0.01 −1.31 − 0.47 0.47 0.55
Mixed 0.05 −0.84 − 0.31 0.31 0.38

1/(�max + 1/2)4 0.24 −0.43 − 0.05 0.10 0.14
1/�max

3 0.68 −0.08 0.22 0.23 0.28
Schwenke 0.27 −0.29 − 0.01 0.09 0.11
Average 0.17 −0.54 − 0.12 0.15 0.19

aVQ56Z Exp. NA −0.74 − 0.28 0.28 0.32
Mixed NA −0.62 − 0.27 0.27 0.31

1/(�max + 1/2)4 0.07 −0.22 − 0.06 0.07 0.09
1/�max

3 0.41 −0.01 0.08 0.09 0.12
Schwenke 0.08 −0.09 − 0.01 0.03 0.04
Average 0.02 −0.30 − 0.11 0.11 0.13

aBased on the 51 member reference set. Max. pos. = maximum positive deviation (CBS
extrapolated value is larger than the reference value). Max. neg. = largest magnitude
negative deviation (CBS extrapolated value is smaller than the reference value). NA
indicates that no deviations of that type were found. MAD = mean absolute devia-
tion. STDEV = standard deviation. The reference set was based on very large basis set
CCSD(T)-F12b calculations and did not involve any extrapolation. All of the CBS ex-
trapolations were applied to the total CCSD(T) energies, except the Schwenke formula.

of the higher order core/valence corrections for the W4 set
of molecules are negligible (<0.05 kcal/mol), examples
of some that are not include: 0.11 (B2), 0.13 (O3 triples
only), 0.27 (C2), 0.24 (BN), and 0.07 (CO2), all in kcal/mol.
These values are taken from the columns labeled “MOLPRO

��[T3-(T)]” and “��(Q)” in Table IV of the W4 paper
and from our own calculations. If instead of the MOLPRO

��[T3-(T)] column entries, we used the ACES ��[T3-(T)]
entries (many of which are negative) there would be some
cancellation with the positive ��(Q) corrections. The effect
of improved accounting of valence correlation energy, taken
as the difference between W4.2 and W4.3, is also generally
small. However, some corrections are non-negligible, such
as: 0.07 (Cl2), 0.07 (SO), 0.10 (F2), 0.08 (CS), and 0.10
(PH3), all values in kcal/mol. For particularly problematic
molecules, we have seen corrections to CCSDTQ atomization
energies as large as 0.37 kcal/mol obtained from explicit
FCI calculations. In W4.3, where both corrections discussed
above are included, the model overestimates the ATcT
atomization energies in 10 out of 13 comparisons. Thus,
it seems possible that the level of agreement between W4
and ATcT or other experimental values is partially due to a
fortuitous cancellation of errors.

C. Statistical results from the explicitly correlated
method reference set

Table VI contains the results of a statistical analysis based
on the F12b reference set. As already discussed, this refer-
ence set was created without reliance on extrapolation for-
mulas. While the numerical values differ somewhat from the
values presented in Table V, the overall picture that emerges

TABLE VII. Raw CCSD(T)-F12b and F12b/CBS performance statis-
tics obtained relative to the explicitly correlated CCSD(T) reference set
(kcal/mol).a

Basis set Formula Max. pos. Max. neg. MSD MAD STDEV

VDZ-F12 None 0.08 −4.73 −2.27 2.27 2.53
VTZ-F12 None NA −1.74 −0.88 0.88 0.96
VQZ-F12 None NA −0.61 −0.28 0.28 0.31
VDTZ-F12 Hill et al. 0.29 −1.76 −0.34 0.37 0.53
VTQZ-F12 Hill et al. 0.19 −0.13 0.01 0.06 0.06

aBased on the 51-member reference set. Max. pos. = maximum positive deviation (CBS
extrapolated value is larger than the reference value). Max. neg. = largest magnitude
negative deviation (CBS extrapolated value is smaller than the reference value). NA
indicates that no deviations of that type were found. MAD = mean absolute devia-
tion. STDEV = standard deviation. The reference set was based on very large basis
set CCSD(T)-F12b calculations and did not involve any extrapolation. Hill et al. of
Ref. 80.

is quite similar. Recall that the estimated uncertainty in the
F12b reference values is on the order of ±0.1 kcal/mol. For
small basis set combinations, the mixed formula displayed the
best performance by a very small margin over the 1/(�max +
1/2)4 and 5-formula average, with εMAD = 0.18 and εSTDEV

= 0.26 kcal/mol. These findings are in semi-quantitative
agreement with the standard method reference set results,
where εMAD = 0.26 and εSTDEV = 0.37 kcal/mol. The ex-
ponential and 1/�max

3 formulas displayed significantly larger
errors, with the Schwenke formula falling somewhere in be-
tween.

With the aVTQ5Z basis set combination, the 1/(�max

+ 1/2)4 and Schwenke formulas generated the smallest er-
ror metrics, with the errors for the 5-formula average coming
in only slightly larger. Finally, with the large aVQ56Z com-
bination, the Schwenke formula errors were roughly half the
size of the 1/(�max + 1/2)4 and 5-formula average, but the
differences among all formulas were below the ±0.1 thresh-
old at which they are likely to be significant. With the stan-
dard method reference set results in Table V, the Schwenke,
1/(�max + 1/2)4 and 5-formula average gave more-or-less
equivalent statistics. The aVQ56Z standard method and F12b
reference sets also differ on the relative performance of the
1/�max

3 formula, which fares significantly better with the ex-
plicitly correlated reference set. However, even with the F12b
reference set, the 1/�max

3 formula exhibits a large maximum
positive error of 0.4 kcal/mol.

Newly developed CCSD(T)-F12b/CBS extrapolation for-
mulas were also tested on the 51-member reference set. Recall
that the extrapolation coefficients of Hill et al. were optimized
for a subset of the molecules in this reference set.80 The re-
sults are shown in Table VII. Relative to the raw CCSD(T)
results in Table II for the 141 member reference set, the raw
CCSD(T)-F12b/VDZ-F12 atomization energies are roughly
comparable to standard CCSD(T)/aVQZ values. At the high
end, the raw CCSD(T)-F12b/VQZ-F12 level of theory yields
a MAD comparable to CCSD(T)/aV7Z. These findings are
consistent with the findings reported in an earlier study that
was limited to hydrocarbons.98 CBS extrapolation with the
VDTZ-F12 basis set combination cuts the MSD, MAD, and
standard deviation by a factor of two, but the maximum neg-
ative error and the standard deviation are largely unaffected.
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Switching to the larger VTQZ-F12 basis set combination dra-
matically reduces most of the error metrics, relative to the raw
VQZ-F12 results, and provides an overall level of accuracy
equivalent to the best standard aVQ56Z extrapolated values
reported in Table VI, but at a much reduced computational
cost.

V. CONCLUSION

The simple question that is raised most often about CBS
extrapolation formulas is “Which one is best?.” Sadly, as the
results of this study and previous studies reveal, there is no
simple answer. In terms of reducing the basis set truncation
error, the performance statistics show that any of the tech-
niques are quite effective. Formulas with the largest errors
still yielded a level of accuracy comparable to raw results ob-
tained with basis sets at least one level better in quality. The
1/(�max + 1/2)4 and 5-formula average (both using total en-
ergies) were found to yield the best statistics, while the expo-
nential and 1/�max

3 (HF and correlation combined) formulas
produced the largest errors. The Schwenke, mixed and 1/�max

3

(the latter with separate HF and correlation) approaches fell
somewhere in between. For the small aVDTQZ sequence of
basis sets the mixed formula posted the smallest error met-
rics. In light of these findings, any of the formulas considered
here might be preferred on formal grounds or because their
accuracy for a specific collection of molecules has been doc-
umented. The difference in accuracy between the best and the
worst across all basis set combinations is approximately a fac-
tor of two. The literature already contains a large number of
proposed extrapolation procedures and each year brings new
offerings. We are under no illusions that a single calibration
study will sway many opinions away from or towards any par-
ticular formula, but it is our hope that future suggestions will
be more thoroughly vetted.

Ideally, the reference set by which the extrapolation for-
mulas are judged would be devoid of ambiguity and accurate
to several hundredths of a kcal/mol. While that may become
possible in the future, the current state-of-the-art in electronic
structure methods is unable to reduce the uncertainties in the
reference data to less than 0.05-0.10 kcal/mol without invok-
ing extrapolation procedures and thereby introducing an ad-
ditional element of uncertainty. Judging by the progression of
errors for the raw atomization energies shown in Table II, it
would require an ability to perform standard CCSD(T)/aug-
cc-pV9Z quality calculations on the collection of molecules
in this study in order to avoid completely the use of extrapo-
lations. In a future study we hope to examine the possibility
of using the data accumulated in this study to improve upon
the formulas presented here.

See supplementary material for the new basis sets and
SCF and CCSD(T)(FC) energies.126
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