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Coupled cluster response functions
Henrik Koch and Poul Jérgensen

Department of Chemistry, Aarhus University, DK-8000 Aarhus C, Denmark
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The linear and quadratic response functions have been determined for a coupled cluster
reference state. From the response functions, computationally tractable expressions have been
derived for excitation energies, first- and second-order matrix transition elements, transition
matrix elements between excited states, and second- and third-order frequency-dependent

molecular properties.

I. INTRODUCTION

During the last decade, the coupled cluster approach’
has evolved to become one of the most promising methods
in ab initio quantum chemistry.? The development of effi-
cient methods for the calculation of analytic coupled clus-
ter energy derivatives and static molecular properties has
stressed the potential of the method.>* Applications of the
coupled cluster approach to excited states have been lim-
ited, due to the difficulties in converging the coupled clus-
ter equations for excited states.’ Multireference coupled
cluster approaches (MRCC)® have also been used to de-
termine excited states, but these methods are at the mo-
ment far from competitive compared to more conventional
methods. Some fundamental problems arise when coupled
cluster (CC) calculations on individual states are used to
calculate excitation energies. The CC states are nonorthog-
onal and interacting, and it is difficult to make them or-
thogonal and noninteracting. The calculation of transition
matrix elements are hampered for the same reason.

Molecular properties, excitation energies, and transi-
tion moments may alternatively be calculated from cou-
pled cluster response functions. This has been investigated
by Monkhorst’ and Dalgaard and Monkhorst’ who de-
rived expressions for the coupled cluster linear response
function by analyzing the time development of the phase
factor.” In the phase factor approach to the linear response
function, the first- and second-order correction to the clus-
ter amplitudes enter the derivation and the second-order
correction is eliminated afterwards using tedious algebra.
Similar and even more tedious eliminations have to be per-
formed if the phase factor approach is extended to higher
response functions.

In this paper, we present a formalism that determines
CC response functions based on analyzing the time evolu-
tion of a transition expectation value. The derivation con-
stitutes a generalization of the Lagrangian technique intro-
duced by Helgaker and Jérgensen® for determining
response functions for a static perturbation. When the La-
grangian technique is used for CC wave functions, the
Hellmann Feynmann theorem is generalized to a transition
expectation value with respect to the CC state and a dual
type state. The time evolution of this transition expectation
value defines the response functions for a time-dependent
perturbation. We derive expressions for the linear and qua-
dratic response functions for a coupled cluster state and
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show that no elimination is required of higher-order cluster
amplitude responses. The linear response function contains
the first-order response of the cluster amplitudes and the
first-order response of the dual type state. The quadratic
response function contains, in addition, the second-order
responses. From the linear response function, second-order
molecular properties may be calculated, e.g., the frequency
dependent polarizability. The poles of the linear response
function determines the excitation energies, and the resi-
dues determine the transition matrix elements, e.g., the
one-photon absorption matrix element between the refer-
ence state and an excited state. The quadratic response
function determines third-order molecular properties, e.g.,
the first hyperpolarizability. The residues of the quadratic
response function determine the second-order transition
matrix elements between the reference state and an excited
state (e.g., the two-photon absorption matrix element) and
the transition matrix elements between two excited states.
Expressions are derived for the above-mentioned molecular
properties for a coupled cluster wave function. In the limit
of a time-independent perturbation, the response functions
become identical to the ones that are determined using the
Lagrangian technique.*® The linear response function for
the extended coupled cluster method has been derived by
Arponen et al.’ In Ref. 10 more details can be found about
the determination of molecular properties from the linear
and quadratic response functions for various external as
well as internal fields. It should be noted that the states
entering response function calculations are orthogonal and
noninteracting.

In the following paper,!! we have shown that accurate
excitation energies can be determined from the linear re-
sponse eigenvalue equation for a coupled cluster single and
double reference state. The excitation energies are shown
to be size intensive.!!

In the next section, we briefly discuss the development
of response function theory for an exact state. Section III
summarizes the development of response theory for a cou-
pled cluster state when the perturbation is time indepen-
dent. The time evolution of a coupled cluster state is dis-
cussed for a time-dependent perturbation in Sec. IV, and in
Sec. V the responses of the coupled cluster state is deter-
mined. The linear and quadratic response functions de-
rived in Secs. VI and VII contain some concluding re-
marks.
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ll. RESPONSE THEORY FOR EXACT STATES

In this section, we briefly summarize a few of the re-
sults from response theory for exact states, which become
important for identifying the response functions for a CC
reference wave function. For details, the reader is referred
to the work by Olsen and Jérgensen.!® Consider a molec-
ular system described by the time-independent Hamil-
tonian Hy, and apply the interaction operator V* to the
molecular system. Assume F’ vanishes at t= — . The
interaction operator is expressed in terms of its Fourier
transform,

V= J.w do V¥ exp( — iw + a)t, (1)

where a is a real positive infinitesimal. The representation
of the interaction operator in Eq. (1) is often called an
adiabatically switched on perturbation. Assume the eigen-
values and eigenstates for H, are known, and the system is
in the state |O) at t= — oo,

H,|0)=E,|0). (2)
The orthogonal complement to |O) is denoted {|n)} and

Ho|n)=E,|n). (3)
We now determine the time evolution of |O) and use the
notation |O) for the time-dependent state. The time evo-

lution of the system is governed by the time-dependent
Schrodinger equation

d _ -
i 10)=(H,+ V)| D). (4)

Following Ref. 8, we write

| 0)=|0) exp(i2P), (5)
where exp(z2Pf) is the phase factor in Eq. (2.11) of Ref.
10. The phase factor does not enter the calculation of the

response functions and will not be discussed further. The
state |O) may be expanded in orders of the perturbation

’

|0Y=10) + |0V + |0P) + -+, (6)

and |O0™) can be determined using Ehrenfest’s theorem.
The response functions are defined by the expansion coef-
ficients of the expectation value of the time-independent
operator A,

A(1)=(0|4|0)=(0|4|0) + fj do({A; V1)), +ia €Xp( — i) + @)t

1 © 3
+ 3 J. do, f dcoz((A;V"’l;V"’Z))m1 + iy + a€XP( — iy — fwy + 20) 1+ -+ . (7

The explicit expression for the response functions up to the cubic response function are given in Ref. 10. We limit our

discussion to the linear

(O14]k) k[P™]0) (0| V™ k) (k|4]0)

Vo, 4 ia= 2

(1)1~—Cl)k+ia

and quadratic response function

o) + w;+ ia (8)

(O|A4|kY({k| V™1 |n) — 8,,(O| V1| 0))(n| V2| O)

ATV, s =P | T

(01 + @3 — 0y + 2ia) (0y — 0, + i)

(0| V2| n) ({n| V1| k) — 8;,{O| V*1|0))(k|A|O)

+ 2

kn (01 + @y + 0y + 2ia) (w; + 0, + ia)
(O V1| k) ({k|A|n) — 6;,(0|4|0)){(n| V2| O)

R

The properties of the residues and poles of the linear
and quadratic response functions have been discussed sev-
eral places. We summarize the results needed for the anal-
ysis of the coupled cluster response functions. The first-
order poles { + ;] of the linear response functions in Eq.
(8) occur at the excitation and deexcitation energies of the
unperturbed system. The corresponding transition matrix
elements are obtained from the residues at { = w,}, which
are given by

(0] + oy + i) (0 — v, + ia)

(9
[
lim (@) — o) ({4:7°1)),,
[ Rt 0]
=(O0|4|ky (k| V=] 0y=T_,T{~, (10)
lim (Ct)] + (l)k)<<A§le)>ro,
W)= — o
= — (0| V™~ |k} (k|4]Oy= — T} 'T¢., (1)
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The second-order transition matrix elements between |O)
and |m) are determined from the residues of the quadratic
response function,

lim (w,— (Om) (A4Von ey ) w0y

@y~ Wy,

(0|4 k) (k| V™~ 1| m) — 81, (O ¥V~ 1| O))
— 0+ Oy — Wi

%

(O| V21 k)({k|A|m) — 8;,(0|A4]|0))
B — o) + Wy

X (m|V*m|0y=T4" “(0,)TV" (12)

o—-m m—o*

The complex conjugate of the second-order transition ma-
trix elements is determined from the residue,

—  lim (wz+wm)(<A;le§Vw2>>w,,mz

Wy— — Wy,

({m| V21| k) — 6;,{O| V*1|0)){k|A|O)

— ) + 0, — o

%

N ({m|A4|k) — 6;,,({0]|4)|0)){k|V*1|O)

— o+ o

% (0] V“"mlm):l‘“""‘(w,)r”““’”,

m-o o—m

(13)

The transition matrix element between excited states
|m) and |k) may be calculated from the residue,

lim (@ + o) { im (0, — 0,) ((4V5V°)),, ,}

W)~ ~ 0k 02~y

= — (0| V=] k) (k| (4 —(0|4]|0))|m)
X {m|V*n| 0), (14)

when the transition matrix element between the reference
state and excited states |m) and |k) have been identified.
The complex conjugate of the transition amplitude is ob-
tained from the expression in Eq. (14) by making the sub-
stitution k<—m.

Hi. THE COUPLED CLUSTER ANSATZ IN THE
TIME-INDEPENDENT CASE

The coupled cluster ansatz for the closed shell wave
function is

| CC) = exp(T) |HF), (15)
where the cluster operator T for an N-electron system is
T=T,+ T+ -+ Ty (16)

and

=2 2 ;a0 (17
ai oo
T,=2 X ’7;},:: LI It T (18)
aibj o0
a"o”

are the one- and two-electron operators. The indices ijk/
and abcd refer to occupied and unoccupied orbitals in the
reference state |HF), and pgrs are general orbital indices.
Using a shorthand notation, the cluster operator is

T=tr= 2 4,7, (19)

u

where ¢ denotes the cluster amplitudes and 7 the corre-
sponding excitation operators, and uvyd denote single,

double, and higher-order electron replacement operators.
The following properties of the cluster operators 7,

7} |HF) =0, (20)
(HF|r 7,|HF)=8,,, (21
[r»7d =0, (22)

will be used throughout this paper. The Hartree~Fock
state |HF) in Eq. (15) is determined from the Brillouin
condition

(HF|[E,; ,H,] |HF) =0, (23)
where
Ea7 =Eai - Eim Eai= z a:c;aia (24)
[

and H, is the Born—-Oppenheimer Hamiltonian.
The coupled cluster state satisfies the time-independent
Schrodinger equation

exp( — T H,|CC) = E, exp( — T) |CC}), (25)

where the total energy is determined from projecting Eq.

(25) from the left with (HF|,
E,=(HF|H,|CC), (26)

and the cluster amplitudes are determined from the pro-
jection

(u|exp( — TYH,|CC) =0, (27)
where
(u]| = (HF|7. (28)

Using Eq. (27), the CC total energy in Eq. (26) may be
written as

E,=(A|H,|CC),

where

(29)

(A| = (HF| + 2 Gu(plexp(—T). (30)
w

The parameters {{,] are so far arbitrary and may be de-

termined requiring (A| satisfy the time independent

Schrédinger equation

J. Chem. Phys., Vol. 93, No. 5, 1 September 1990
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(A|H,exp(T)=(A|exp(T)E,. (31)

Right projecting this equation onto the subspace {|HF),
[v)} gives the equation for the energy in (29) and

2 &A= — (HF|[H,7,]|CC), (32)
“
where
A, ={ulexp( — T)[H,T1,]|CC), (33)

which determines the {{,} parameters. In deriving Eq.
(32), we have used Egs. (26), (27), and (30). Equation
(32) may also be derived from the equations for the cluster
amplitudes by viewing {{,} as Lagrange multipliers; this
derivation is described in detail by Koch et al.* The A
matrix in Eq. (33) is the coupled cluster Jacobian and is
the first derivative of the coupled cluster equations with
respect to the cluster amplitudes.

From the above analysis, it is seen that (A] is a dual
type vector to |CC) that satisfies the time-independent
Schridinger equation and the normalization

(A|CC) =1. (34)
When a perturbation described by the operator BV (B is a
strength parameter) is added to the molecular system, we
obtain, using Egs. (27), (30), and (32),

d
7 (A(B)|H,+ BV|CC(B)) | p-0

3,

—T)H,
B B=O(vlexp( T)H,|CC)

-2

at,
— T thvlexp( — T)ry—“l H,|CC)
< 3|, ;

ar,
+ (A|V|CC) + Y <A1}10¢;,5§
“®

|cC)
p=0

= (A} V|CC). (35)
The Hellmann-Feynmann theorem can thus be generalized
to a transition expectation value with respect to |CC) and
{A]. Without truncation in the cluster operator, {CC) and
{A| become the exact state with the normalization in Eq.
(34). For a truncated cluster operator, (A| is not the ad-
joint of |CC). The generalized Hellmann-Feynmann the-
orem in Eq. (35) is still satisfied, and response functions
may be identified from the time evolution of the transition
expectation value (A|V|CC). In the limit of a time-
independent perturbation, the response functions become
equal to the ones previously obtained for a time-
independent perturbation (for example, using the Lagrang-
ian technique®® or using the relaxed density formalism of
Refs. 12 and 13).

H. Koch and P. Jérgensen: Coupled cluster response functions

IV. THE TIME EVOLUTION OF THE COUPLED
CLUSTER STATE

We now consider a time-dependent perturbation (1)
and parametrize the time evolution of the coupled cluster
state as

|CC(2)) = exp(T(2)) |HF)exp(ie(z)), (36)
where exp(ie(t)) is a time-dependent phase factor and the
cluster operator

T(t)y=t(t)T (37)
contains time-dependent amplitudes. The Hartree-Fock
state is determined from Eq. (23) and is not allowed to
relax to the applied perturbation. An approximate descrip-
tion of the orbital relaxation is obtained from T;. The time

evolution of |CC(¢#)) is determined from the coupled clus-
ter time-dependent Schrodinger equation

d
exp( — T(£))i 7. | CC(1))

=exp( — T())(H,+ V') |CC(1)) (38)

by projection onto the space { (HF|, {u|}]. The projection
on (HF| determines the time evolution of the phase factor

de(r)
dt

= — (HF|(H, + V)exp(T(¢t)) |HF), (39)

and the projection on (1| determines the time evolution of
the cluster amplitudes

dt, (1)
dt

= — i{u|exp( — T())(H,

+ V)exp(T(¢)) |HF). (40)

The time evolution of the state (A(t)| is parametrized
as

(A()|={(HF| + X £.(t)(u|exp( — T(1))
H

Xexp( —ie(r)), (41)
where the phase factor €(z), the cluster amplitudes 7(7),
and the {(¢) parameters depend on time. The time depen-
dence of the cluster amplitudes #(7) is determined from Eq.
(40) and the time dependence of () and €(z) is deter-
mined from the time-dependent Schrodinger equation for
the (A(¢)]| state

d
(Ft (A(D)| )exp(o(t) =i(A(®) | (H, + V)exp(T(1)).
(42)

J. Chem. Phys., Vol. 93, No. §, 1 September 1990
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Multiplying Eq. (42) by exp(ie(t)) gives

()
e( ) ((HF| + Z Eu(O4p]) + Z g" (p]
- 2 6] ;,;T(r)
=i< K ()| (H, + Vexp(T(1)), (43)
where
(A(0)|=(HF| + X () {(u]exp( — T(2)). (44)
13

Using Eqgs. (21) and (40), the projection of Eq. (43) onto
|HF) is seen to give the equation for the phase factor in
Eq. (39). Projection of Eq. (43) onto {|v)] gives

de( ) d
e MORS dté,,(t) - 2 Gl ZTO W)
=i<7\(t)|(H,,+ ¥, |CC(0), (45)
where
|CC(1)) =exp(T(1)) |HF). (46)

Using Egs. (39) and (40), we may then write Eq. (45) as

d ~ —~ ~
2 6O =iCR (0| [H,+ V47,1 | €T — iHF| (H, + V) [CC1)E0) — i 2 £u(0)
un

X | Tyl V) {n|exp( —

Inserting a complete set of states,

1= |HF) (HF| + 2, ,|HF) (HF|7}, (48)

in the last term in Eq. (47) shows that the last three terms
cancel and the time evolution of £{(#) is determined from
the equation

Cv( )

=i(A(t)|[H,+ V’Tv]lCC(t)) (49)
The states |CC(#)) and (A(?)]| satisfy the normalization
condition

(A(D)|CC())y=(A (1) |CC(2))=1. (50)

The time evolution of #(2), e(t), and £(¢) is thus deter-
mined from left and right projections onto the space
{|HF),|u)} of the time-dependent Schridinger equations
for the states |{CC(#)) and (A(¢)]|. Initially, the #(z) am-
plitudes are determined from the time dependent
Schrodinger equation for |CC(#)) and the £() parameters
are subsequently determined from the time-dependent
Schrodinger equation for (A(z)|. The |CC(#)) and
(A(?)| time-dependent Schridinger equations give both
the equation for the phase factor €(¢) when projected
against the Hartree-Fock state.

V. RESPONSE EQUATIONS

In order to derive expressions for coupled cluster re-
sponse functions, we need to solve Eq. (40) for the cluster
amplitudes and Eq. (49) for the { parameters for each
order in the perturbation. In this section, we derive the
response equations necessary to obtain the linear and qua-
dratic response function.

T(t)) (H,+ V)| CC()) +i X §u(0){u|rexp( —
7

T())(H,+ V') |CC(n).
(47)

A. The t amplitude response

We consider initially the equation for the cluster am-
plitudes in (40) and expand the cluster amplitudes

(51)

in orders of the perturbation. In Eq. (51) we have sup-
pressed the time dependence of #(") and #2). The response
equations are obtained by inserting Eq. (51) into Eq. (40),

P NP ) ST
()=t + 0 + 12 +

d (0)
z—Td-t—--'(,u |H,1CC) =0, (52)
(1)
i—r=(E|V|CC) + (B |[H,TV]|CC),  (53)
D
it N (1)
i—-=(E | (" TV]|CO)
+ X B | [[H,7V],T][CC)
+ (& | [H,T?]|CC), (54)
where we have used the shorthand notation
(B = {plexp(—T). (5%)
Introducing the Fourier transform of ¢\ and ¢,
tfl’)-_— J-m do, XLU(wI + ia)exp( — iwy + a)t
o (56)

t‘ff): f do, f dw, Xiz)(ml + ia,w, + ia)

— iwy + 2a)t (57)

into Egs. (52) and (53) determines the expressions for
XV (@) and X2 (01,0,)

Xexp( — fan

J. Chem. Phys., Vol. 93, No. 5, 1 September 1990
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XV +ia)=2 (—A+ (o +ia)]) ;6 (ay),

(58)
Xff’(w, + i@, + iat)
= (—A+ (0 +0,+2ia)D) ;!
X EP (o) + ia,0, + ia), (59)
where we have used the notation
V(@) =(7 | V1| CC), (60)
ED (0 + it 0, + ia)
=3P(1,2){( ¥ | [V*, TV (@, + ia) ] |CC)
+ 5V | [[Ha TV (o) + ia)],
TV (w, + ia)]|CC)}, (61)
T, + ia)= S XMW (w + ia),
v
1

and the definition of the A matrix in Eq. (33). We note
that the last term in Eq. (61) is symmetric in interchang-
ing indexes 1 and 2 and may be taken outside the P(1,2)
permutation operator.

In order to proceed, we assume that the nonsymmetric
A matrix may be diagonalized

Q= (S 'AS) 1 =8pm@n (62)

where w, will be interpreted as the excitation energy from
the reference state to the excited state. Inserting Eq. (62)
into Eq. (58) gives

1
n

0 — o, +ia’ (63)

XN(o)=2 S, 'xP=

where V! is the element of the vector £ (w,) [Eq. (60)]
in the diagonal basis

yor= Y Sl (o). (64)

Similarly, we may express X ,ﬂz)(wl + ia, w, + i) in the
diagonal basis as

(7 | [V®1,7,,]| CC) V™2

1
(2) ) : —
X, (@) + i, +ia) =3 P(12)| 2 (o=

@, + 2ia)(w; —

O + i)

(7| [[HoTml k] |COYVW,V2

+E

(66)
(67)

B. The { amplitude response

The {{,] parameters are expanded in orders of the
perturbation:

g — ;(LO)+§(1)+§(2) (68)

and response equations for these parameters are obtained
by inserting Eq. (68) into Eq. (49). The zeroth equation,

o
dt

is identical to the equation for the { parameters in Eq.
(32). The first-order equation reads

g(l)

—t(HFI[Ha,rv]ICC)+zz ¢V4,,=0, (69)

W7, TV1 + [V7,]) | CC)

+i Y E4,, (70)
17

(0] + 03 — 0, + 2ia) (v, — 0, + ia) (0, —

o+ ia)
(65)

f
and the second-order equation becomes

(2)

= o)L, TP] + [[V7,1,TV]
+3 [[Hym ), TV, TV]) | CC)
+ KA ([Vir,] + [[H,7,], TV |CO)
+i 2 ar (71)
where
(AD] = Z £ (u|exp( — T). (72)

Introducing the Fourier transform of £, (1 and S @),

g{t”z f do, Yf‘”(wl + ia)exp( — iw; + a)t,
- (73)
§F(42)= ff d(()] f_ de Y;(JZ)(wl -+ ia,Cl)2 -+ ia)

(74)

into Egs. (70) and (71) determines the expressions for
Y"(w;) and Y (0;,0,). We obtain

Xexp( — iw) — v, + 2a)t,

J. Chem. Phys., Vol. 93, No. 5, 1 September 1990
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Y\ (@) + ia)= — > (175”(601)

v

+ 3 FXD ) + i)
Y
X (A + (@) +ia)I) ", (75)

Yy)(an + ia,wy 4 ia)= — 2, ‘775,2)(601 + o,y + i) + Y, Fva;Z)(wl + ia,w; + ia)
v ¥

X (A + (@ + @ + 2i)D),,

where

where
7’9)((‘)1)=(A| [le,Tv] ICC>9 (76)
Fvyz (AI [ [HO’T‘V] 977] ICC} (77)
In a similar way, we obtain
(78)

1 1
ni”(wl+ia,w2+ia)=§P(1,2)[% (A|[[Vun]m]1COX (@ + i) +5 X (Al [[[Hp7,],m,17,] | CCO)

e

XX (0 + i) X V(0 +ia) + X Y (0 +ia) (7 | [[Hp7,),7,] |COXL (0, + i)

+ 2 Y (@ + i) (7 | [V*27,]|CC) | .
Y

The Fourier transform in Egs. (75) and (78) may now be
written in the diagonal basis; we obtain for Y{"(w,
+ia),

Y (0 +ia)= 2, Y (0 +ia)S,,"

13
_ 75 ()
T o)+, + ia
FnkV(;:l
T2 (0 + 0, +ia) (0 — o+ i)’
(80)
where
7 (@)= 2 1 (@) Sy (81)
an= Z Fvygvnsym- (82)
vy
|

7]

(79

In a similar way, we get

1),(12)((01 + ia,w, + ia)

2) . Ly
Y (o) + ia,op + ia) = pP——

F, f,f)(col + ia,w; + ia)
o 0 + 0, + 0, + 2ia
(83)

VI. RESPONSE FUNCTIONS

The identification of the coupled cluster response func-
tions is obtained by analyzing the transition expectation
value of the time-independent operator A,

Agp()=(A(t)|A|CC(1))
=(K(t)|A|éé(t)). (84)

We expand this expectation value in orders of the pertur-
bation,

Ag()=(A|A|CC) + X E(H|4]CC) + (A|[4,TM]|CC) + 3 £P(E |4|CC) + (A|[4,TP]|CC)
“ [

+ 2 &N(E | [4,TV1CC) + LA|[[4,TV],TV]|CC),
I

(85)

where we have used Eqgs. (51) and (68). Comparing this expression with the expression from exact theory in Eq. (7), we

determine the coupled cluster expectation value,

(0]4|0)=(A|4]|CC),

(86)
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the coupled cluster linear response function,

f do ({4 V")) 4 4 i €XD( — iy + a)t= 2, £V (B |4|CC) + (A|[4,TV]|CC), (87)
— P
and the coupled cluster quadratic response function,

1

5 f dw, f da)z((A;V“’l;V“’Z))wl + i, + i €XP( — Io) — iy + 2a)t

=2 (B [4|CC) +(A|[4,TP][CC) + X &P (EITA,TV]|CC) +%<A|[[A,T<“1,T“>1|cc>.
u u (88)

Inserting the Fourier transform from Sec. V, Eqgs. (56), (57), (73), and (74), the linear response function becomes
UAV)) o, 4 ia= 2 Y (o +ia)(E|4|CC) + X X V(o) +ia)(A|[4,7,]|CC). (89)
u I
The quadratic response function is defined to be symmetric in the integration variables, giving

(V57 4 iy +ia=2 2 YD (@1 + ia,w, + @) (E |4|CC) +2 3 XD (0 + ia,w; + ia)(A| [4,7,] | CC)
“ ©
1
+P(1,2)[ 2 Y (01 +ia)(E | [47,]|COX (@ +ia) +5 X XD (0 +ia)
uv pv

XFLX D (0 + i) |, (90)

where we have introduced the symmetric matrix

Fi,=(A|[[4,7,],7,]|CC). (91)

The linear response function in Eq. (89) becomes in the diagonal representation

(V)Y o 4 ia= 2 Yo (@1 +ia)(T|4]CC) + X X;” (@) + ia){A|[4,7,]|CC). (92)

In the diagonal representation, the quadratic response function reads
UYLV ) 1 iy +a=2 2 Y3 (@1 + ia,w; + ia) (7 | 4| CC)
n
+2 2 X (@) + ia,0; + ia){A|[4,7,]|CC) + X X (o, + i) Fa, XD (0, + ia)
n nm

+P(1,2) ¥ Y (0 + i) (T | [4,7,] | COIX) (w2, + iar).

nm

(93)

In the following two sections, we carry out a pole and residue analysis of the linear and quadratic response functions in
order to determine the expressions for the molecular properties described in Sec. IL

A. Linear response function

1. Evaluation of the linear response function

In order to determine the coupled cluster linear response function (CCLR) ((A;B))wl, we need to calculate the
first-order response of the amplitudes. This is conveniently done in the elementary basis where the linear response function
may be written as

(4B, = 2 Yi(@){u|A[CC) + X (A|[4,7,]|CCIX](w1)
M u

=2 (A|[4,7,]|COX (@) + X {(A|[B7,]|CC) + X FXo(w;) | X4(— ), (94)
u u 4
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where

Xo)=2 (—A+oD;'B, (95)
and

B,=(¥ | B|CC). (96)

The evaluation of the linear response function at frequency
; thus requires that we solve two sets of linear equations
to obtain X4( — o;) and X2(w,). We note that for real
operators and truncated excitation operator manifolds,

((4;B) )y, # ((BiA) ). (97)

For exact and variational wave functions the inequality is
replaced by an equality. Equation (97) is a result of the
projection used to determine the cluster amplitudes.

2. Excitation energies

The simple poles of the coupled cluster linear response
function occur at the eigenvalues of the nonsymmetric cou-
pled cluster Jacobian

(A~ o DX=0. (98)

In the subsequent paper, we have calculated the excitation
energies using Eq. (98) for a CCSD reference wave func-

tion. The excitation energies are size intensive, i.e., the

excitation energies of noninteracting subsystems are the
excitation energies of the combined system.

3. Transition matrix elements

The transition matrix elements may be identified from
the residue in Egs. (10) and (11) of the linear response
function. Using

im (0, — 0) X (0,) =84

(3 Rad

(99)

lim (@) + o) X;(0) =0,

@y DL

(100)
we write the residue of Eq. (92) as
(0|4|k) (k|B|0O)

= lim (@, — o) ((4;B)),,

[ Y
={(A|[4,7,]|CC) — X (7 |4|CC)

X (@, + @g) ~ 'F | B (101)

The transition matrix elements may thus be identified as
). =(0|4]k)
=(A|[4,74]|CC)

— Y A w,+ wg) " 'Fy (102)

and

Ii..=(k|B|O)=B,, (103)

except for an overall sign. The transition matrix element
4, differs from I'{_, for a real operator 4. This is so
because a right or left projection of the time-dependent
Schrodinger equation has been carried out in order to de-
termine the response parameters. The residue in Eq. (11),

Iim (o4 O)k)(<A;B>)wl

Wy— — Wy

_— [<A|[B,n1|cc>— S (%|B|CC)

X (O),, + wk) - IFnk}Ab (104)

leads to the same identification of the transition matrix
elements as the residue in Eq. (10). When evaluating the

‘transition matrix element, the last term in Eq. (102) is

calculated in the elementary basis

2 A (o, + o)~ ank= - z X:( — o) F
i Y (105)

The evaluation of

(0|4|k) {k|B|0O)

= (A|[4,7]|CC) + 2 X4 —wx)Fu|Bx (106)

thus requires that we solve one set of linear equations de-
termining the response vector X4( — w,) and determine
the eigenvector representing the excitation operator 7.

B. Quadratic response function

1. Evailuation of the quadratic response function

The coupled cluster quadratic response function
(CCQR) in the diagonal basis is obtained using Egs. (93),
(78), (79), and (65):
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({4;B:C)) 4, 0,

=2 Y2 (7 |[4,7,]|COXE(w,) + 2 Yo(wy) (T | [4,7] | CCIXE (0))
+ Y YA — 0, — ) (7 | [Brm] |COIXE(03) + 2, YA — @) — 0p) (T | [C7,n] |COYXE (00))

+ X Y =0, — @) (7 | [Hyrm],md | COVXE (0)) XE(027)

nmk

+ 3 X2 FLX (0)) +2 3 17%01,02) X4 — 0 — o), (107)

where

1
nfc(wbwz) =i % (Al [[B’Tn]:Tk] |CC>X§¢:(C‘)2) + % (Al [[Cﬂ.n]s'rk] |CC>X€(‘0[)
+ Zk Y (@) (7| [[Hpr,],mi] | COY X (022) + Ek Y (@) {7 | [[Hypra],mi] | COYX (@)
+ E (Al {[[Ha’Tn]’Tm]’Tk] ICC> XXﬁ(wl)Xf(wz) + Z Yﬁ(wl)(m | [C9Tn] ICC) + 2 Yg(wz)
mk m m

x{m|[B,7,]|CC) |. (108)

In deriving Egs. (107) and (108), we have eliminated X?¢ and Y2, which depend on two simultaneous perturbations.
The evaluation of the quadratic response function is performed in the elementary basis and requires the solution of six
first-order response amplitudes: X5 ( — o; — @), Xg(@), X5 (@), Y4( — 0; — @), Y2(w;), and Y<(w,).

2. Second-order transition matrix element

In the previous subsection, we showed that the transition matrix element I'4_, differs from I'4_ , due to right and left
projection used to determine the response parameters. The second-order transition matrix element I'42, (w,) differs from
42 (w,) for the same reason. Equation (12) may be used to determine I'/2, (»,) and Eq. (13) to determine
42 (w,). We initially identify 42 (w,) from the residue in Eq. (13):
T Tho)=— tm (0;+0.,) ({400 0

Wy— — @y

=[«Altcrico - = ck<wm+wk>—'ka]><( RICIIZEATIES

+ ; (7| [ [Hp7),7] |COYX$ (@, — 1)

X2(o) + 3 (7| [Br] |CC>X:(wm—wl)) .

(109)
In deriving Eq. (109), we have used the following residue of the first-order response amplitudes:
lim (@ + o) YH(0) = — 8,4{(A| [4,7,1|CC) — 2 Am @k + @)~ 'Foui - (110)
P— m
The sleconc:-order transition matrix element I'42, (@) is thus seen to be
Fplo(@) =2 (| [Br,]|COX (@ — 1) + X A7, (0n — @)X, (@1), (111)
where we have introduced '
Aim(@) =(T | [47,]|CC) + Z X)) (F | [[Hoil ] |CC)- (112)

The second-order transition matrix element I'#2, (»,) may be determined from Eq. (13):
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o
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T2 (0)= 2 XX —0)Fi,+ 2 X0 —0,)F0,+ 3 Yo(—0) A (0 —0,) + X Yoo —0,)

XAE (=) + 2 X0 = 0p) 2 Fim(0n+op) " 'AR(—o)) — 3 Xi( —w1>{§ Fim(@p
n k n

+00 ™ (F| [4710C) —p T (A|[LLHird 121,71 | COXE 1 - 0,) ] .

In deriving Eq. (113), we have used the residue
lim (@, — wx) Y4(w,) = — A, (@, + 0g) ™ Fp.

Wy @y
(114)

3. Transition matrix element between excited states

The transition matrix element between excited states
may be identified taking the double residue in Eq. (14) of
the CCQR:

lim (o, +wk){ lim (0)2"'“’m)((A;le;sz)>wl,w2]
Wy — Of Wy Gy

- - [AlBmlico) - 2 Funloy +0,) ~'B,)
x[(EI147m11CC) + 3 Xios— @)

X (K | [[Hp,)imm] |CCY | Cpe (115)
Comparing with the exact result in Eq. (14) gives the
coupled cluster transition matrix element between excited
state k and m:

Ti,=(% |[4,7,]|CC) + 2 Xilwx—~ )

XK | [[Hp7n),Tm] | CC) + 84m(A| 4| CC)
= AL (0f — @p) + Sim(A| 4] CC). (116)

For k=m, Eq. (116) gives the dipole moment for the
excited state.

Vii. CONCLUSIONS

The linear and quadratic response functions have been
determined for a molecular system described by a coupled
cluster reference state. From the linear response function,
computationally tractable expressions have been derived
for excitation energies, transition matrix elements, and
second-order frequency-dependent properties. From the
quadratic response function, expressions are determined
for second-order transition matrix elements, transition ma-
trix elements between excited states, and third-order mo-
lecular properties. The derivations are based on a coupled
cluster generalization of the Hellmann-Feynman theorem,
where the average value is replaced by a transition expec-
tation value with respect to the coupled cluster state and a
dual-type state. The first-order response of the coupled

(113)

cluster state and of the dual type state appear in the deri-
vation of the linear response function. In the derivation of
the quadratic response function, the second-order response
appears. Previous derivations of the linear response func-
tion required both the first- and second-order responses of
the coupled cluster state. The second-order response was
eliminated afterwards using difficult algebra.” Generaliza-
tion of the previous derivation to determine the quadratic
response function would be rather tedious, as it would re-
quire the third-order response of the coupled cluster state
to be initially evaluated and eliminated afterwards.

In the limit where no truncation is carried out in the
coupled cluster operator, the derivation of this paper de-
scribes an alternative derivation of the response functions
for the exact case. For truncated manifolds and with time-
independent perturbations, the response functions become
identical to those which, for example, are obtained using
the Lagrangian technique of Ref. 4.

In the subsequent paper, excitation energies have been
determined from the linear response eigenvalue equation
for a coupled cluster single and double reference state. The
results are very encouraging and indicate that it may be
very tractable to use response functions to calculate other
molecular properties. This is very important, as it would
extend significantly the application range of the coupled
cluster model.
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