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A multi reference coupled-cluster study of the ground state and lowest 
excited states of cyclobutadiene 
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(Received 10 May 1994; accepted 10 August 1994) 

The electronic structure of the ground state and several low-lying excited states of cyclobutadiene 
are studied using the new state-universal multireference coupled-cluster method with single and 
double excitations (MR-CCSD) augmented by a noniterative inclusion of the triple excitations 
[MR-CCSD(T)]. Two possible ground state configurations are examined, namely the square and the 
distorted rectangular geometries, and the multireference coupled-cluster energy barrier for the 
interconversion between the two rectangular ground state structures is estimated to be 6.6 
kcal mol- 1 compared with the best theoretical value, 6.4 kcal mol-1 obtained using the highly 
accurate coupled-cluster method with full inclusion of the triple excitations (CCSDT). The ordering 
of electronic states for the square geometry is determined, with the ground state singlet being 
located 6.9 kcal mol-1 below the lowest triplet electronic state. We also examine the potential 
energy surface for the interconversion between the two equivalent second-order Jahn-Teller 
rhombic structures for the first excited singlet state. When comparing the MRCC energies with the 
results provided by various single- and multireference correlation methods, the critical importance 
of including both the dynamic and nondynamic correlation for a qualitatively correct description of 
the electronic structure of cyclobutadiene is emphasized. We also address the invariance properties 
of the present MRCC methods with respect to the alternative selections of reference orbital spaces. 

I. INTRODUCTION 

After two decades of controversy about its physico­
chemical properties, cyclobutadiene (CB) has become an il­
lustrative example of the synergistic cooperation between 
experimentalists l - 5 and theorists6- 16 in the interpretation of 
sometimes contradictory spectroscopic evidence. Among the 
most intriguing problems qualitatively resolved by their col­
lective efforts were, e.g., (a) the structure and relative order­
ing of the lowest electronic states of CB;(b) the ground state 
(as) and excited singlet state potential energy surfaces 
(PES) for interconversion between the second-order Jahn­
Teller (SOJT) distorted isomeric structures; and (c) the 
closely related effect of heavy atom tunneling on the rate of 
the ground state valence tautomerization. 

As Arnold and Michl have discussed in their excellent 
review on the spectroscopy of CB,1 the current status of cy­
clobutadiene chemistry has recently reached a more quanti­
tative stage, when "the heat of the argument may not quite 
match that of the classical era of cyclobutadiene ... ," never­
theless "the possible impact on the way in which chemists 
think about molecular structure in their more philosophical 
moments may be longer lasting." The role of the theorists in 
this process is indisputable, as their more and more advanced 
computational tools may not only provide very accurate 
quantitative evidence for the various chemical properties of 
this elusive species7- 13,15,16 but, as a by-product, they can 
furnish qualitative predictions as well.14,16 Admittedly, in or­
der to achieve these ambitious goals one has to resort to 
state-of-the-art correlation methods which are capable of de­
scribing both the nondynamic and dynamic correlation ef­
fects in a very accurate manner. [The former effects are of a 
rather localized nature having their origin in the biradical­
like open-shell electronic structure of square cyclobutadiene; 

the latter effects then represent the delocalized correlation 
contributions of a large set of excited configurations (usually 
truncated after a certain excitation level) to the energy of the 
pertinent electronic state.] 

For over a decade the single-reference many-body per­
turbation theory (MBPT) and the closely related coupled­
cluster method (CC) (Ref. 17) have been routinely imple­
mented for dynamic correlation studies of atoms and 
molecules. During that period the CC approaches have 
gained a reputation as very efficient, reliable, and size­
extensive computational tools whose applicability frequently 
reaches beyond situations well-represented by a single­
determinant description of the reference state. For example, 
among the various CC correlation models the coupled-cluster 
method including the single and double excitations (CCSD) 
(Ref. 18) has earned special attention as a highly accurate 
approach combining the infinite-order summation of the 
most important dynamic correlation effects with a relatively 
modest computational cost. Nevertheless, the convergence of 
the standard CCSD method deteriorates rapidly when the 
higher (triple- and quadruple-) excitations become increas­
ingly important, or alternatively a single-determinant 
vacuum does not provide an adequate description of the ref­
erence space. As suggested by several authors,19-25 one can 
naturally amplify the range of applicability of the single­
reference CCSD method by including some of those higher 
excitation effects explicitly in the expression for the approxi­
mate correlated wave function. Oftentimes, however, im­
proving the convergence properties of the CC method by 
incorporating the triple I9- 24 or even quadruple25 excitations 
is not commensurate with the expense for such an applica­
tion. 

In their pioneering study on the rate of interconversion 
between two equivalent rectangular isomers of cyclobutadi-
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ene, Carsky et al. 12 have implemented several single­
reference MBPT/CC models in order to establish how the 
computed activation barrier is affected by the level of inclu­
sion of the dynamic correlation effects. As already mentioned 
the biradical-Iike character of square CB calls for using a 
multiconfiguration wave function to properly describe the 
corresponding ground state singlet state. On the other hand 
the equilibrium rectangular structure is a well behaved 
closed-shell singlet amenable to single-reference calcula­
tions, and is, therefore, favored preferentially with respect to 
the ground state square structure. As documented by the 
authors,12 including the dynamic correlation corrected this 
shortcoming. Nevertheless, the convergence of the electron 
correlation contributions to the barrier height was very slow, 
with the best, CCSDT-lb (Ref. 21) prediction being about 
9.0-9.5 kcal mol-1.12 The behavior is clearly controlled by 
the importance of the nondynamic correlation. A similar per­
formance of the standard CCSD model was encountered 
when considering the location of the lowest excited states.26 

Much like the ground state CB correlation problem, dis­
cussed above, the triplet square configuration was favored 
with respect to the multiconfiguration square singlet in many 
single-reference formulations except when triple excitations 
were included in the corresponding CC expansion in an it­
erative manner [CCSDT-lb approach26b]. This resulted in the 
triplet state being the ground state for the square CB (which 
accidentally conforms with the qualitative Hund's rule). In 
return, the large-scale multi configuration SCF (MCSCF) ap­
plication of Nakamura et al. 15 provided a significant lower­
ing of the interconversion barrier of cyclobutadiene, with the 
corollary of a proper ordering of its lowest singlet and triplet 
electronic states at the square geometry. Valence tautomer­
ization of CB thus seems to be a clear example where a 
proper inclusion of nondynamic correlation is of vital impor­
tance for fast convergence of dynamic correlation effects. 
Due to a very restricted inclusion of the dynamic correlation 
effects in the MCSCF approach, the question, however, re­
mains as to the importance of their net contribution to the 
correlation energy of cyclobutadiene. 

As recently well established by several methodological 
and computational developments, the state-universal (SU) or 
Hilbert space multireference coupled-cluster (MRCC) 
"" I· 27-37 . h II ·bl I . lorma Ism WIt a POSSI e externa smgle and double 
excitations considered for each reference function,33 offers 
an alternative and more efficient way to account for the ef­
fect of higher excitations and still profit from the efficacy of 
a standard CCSD model. By a careful repartitioning of the 
excitations into external and internal ones the nondynamic 
correlation effects can be treated within a multi configuration 
active space, with dynamic correlation from single and 
double excitations relative to each reference included via the 
corresponding CC expansion. It cannot be emphasized 
enough that the choice of active space (which should obvi­
ously comprise those functions which are essential to de­
scribe the basic physicochemical properties we would like to 
study) plays a crucial role in the successful application of the 
multireference CC method. The larger the space, the larger 
amount of the nondynamic correlation introduced; however, 
by doing so we also increase the incidence of intruder 

states38 present in our active space, which often results in the 
necessity of reducing the size of a complete active space 
(CAS) or even implementing an incomplete active space 
(lAS) option31 ,34,36c,38b. Nevertheless, in such a case adopting 
the single and double excitation model for the multidetermi­
nant reference is not necessarily sufficient for a quantitative 
estimate of the overall correlation effect. 

In order to explore its range of applicability and level of 
performance, we apply a recently proposed MRCC 
method27,33 to the correlation problem of cyclobutadiene. 
With a view to avoiding the intruder state problem, the mini­
mal, two-determinant (TD) active space is employed for de­
scribing the electronic structure of several low-lying states of 
CB with dynamic correlation included in the TD CCSD (Ref. 
18) manner. In general, such a formulation belongs to the 
class of so-called special incomplete active spaces,34(a),34(b) 
where two configurations doubly excited with respect to each 
other (either of a closed-shell or an open-shell structure) span 
the reference active space. (For instance; the recently pub­
lished SU TD open-shell singlet formalism37 is an example 
of the open-shell case.) To investigate the importance of the 
residual nondynamic correlation effects, neglected in our TD 
formulation we also examine a new TD CC approach,39 
where we introduce, noniteratively, triple excitations in the 
CCSD(T) (Refs. 23,24) fashion for both reference determi­
nants. For the sake of clarity it should be emphasized, that 
the TD formulation implemented in our study can be ex­
tended in a straightforward manner to a general multirefer­
ence case. Nevertheless, due to the increasing size of the 
active space and closely related difficulties with the intruder 
states, such a formulation is much more involved than the 
minimal TD active space one. 

A brief synopsis of the general concepts of the MRCC 
method is presented in Sec. II. More than the formal struc­
ture of the working TD CC equations, the discussion focuses 
on the similarities and differences between the corresponding 
single- and multireference CC formulations. In Sec. III the 
results of the CC study of several low-lying electronic states 
of cyclobutadiene are summarized and compared to the best 
correlated results from the prior studies. Special attention is 
paid to two possible mechanisms for the second-order Jahn­
Teller distortion of the ground and first excited singlet states 
(rectangular and rhombic deformations, respectively). We 
also address the relative ordering of the lowest electronic 
states, their equilibrium geometries and the corresponding 
vibrational energies. Conclusions of the study are given in 
Sec. IV. 

II. THEORY 

As the general concepts and assumptions of the Hilbert 
space, SU MRCC formalism have been presented,27,3o,33 here 
we highlight only a few important structural features which 
distinguish the MRCC equations from their single-reference 
CC counterpart. 

The common denominator of various CC formulations is 
the exponential ansatz based expansion for the exact wave 
function, '1", 
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Here a is the exponential wave operator which formally 
generates the exact wave function while operating on the 
single- or multiconfiguration reference '1'0' defined within a 
d-dimensional active space P, 

d 

P'I'='I'o, p2=p, p= ~ I<I>[)(<I>[I. (2) 
[=1 

The concept of completeness of the active space plays a 
crucial role in formulating the size-extensive CC formalism. 
In fact, until very recently it was generally believed that only 
the active space spanned by all possible distributions of the 
active electrons among the valence orbital levels [a condition 
equivalent to imposing the intermediate normalization (IN) 
on a (Ref. 40)] guaranteed the linked cluster (LC) (Ref. 41) 
structure of the resulting CC equations. Nevertheless, as pro­
posed by several authors31 ,34 the connectedness of the corre­
sponding MRCC expansions can also be achieved for lAS 
situations. For example, the MRCC formalism for a special 
class of incomplete active spaces34(a),34(b) arrives at the LC 
structure by relaxing the IN, while retaining some internal 
excitations in the lAS CC expressions. 

A. Single-reference CC approach 

In the simple case of the one-dimensional, complete ac­
tive space p,p=l<I>o)(<I>ol we arrive at the single-reference 
CC formalism with the wave operator defined by the expres­
sion 

ll=eT
, (3) 

where the operator T is the usual cluster operator 

n 

(4) 

TA (') 2" ala2···a n A t A t . "t~ ~,~ n= n. - ~ tili2 ... in a 1a2 .:.anln ... /2l1, 

and at, ik are the second-quantized creation and annihilation 
operators, respectively, defined with respect to the one­
determinant reference, <I>0='I' o. The single-reference CC 
equations may be formally written as 

(<I>,:,bC"'I(H eT) I<I> )=0, 11k... NcO . (5) 

where <I>fN::' is a ~ne-determinant_configuration in which 
orbitals iJ,k, ... , originally occupied in <I>o have been re­
placed by virtuals a,b,c, ... , and HN is the usual normal­
ordered {} operator 

A "A At A I" At At" " 
HN= ~ fpq{apa q}+ 4' ~ (pqllrs}{apaqasa r} 

pq pqrs 

= ~ €p{a;ap}+ WN =H1,+ WN • (6) 
p 

In applications we truncate the infinite-order expression, 
Eq. (4) after the second [CCSD (Ref. 18)] or third (CCSDT) 
term, while furth~r approximation can be accomplished by 
terminating the eT expansion in Eq. (5). For example we can 
introduce the selected contributions of the T3 clusters, as 

done in different iterative CCSDT-n (n=I,3) approaches.21 

The simplest, CCSDT-l method thus considers only linear 
contributions of the T 2 operators in the corresponding equa­
tions for the tf/{ amplitudes, and is defined by the following 
expressions: 

(<I>fl[HN( il +7-2+ T3) ]c1<I>0) = 0, 

(<I>f/I[HN( il +1'2+ T3) ]c[<I>o) = 0, 

(<I>fj~CI (HNT2)cl<I>0) = 0. 

(7a) 

(7b) 

(7c) 

Terminating this procedure by converging CCSD but not 
allowing T3 amplitudes in Eq. (7) to change, gives the com­
putationally even less involved, noniterative CCSD 
+T(CCSD) (Ref. 22) and CCSD(T) (Refs. 23,24) approxi­
mations. Here the effect of the T 3 clusters is evaluated from 
the converged CCSD, tf and tf/ coefficients with the total 
energy expressed as 

E -E +E[4]+E[5] 
- CCSD T ST' (8) 

(Here notation E~l refers to nth-order-type perturbation con­
tribution where in the corresponding nth-order MBPT ex­
pression the first-order T; (i=1,2) amplitudes are replaced by 
their converged CC equivalents.) 

In the simplest, canonical SCF case the fourth-order 
triple correction can be expressed according to the 
formula23,24 

E~4]= 2: 
abcijk 

I( <I> fN I HNT2 I <I>0)cI 2 

E;+€j+ €k+ €a-€b- €c' 
(9) 

The fifth-order triple correction, EW which distinguishes 
CCSD(T) from CCSD+T(CCSD) is then obtained by insert­
ing the first-order, tfj'{ amplitudes (estilllated from the con­
verged CCSD, tf/ coefficients) into the Tl equations and by 
noniteratively evaluating the corresponding energy contribu­
tions. 

B. Multireference CC approach 

As already discussed in the Introduction the multirefer­
ence CC formalism adopts a philosophically different ap­
proach to evaluate the effect of higher rank clusters. Instead 
of computing some important but many mostly negligible 
contributions, as done in the single-reference CC method, the 
corresponding MRCC procedure attempts to include the 
most important nondynamic correlations in the multidimen­
sional reference space; the dynamic correlation effects are 
then evaluated for each reference configuration using the cor­
responding truncated CC approximations. 

In our MRCC formulation33,36,37 we implemented the 
state universal (or Hilbert space) exponential ansatz of Jezi­
orski and Monkhorst,27 

(10) 

. h' h th h I (~~ ~ ) d . 1 (At At At) mw IC e oe 11,12, ... ,ln an partlce a 1 ,a2, ... ,an 
operators [Eq. (4)] as well as the range of summations over 
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occupied and virtual indices are defined relative to each ref­
erence configuration, I<I>L) playing, by turns, the role of a 
vacuum.38(b),42 

The corresponding MR CCSD equations for the single 
and double excitation amplitudes with respect to the refer­
ence vector I<I>K) can be formally expressed as 

DitiCK) = (<I>iCK) 1 W Ni(K) 1 <I> K)c 

- ~ [(<I>iCK)li(L)I<I>L)(<I>Llw~T(K)I<I>K)]C 
L*K 

(11) 

and 

Di!ti!(K) = (<I>i/CK) 1 W Ni(Kll<I> K)c 

- ~ [(<I>i/CK)leT(Lll<I>L) 
L+-K 

X(<I>LlwNi(Kll<I>K)L- ~ [tiCK)-ti(L)] 
V"K 

x [( <I>J(K) li(L)1<I> L>( <I> LI W NeT(K)1 <I> K>]c, 

(12) 

respectively, where the summation runs over all reference 
configurations, I<I>L), (L"* K), and only connected terms are 
considered in the resulting diagrammatic expressions (see 
Ref. 33 for details). 

Conceptually, this MRCC approach is closely related to 
the single-reference CC theory; in fact, if we suppress all but 
the first (direct) terms on the rhs of Eqs. (11), (12), subject to 
the particular vacuum I<I>K}, we arrive at the standard CCSD 
equations18 with the only exception that now all internal ex­
citation amplitudes are eliminated from the corresponding 
CC expansions. Consequently, it is fairly straightforward to 
exploit the existing single-reference CC program43 in order 
to evaluate the direct term CCSD energy contributions and, 
if desired, also the corresponding, noniterative CCSD(T) per­
turbation corrections, Eq. (8). 

The rest of the rhs terms of Eqs. (11), (12) constitutes the 
so-called renormalization part of the MRCC equations, 
which has no counterpart in the single-reference CC 
formulation.27,3o,33 A new operator, termed the effective 
Hamiltonian is introduced in the T 1 and T 2 renormalization 
terms 

(13) 

which operates entirely within the d-dimensional reference 
space P, while furnishin$ the part of the energy spectrum of 
the exact Hamiltonian, H, 

(14) 

Given the definition of the new amplitudes which exclu­
sively generate the excitations within the active space, 
w rs ... (K) = (<I>rs ... (K)lw i(K)I<I> ) =(<I>rs ... (K)liIeffl<I> ) 

pq... pq... N K pq... K 
we can arrive at the working expressions for the MR CCSD, 
w; and w;~ internal excitation coefficients. Analogous to the 
equations for the external ti and til' amplitudes, thecorre­
sponding Heff formulas are represented by direct and renor­
malization terms and can be formally derived from Eqs. (11), 
(12) (except that we do not attach denominators and that the 
summation over hole and particle indices is limited to the 
active orbital levels) (see Ref. 33 for details). 

In order to evaluate the MR CCSD(T) perturbation en­
ergy correction39 we have to (a) implement the multirefer­
ence analogue of the SR, CCSDT-I formula for the tij'{ co­
efficients, Eq. (7c), 

DiNtij'{(K) = (<I>ij'{(K) 1 w NT2(K) 1 <I> K)c 

- ~ [(<I>ij'{(K) 1 T2(L) 1 <I> L>H~]c; 
L+-K 

(15) 

(b) perform one iteration of Eq. (15) with the converged MR 
CCSD, til' coefficients; (c) evaluate the fourth-order triple 
contribution [Eq. (9)] according to the modified, E~i1-R) for­
mula, 

'" A ...... A ..... b b ",A 

{(<I> KI[ - 2,Lif' K T2(K) W NI<I>L)(<I> dT2(L) + T2(K) W N]I<I>ijkC(K» U (<I>/jkC(K) 1 W NT2(K) [<I> K> ]c . 
E~~1Rl(K)= ~ 

abcijk 

and (d) estimate the MR CCSD, EW energy correction. [It is 
interesting to note the absence of the disconnected term on 
the rhs of Eq. (15) as the consequence of the linear approxi­
mation for the cluster operator in the CCSD(T) approach (see 
Ref. 39 for details).] 

Compared to the canonical single-reference CCSD(T) 
(Refs. 23,24) energy expression, Eq. (8) there are several 
modifications adopted in its noncanonical MR CCSD(T) ana­
log. 

, 

(16) 

First, contrary to the symmetric, fourth-order expression, 
Eq. (9) the modified, E~i1-R) correction [Eq. (16)] is evalu­
ated in a nonsymmetric manner, with the renormalization 
contributions to the T 3 equations included only in one of the 
two resulting T3 terms (as the w;~ interactions already in­
clude certain excitation terms via diagonalization of the Heff 

matrix). 
Second, although the EW contributions are evaluated in 

an analogous fashion as in the single-reference case (by in-
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serting the first-order, tiN coefficients into the corresponding 
T\ CC expression), for the non-Hartree-Fock (HF) orbitals 
adopted in our MR formulation, the canonical fifth-order cor­
rection, EW formally represents the noncanonical fourth­
order energy contribution, EW. As a consequence, the addi­
tional, sixth-order HF terms have to be considered in the T\ 
expression, Eq. (7a) for obtaining the pertinent non-HF, EW 
perturbation correction [see Ref. 24(a) for details]' 

Third, concerning the off-diagonal fIeff elements, we 
have to evaluate the noniterative contribution of the modified 
first-order, tiN amplitudes to the w; and w;~ internal coef­
ficients. The corresponding perturbation expressions can be 
formally derived from the CCSDT-I equations for the TI and 
Tz amplitudes, Eqs. (7a), (7~); once again, no denominators 
are attached to the resulting H eff formulas and the summation 
over occupied and virtual indexes is limited to the active 
orbital levels. 

Compared to their single-reference counterparts, how­
ever, there are several complications connected with the in­
variance of the resulting energies, obtained by qiagonaliza­
tion of the MR CCSD(T) effective Hamiltonian. The first 
problem concerns using the semicanonical transformation,44 
which is adopted in the single-reference, noncanonical case 
to eliminate the off-diagonal elements of the occupied­
occupied, F~~ and virtual-virtual, F~~ blocks of the non-HF 
matrix representation.24

(a) In our MR approach those terms 
are, in part included through the diagonalization of the effec­
tive Hamiltonian matrix and therefore we choose to avoid the 
semicanonical transformation to obviate counting the corre­
sponding contributions twice. In such a case, however, the 
resulting, noniterative MR CCSD(T) energy corrections, cor­
responding to the F~~ and F~~ terms will not be invariant 
with respect to different orbital choices. Considering the fact 
that those terms will be of different magnitude for different 
determinants (for one vacuum those terms can be identically 
equal zero, while for the other one they can be quite signifi­
cant), this can create a potential imbalance in treating the 
overall correlation effect. The second potential problem is 
the noninvariance of our MR CCSD(T) approach with re­
spect to shifting the orbital energies (introduced in our 
method in order to improve convergence properties). We 
shall address both issues in the presentation of our results. 

To finish discussion on the structure of the MRCC equa­
tions, we briefly mention methodological and computational 
simplifications implemented in our application. 

As already discussed the cluster operator, Eq. (4) is trun­
cated after the T2 term [T= T\ + T2 (CCSD approximation)] 
and all possible products (up to quartic contributions) are 
included in the corresponding direct and renormalization 
terms, Eqs. (11), (12).33,45 Consequently, the fIeff energy ex­
pression is formally truncated after the single and double 
excitation terms, which represents in the case of two active 
electrons, the exact solution of the effective Hamiltonian33 

within the CCSD approximation. In fact, for the minimal, TD 
lAS option,34(a),34(b),37 adopted" in our study, the off-diagonal 
part of the effective Hamiltonian reduces to only one term, 
w;~, representing the internal double excitation. This simpli­
fies both the renonnalization part of the CCSD equations, 
Eqs. (11), (12) and the expansion for fIeff since there are no 

summations over either internal lines or reference determi­
nants in the resulting CC expressions (for additional simpli­
fications in the open-shell TD lAS situation see Ref. 37). As 
a lesser point, but in the interest of accuracy; for a special 
case of the TD incomplete active space, characterized by 
different spatial symmetries of the active orbitals, the further 
modifications of the renormalization formula for w;~ are 
possible, which formally lead to the corresponding CAS ex­
pression. 

To increase the efficiency of our MR CCSD calculations, 
Abelian molecular symmetry was considered explicitly in 
solving the corresponding expansions, Eqs. (11), (12), based 
on a direct product decomposition of T "amplitudes and the 
terms with which they are contracted.46 All calculations were 
performed using the MRCC code, which is a part of the 
advanced concepts in electronic structure (ACES) II correla­
tion program package developed in our group.43 

III. DISCUSSION 

A. General outline 

The MRCC method is implemented to study the struc­
ture and selected properties of cyclobutadiene. Among the 
challenges are (a) the mechanism of the second-order Jahn­
Teller distortion for the ground state of CB, closely related to 
the tunneling rate of the carbon atoms; (b) the relative order­
ing of lowest electronic states of CB, including the singlet­
triplet splitting (S-T) at the square geometry; and (c) the 
eqUilibrium structure and harmonic vibrational spectrum of 
several low-lying states of CB, embracing the distorted (rect­
angular and rhombic) SOJT geometries. 

A variety of problems outlined above suggests why cy­
clobutadiene, despite its small size and rather unremarkable 
electronic structure, has such an appeal to both theorists and 
experimentalists. Compared to the past two decades of fun­
damental qualitative findings on its structure and properties, 
however, the present research in cyclobutadiene chemistry is 
aimed more at the quantitative aspects of its spectroscopy. 
This fact, along with the difficulties connected with the ex­
perimental detection of most of the CB electronic states ne­
cessitates that the theoretical investigation be an integral, 
critical component of the collective research effort. 

To provide an explanation for most of the intriguing fea­
tures of CB we focus on the electronic structure of this sim­
plest cyclic four-electron 7T system at the square geometry. 
Here, two electrons have to be accommodated in a pair of 
frontier, degenerate 7T (e g) orbitals, which gives rise to four 
possible configurations, representing the minimal, four­
dimensional (FD) active space. (Due to the D2h symmetry 
constraints implemented for all structures of CB considered, 
the resulting FD space can be further reduced to two, two­
dimensional, orthogonal subspaces, each of them spanned by 
two configurations of closed-shell and open-shell electronic 
structures, respectively.) As the resulting three singlet states 
eB 1g , IA 1g , and \B 2g ) and one triplet state eA 2g ) are ex­
pected to be located closely to each other at the square ge­
ometry, one can naturally assume that some of them will 
stabilize through the SOJT vibronic coupling effect. Unlike 
in cases with (2n + I)-fold symmetry axes where stabiliza-
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TABLE 1. The [3s2p 1 dllsl optimal geometries (8 dropped orbitals) for cyc10butadiene (in a.u.). 

GS structures, lAgCD2h)' 

Rectangular Square 

SRb MRc SRb MRc 

x z x z x z x z 

C 1.49389470 1.28345869 1.483 19274 1.29154493 1.38029053 1.38029053 1.38632038 1.38632038 
H 2.96078494 2.76458924 2.949 "895 97 2.77206471 2.85277612 2:85277612- 2.86139800 2.86139800 

Excited state structures (DZh}a.c 

Square Rhombic 

2 lA~ 1 38[8 1 18 1g 2 lAg 

x z x z x z x z 

C 1.37649123 1.37649123 1.37553fi92 1.37553692 1.36796856 1.36796856 
H 2.84820983 2.84820983 2.84796773 2.84796773 2.84007600 2.84007600 

C 0.00000000 1.94881449 1.37481762 1.374817 62 0.00000000 1.84859095 
H 1.94881449 0.00000000 2.84732431 2.84732431 2.03262197 0.00000000 
C 0.00000000 4.03042195 0.00000000 3.94848530 
H 4.03042195 0.00000000 4.10069899 0.00000000 

"The geometry to which the positions of nuclei have been constrained in CCSD optimization. 
~e SR CCSD minimum geometry [CCSD(T) minimum geometry for square singlet, Ref. 26(a)]. 
"The TD CCSD optimal geometry using HF reference. 
dThe TD CCSD optimal geometries using delocalized and localized HF orbitals (first and second input, respectively) (see text for explanation). 
"The TD and SR CCSD optimal geometries (first and second input, respectively). 

tion occurs only along one (degenerate) normal mode, two 
different (nondegenerate) modes actually effect SOJT distor­
tion in fourfold symmetry. These two modes correspond to 
the rectangular and rhombic, D 4h distortions, respectively, 
both of which necessarily induce a finite lowering of the total 
energy. The magnitude of the stabilization energy together 
with a knowledge of the shape of the corresponding potential 
barrier can then provide insight into the mechanism and the 
rate of the corresponding deformation process and ultimately 
give an explanation for the phenomenon of heavy atom tun­
neling in CB. I- 5,10,12,13 

To determine the relative ordering of the lowest elec­
tronic states of square CB as weIl as to describe the potential 
energy surfaces for the aforementioned SOJT distortions, 
represents a real chaIlenge for a method capable of quanti­
tatively treating both the nondynamic and dynamic correla­
tion effects. As already mentioned, the proximity of several 
electronic singlet states of CB at the square geometry calls 
for using the multireference method, incorporating in the ac­
tive configuration space at least those four determinants 
mentioned above. [In fact, the qualitative, 3X3 configuration 
interaction (CI) description of the two-electron two-orbital 
model for biradicals, which has been routinely used in or­
ganic chemistry for nearly two decades,16(b),47 proves to be 
fairly successful in treating the correlation problem of these 
open-sheIl species.] At the same time, the residual correla­
tion effects associated with the configurations, limited to the 
excited space should also be considered at some computa­
tionaIly reasonable level. 

In our study we would like to present the results ob­
tained using our recently proposed MR CCSD method,33 
which we believe possesses both aforementioned attributes. 
In addition, the linked cluster41 structure of its approximate 

wave function guarantees a qualitatively correct, extensive 
description of the resulting energy quantities (a fact which 
does not apply to the frequently used multireference CI ana­
log of our formalism48- 51 ). 

B. Computational details 

In order to compare our MRCC results with the previ­
ous, single-reference ab initio CC studies on CB, we employ 
the same basis set and, at the initial stage of our application, 
also the same geometries for the square and rectangular 
ground state singlet structures as in the Carsky et at. paper. 12 
As the aforementioned study of the ground state potential 
energy surface of cyclobutadiene12 recommends a rather 
moderate, split-valence-sheIl (3s2p I dll s) basis set, 52 this 
certainly imposes limitations, as well as does the minimal 
TD description of the reference space. Nevertheless, experi­
ence collected in the previous MR CCSD applications dem­
onstrated that the qualitative outcome of the minimal CAS, 
DZP study should not be affected by extending the orbital 
and/or active configuration spaces. 

To determine the effect of geometry relaxation on the 
computed energy quantities we also perform the full geom­
etry optimization of all structures of CB studied in the paper. 
The numerical procedure used is based on successive inter­
polation of the corresponding TD CC energies,53 calculated 
at various grid points; and the numerical errors in reported 
bond lengths and angles (Table I) are believed to be smaller 
than 0.00001 a.u. and 0.001°, respectively. In general, in­
cluding the CCSD electron correlation provides an increase 
in the corresponding bond lengths relative to the reference, 
Carsky values. 12 When comparing the single- and two­
determinant CC results, however, the distinct behavior of the 
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corresponding correlation expansions for the geometry pa­
rameters is observed, including (a) a relatively larger in­
crease of the single-reference CC geometries for the square 
ground state configuration [compare, e.g., the corresponding 
single- and two-determinant values for the C-C bond length 
(1.467 and 1.461 A, respectively) with its TD CISD counter­
part (1.448 A) (Ref. 12)], and (b) a less distorted rectangular 
ground state structure within the TD CCSD optimization as 
documented by the corresponding SR and TD long (short) 
C-C bond lengths [1.581 A (1.358 A) and 1.570 A (1.367 
A), respectively]. In fact, the phenomenon of lesser distor­
tion, when the multiconfiguration description of the rectan­
gular interconversion is applied, was already reported in sev­
eral prior studies (see, e.g., Table I in Ref. 1). Considering 
the remaining square structures in study eA Ig , IB 2g , and 
3A 2g ) the resulting TD CCSD geometry parameters are fairly 
similar to the corresponding ground state values. In accord 
with the best theoretical results from the previous 
applications,15 the shortest bond distances are found for the 
lowest singlet of B 2g symmetry. The distorted rhombic SOJT 
(D 2h ) structure for the first excited singlet state, 1 A Ig is also 
optimized and reported in Table 1. 

To explore in depth the potential energy surfaces of the 
rectangular and rhombic isomerization processes, harmonic 
force constants in terms of symmetry coordinates are ob­
tained numerically using double-sided numerical differentia­
tion (a procedure implemented in the ACES II program 
system43

). Fourty four (twenty four) calculations of the en­
ergy at rectangular (square) geometries displaced from the 
corresponding minimum energy structures are sufficient to 
determine the entire harmonic field (and the error between 
analytic and numerical force constants is believed to be well 
below 1%). 

To complete our information on the computational de­
tails, the lowest, 1 s orbitals on the carbon atoms are not 
correlated in our application and correspondingly, the highest 
four virtual orbitals are also not considered in the post-HF 
calculations, thus reducing the number of correlated MO's to 
60 orbitals. We are fully aware of the limitations of such an 
approximation for the split-valence shell basis set imple­
mented in our study. In fact, we have tested the effect of 
neglecting the contribution of the highest virtuals to the cor­
relation energy of valence electrons, and, in particular, to the 
studied energy barriers. As expected, the former energy con­
tributions are quite significant, while the latter ones remain 
practically unaffected by including the four highest orbitals 
into the correlation energy expression (the maximum differ­
ence between the corresponding 60 and 64 MO's CCSD en­
ergy gaps being smaller than 0.1 kcal mol-I). 

C. Rectangular interconversion for the ground state 
of CB 

It is well known that the lowest square singlet geometry 
actually represents the transition state for the isomerization 
reaction yielding two equivalent rectangular structures of 
D2h symmetry. Therefore, the first problem we would like to 
discuss is the height of the interconversion barrier for the 

ground state of CB, the parameter which is closely connected 
with the rate and the mechanism of the SOJT distortion in 
consideration. 

To determine how successfully the various approximate 
correlation expansions describe the aforementioned process, 
we collect the results of our TD CC study (obtained under 
the same constraints as applied by em-sky et at. 12) in com­
parison with the corresponding single-reference calculations 
(Table II). (Although some of the present single-reference 
results were already published in Ref. 12, for completeness 
we reproduce all of them here.) To establish the convergence 
of dynamic correlation contributions to the best theoretical 
estimate of the computed activation barrier [represented here 
by the corresponding full-CCSDT (Refs. 19,20) result, 6.4 
kcal mol-I] the first seven lines of Table II show the results 
of the single-reference CC study. Two facts are immediately 
apparent when comparing the single-reference CC results in 
Table II. The first observation concerns the vital role of triple 
excitations in the corresponding correlation expressions for 
both the square and rectangular SR CC applications [com­
pare, e.g., the relative CCSD and CCSD(T) contributions to 
the gross (CCSDT) correlation effect for the square (92.5% 
and 97.6%, respectively) and rectangular (95.8% and 99.8%, 
respectively) geometries of CB]. The second finding refers to 
the outstanding performance of the SR CC method for the 
rectangular, D2h geometry as opposed to the much slower 
convergence of the triple excitation correlation contributions 
for the square singlet structure, when even the best among 
the implemented approximate triple excitation methods, 
CCSDT-1b provides only 99.1 % of the total CCSDT corre­
lation energy compared with the corresponding rectangular 
value, 99.9%. As a consequence of this behavior, which is 
deeply rooted in the electronic structure of the geometries, 
the significant overestimation of the interconversion barrier 
is encountered even at the quite involved, CCSDT-1b (Ref. 
21) computational level (-3 kcal mol- I above the reference, 
CCSDT value). [As already mentioned the degeneracy of 7T 

orbitals at square geometry disqualifies, to some extent the 
single-reference approaches from successfully treating the 
multiconfiguration character of the corresponding ground 
state singlet structure. On the other hand, due to the degen­
eracy breaking of 7T orbitals in the rectangular, D2h symme­
try, the eqUilibrium rectangular geometry is very well de­
scribed even at relatively modest CCSD(T) level (and 
therefore too favored compared to the square 
singlet structure in most of the applied SR CC models).] 

As suggested in previous correlation studies on CB 
[Refs. 8-11,14-16(a)] a remedy for the cost of accurate 
single-reference CC applications is furnished by treating the 
expensive, higher-order correlation effects as the internal ex­
citations in the multidimensional reference space (with a 
possibility of including the moderate dynamic correlation at 
the single and double excitation level for each reference con­
figuration). The results of our TD CC calculations, presented 
in Table II (lines 8 through 13) clearly manifest how, already, 
the simplest, two-determinant CCSD description of the rect­
angular and square singlets lowered the barrier significantly, 
bringing it in close agreement with the values obtained from 
the full-CCSDT computations. In order to examine the in-

J. Chern. Phys., Vol. 101, No. 10,15 November 1994  This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

128.255.6.125 On: Thu, 11 Dec 2014 07:26:29



A. Balkova and R. J. Bartlett: MRCC study of cyclobutadiene 8979 

TABLE II. Energies for the ground state of cyclobutadiene (8 dropped orbitals) (E in a.u.)" 

Structure 

Rectangular Square 

Method lAg lA~ !lEg 3B~g !lEh 

SCF -153.649 369 24 -153.600636 90 30.6 -153.65& 892 20 -36.6 
SDTQ(4) -154.19127351 -154.16022767 19.5 -154.17580326 -9.8 
CCSDb -154.17404456 -154.142529 11 19.8 -154.158 462 08 -10.0 
CCSDb.< -154.17551589 -154.14299130 20.4 -154.15881831 -9.9 
CCSD(T)b -154.19579257 -154.172 549 71 14.6 -154.178 257 96 -3.6 
CCSDT-1bb -154.19649144 -154.18158956 9.4 -f54.178 773 55 1.8 
CCSDTb -154.19688266 -154.18676975 6.4 -154.17900961 4.9 
MRCCSDb.d -154.177 667 67 -154.168 442 64 5.8 -154.16006253 5.3 
MRCCSD(T)b.d -154.19730273 -154.18804485 5.8 -154.17755002 6.6 
MRCCSDb.c.d -154.17947857 -154.16914470 6.5 -154.16045082 5.5 
MRCCSD(T)b,c.d -154.19973806 -154.189254 16 6.6 -154.17822103 6.9 
MRCCSDb •• -154.177 585 13 -154.167 082 10 6.6 - 154.159 396/8 4.8 
MRCCSD(T)b,e -154.19733442 -154.18782426 6JJ __ -:-154.177 924 27 6.2 

MCSCF-1i -153.65060 - -153.642 97 4.8 -154.622 76 . 12.7 

"Energies calculated at the optimal geometries taken from Ref. 12. 
bSee text for explanation of the abbreviations used for various CC approaches. 
~nergies at the corresponding CC optimal geometries (see Table I). 
dTD CC values obtained from the N-electron HF reference. 
em CC values obtained from the (N -2)-electron QRHF (Ref. 54) reference. 
fIn all calculations the positions of nuclei have been constrained to the D2h symmetry. 
'Activation barriers for the rectangular automerization (in kcallmol). 
hThe S-T splitting at the square (D 2h ) geometry (in kcallmol). 
iMC SCFf6-310 energies (Ref. 15). 

variance of our approach with respect to different orbital 
choices two sets of 1D CCSD values for the barrier of 
isomerization of CB are listed in Table II, namely the 
N-electron, HF reference results (lines 8 and 10) and the 
alternative (N-2)-electron, quasi-restricted HF (QRHF) 
(Ref. 54) reference based values (line 12). Although both sets 
of orbitals are of a delocalized nature55 and, therefore, they 
consistently follow the rectangular interconversion potential 
surface, there is a visible difference in the convergence be­
havior of the corresponding correlation expressions for the 
CB structures in the study. While at rectangular geometries 
the choice of different orbitals does not have any profound 
effect on the values of the pertinent 1D CCSD energies, the 
corresponding square structure results reflect the importance 
of a balanced treatment of the F~~ and F~~ terms in the 
individual correlation expressions (compare lines 8 and 12). 
As a result the final 1D CCSD values for the interconversion 
barrier differ as much as 0.8 kcal mol-I with the reference, 
CCSDT result being somewhere between the lower, HF and 
higher, QRHF 1D CCSD values. Although the aforemen­
tioned deviations of the 1D CCSD isomerization energies 
from the best, CCSDT one, are much smaller than those 
observed for any approximate single-reference CC model we 
decided to examine the importance of including the triple 
excitations to obtain better agreement between the HF and 
QRHF 1D CC results. The outcome of our TD CCSD(T) 
study (lines 9, 11, and 13 in Table II) clearly demonstrates an 
excellent performance of the proposed, noniterative triple ex­
citation CC formalism,39 when the original value of the de­
viation between HF and QRHF TD CCSD total energies for 
the square structure (1.4 mH) is reduced to 0.2 mR for the 

corresponding 1D CCSD(T) results. Considering the meth­
odological differences in the formulation of the present 
single- and multireference CC correlation expressions, the 
final 1D CCSD(T) isomerization energies (5.8 and 6.0 
kcal mol-I for HF and QRHF CC models, respectively) are 
in surprisingly good accord with the best single-reference, 
CCSDT estimate (6.4 kcal mol-I). Among possible reasons 
for the residual discrepancies between SR and 1D values are 
(a) a different effect of geometry relaxation on the corre­
sponding single- and two-determinant correlation contribu­
tions; (b) the potential importance of connected quadruple 
excitations,25 entirely neglected in the single-reference CC 
appr?aches al?plied in the study; and (c) the noninvariance of 
the F~~ and F~~ contributions in the 1D CCSD(T) nonsemi­
canonical orbital perturbation expression. 

In order to shed light on the geometry dependence of our 
TD CC results, we also carried out computations of the in­
terconversion barrier using fully optimized 1D CCSD rect­
angular and square geometries (see Table I for corresponding 
data). As can be seen in Table II (lines 10 and 11) the geom­
etry relaxation contributes to lowering the final energies of 
both configurations considered; however, its more significant 
impact on the rectangular structure contributes to increasing 
the height of the interconversion barrier to its final, opti­
mized 1D CCSD(T) value, 6.6 kcal mol-I (once again, no­
tice an excellent agreement with the full-CCSDT value). In 
addition, a very good (and balanced) convergence of the TD 
CC correlation contributions is encountered for both rectan­
gular and square optimized geometries of CB [compare, e.g., 
the negligible differences between the corresponding CCSD 
and CCSD(T) TD interconversion barriers in Table II (lines 
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10 and 11, respectively)]. This behavior is a truly remarkable 
feature of our m formalism, especially in the context of the 
aforementioned rather poor convergence of the single­
reference CC models. 

To conclude our discussion, the single- and two­
determinant CC results are also compared to the correspond­
ing, large scale 20-configuration MCSCF values of Naka­
mura et al. 15 Considering the general anticipated limitation 
of the MCSCF approach, caused by a very restricted treat­
ment of dynamic correlation, the resulting interconversion 
barrier seems to be in fairly good agreement with our best 
CC results. [Contrary to the single-reference correlation 
methods where the best convergence to the exact energies is 
obtained for the problems controlled by dynamic correlation, 
the MCSCF formalism performs very well in the case when 
nondynamic effects dominate the correlation expression. This 
explains why in the present MCSCF applications the multi­
configuration, square singlet was too favored with respect to 
the single-reference rectangular structure. It should be em­
phasized, however, that the MCSCF value for the isomeriza­
tion energy of CB was lowered even more after the zero­
point vibrational energy (in harmonic approximation) was 
added to the corresponding total energies (the final value 
being 2.5 kcal mol-I). 15,56] 

D. Ordering of electronic states of CB 

A further problem to be considered in the valence tau­
tomerization of CB is the location of the lowest excited 
states at the square geometry. In fact, the energy of the low­
est triplet state, 3 A 2g is fairly close to that of the ground state 
singlet, I Big and their relative ordering is intimately in­
volved with the problem of the activation parameters for 
interconversion of CB. (If the square triplet were higher in 
energy than the corresponding singlet transition structure, the 
rectangular isomerization process would probably be adia­
batic; on the other hand, the triplet state lower in energy 
indicates that the reaction could occur by a surface crossing.) 

The values of energy splitting between the lowest triplet 
and singlet square structures, computed using several single­
and two-determinant CC models are presented in Table II. 
The same geometries are initially used for both square struc­
tures considered; however, the fully optimized CCSD geom­
etries (Table I) are also employed in order to distinguish the 
contribution of geometry relaxation to the final S-T energy 
gaps (lines 4, 10, and 11). 

Let us address the single-reference CC application first. 
Similarly to the ground state correlation problem of CB, dis­
cussed above, the effectively single-reference triplet square 
configuration is favored with respect to the multiconfigura­
tion square singlet in all of the applied single-reference CC 
methods, except for the expensive, iterative triple excitation 
CC applications (lines 6 and 7). This results, erroneously, in 
the triplet state being the ground state of CB at the square 
geometry for most of the applied single-reference CC mod­
els. Nevertheless, even for the iterative triple excitation ap­
proaches, which provide a qualitatively correct ordering of 
the lowest electronic states of CB, poor convergence of the 
corresponding dynamic correlation expressions is apparent 
[compare, e.g., the CCSDT-lb and CCSDT values of the 

S-T splitting (1.8 and 4.9 kcal mol-I, respectively)]. To no 
surprise the relaxation of molecular geometries has a negli­
gible effect on the resulting (negative) SR CCSD S-T energy 
splitting (lines 3 and 4 in Table 11). This fact, along with the 
slow convergence of dynamic correlation emphasizes once 
again a major drawback to single-reference CC applications, 
caused by the lack of important higher-order excitations25 in 
the approximate SR correlation expressions. 

As already discussed for the interconversion of CB, the 
simplest m description of the corresponding electronic 
states qualitatively improves the convergence of the resulting 
CCSD correlation expansions. The same trend is demon­
strated in our m CC application to the S-T splitting of CB, 
where the best SR CCSDT value (4.9 kcal mol-I) is repro­
duced already at the m CCSD level for a fraction of the 
computational cost of the full-CCSDT calculations. Com­
pared to the isomerization study, however, the final CCSD 
S-T splitting manifests a higher sensitivity to orbital choice 
as well as to including the noniterative triple excitations. In 
general, the effect of triple excitation correlation contribu­
tions increases the corresponding S-T energy gaps when 
relatively better convergence is obtained for the HF reference 
orbitals (lines 8 and 9 in Table 11). The geometry relaxation 
of the lowest singlet and triplet square structures (Table I) 
also has a measurable effect on the resulting S-T splitting 
with the best optimized m CCSD(T) estimate being 6.9 
kcal mol-I. With respect to the MCSCF S-T splitting, 12.7 
kcal mol- I reported by Nakamura et al. 15 and the corre­
sponding Agren MCSCF result, 15.9 kcal mol- I [Ref. l1(a)] 
our value seems to be rather underestimated. Nevertheless, 
considering the limitations inherent to the MCSCF studies of 
dynamic correlation, which primarily affects the triplet con­
figuration, the agreement between the corresponding m CC 
and MCSCF S-T energy gaps is fair. 

Table III summarizes the optimized structures and ener­
gies for several low-lying electronic states of CB at the 
square geometry. Besides the already discussed ground state 
singlet, I Big, and triplet, 3 A 2g , two additional square equi­
librium structures are studied, namely the lowest singlet 
states of A ig and B 2g symmetry. All structures are deter­
mined at the CCSD level using the N-electron HF reference 
while the D2h symmetry constraints are imposed on all ge­
ometry optimizations. As discussed in prior studies on ex­
cited states of CB,15,16 the electronic structure of the lowest 
states of CB at the square geometry strictly depends on the 
reference orbital representation applied;55 for the delocal­
ized, HF orbitals the second lowest singlet'A I A Ig was ob­
tained from the m closed-shell (80.,81)Heff eigenvalue 
problem (column 5 in Table III), while the localized repre­
sentation furnished the excited state in question by solving 
the closed-shell m CC problem, (8 1,82 ) (column 6 in Table 
III, see also Table I for corresponding optimized structures). 
The best optimized m CCSD(T) energy separations, 8 0-81 
(40.9 and 42.7 kcal mol-I in delocalized and localized rep­
resentation, respectively) compared fairly well with the MC­
SCF splitting, computed by Nakamura et al. (55.9 
kcal mol-I) (if taken into account that no polarization func­
tion were considered in the reported MCSCF calculationsI5). 
The same concerns the corresponding, 8 oe Big) -s 2 ( 1 B 2g) 
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TABLE III. Geometries (in A)a and relative energies (eV) in low-lying states (8 dropped orbitals) (E in a.u.). 

State 

Method I lAg (sq.) 1 3B Ig (sq.) 2 lAg (sq.)b 2 lAg (sq.)b 2 lAg (rh.) 1 18 1g (sq.) 

CCSDc C-C 1.467218 1.455044 
C-H 1.103903 1.101979 
E - 154.142 99130 - 154.15881828 
I:::..E' 0.0 -0.43 

CCSD(T)< E -154.173921 14 -154.17891699 
!:J.E' 0.0 -0.14 

CCSDT-lbc E -154.18299357 -154.179 444 32 
I:::..E' 0.0 0.10 

MRCCSDd .• C-C 1.460836 1.455805 1.456815 1.458433 1.453922 1.447795 
C-H 1.101 963 1.101922 1.101 389 1.101538 1.111216 1.101 680 
C-H 1.101963 1.101922 1.101 389 1.101 538 1.094379 1.101 680 
< 90.0 90.0 90.0 90.0 95.429 90.0 
E -154.16914470 -154.16045082 -154.09841653 -154.103610 30 -154.10608272 -154.084871 76 
I:::..Eg 0.0 0.24 1.92 1.78 1.72 2.29 

MRCCSD(T)d.e E -154.18925416 -154.17822103 -154.124069 27 -154.12117912 -154.126 904 54 -154.10548044 
I:::..E' 0.0 0.30 1.77 1.85 1.70 2.28 

MRCCSDd.f E -154.16765464 -154.159 693 85 -154.09879121 -154.10371712 -154.10663194 -154.08581446 
!:J.E' 0.0 0.22 1.87 1.74 1.66 2.23 

MRCCSD{T)d.f E -154.189 10423 -154.178561 76 -154.12402921 -154.11957694 -154.12660219 -154.105 937 16 
I:::..E' 0.0 0.29 1.77 1.89 1.70 2.26 

MCScP E -153.64297 -153.62276 -153.55386 -153.55909 -153.49083 
!:J.E' 0.0 0.55 2.42 2.28 4.14 

'See Table I for the exact geometries and optimization constraints. 
bResults obtained at optimal HF TD-CCSD geometries using delocalized and localized orbitals (columns 5 and 6, respectively) (see text and Table I). 
"Results at optimal CCSD(T) [Ref. 26(a)] and CCSD geometries of singlet and triplet, respectively (see text for explanation of the abbreviations used for 
various CC approaches). 

dResults at optimal two-determinant CCSD geometries using HF orbitals. 
"TO CC results obtained from the N-electron HF reference. 
fTD CC results obtained from the (N-2)-electron HF reference. 
~eIative energies (in eV). 
hMCSCF/6-3IG energies (Ref. 15). 

energy gap (52.6 kcal mol-I), which, in the de localized or­
bital picture is obtained by solving two independent 1D CC 
problems [the closed-shell (So ,S ,) and the open-shell 
(T, ,S2) ones, respectively] (column 8 in Table III). We also 
investigate the effect of different orbital choices, when two 
sets of orbitals [based on the N-electron- and (N -2)-electron 
references, respectively] are used in a 1D CC application. 
Similar to the isomerization study for GS of CB, we find 
different convergence patterns for the alternative, HF and 
QRHF 1D CCSD expressions (Table III). Nevertheless, in­
cluding the noniterative triple excitations, as done in 1D 
CCSD(T) (Ref. 39) improves the convergence behavior of 
the corresponding CC procedures, which results in very close 
agreement of the final optimized HF and QRHF CCSD(T) 
energy separations, SO-S2 (compare lines 16 and 20 in Table 
III). 

In general, the energy splitting for excited states of CB, 
obtained in our 1D CC study are the lowest reported in the 
literature so far. Nevertheless, considering the size of the 
basis set, and a decent amount of both dynamic and nondy­
namic correlations included in our application, we are confi­
dent that our results represent a reliable estimate of the en­
ergy separations in question. 

E. Rhombic Interconverslon for the first excited 
singlet state of CB 

There is another interesting problem addressed in Table 
III. Since the ground state of CB becomes stable at a rectan-

gular geometry, one might naturally assume that the equilib­
rium structure of the corresponding excited singlet, 'A 'g' 
will be square. In fact, most of the prior studies on excited 
states of CB have suggested that the lowest excited singlet 
state is destabilized toward the rectangular distortion, thus 
maintaining square geometry. Nevertheless, the question re­
mains whether the stability of the first excited singlet state is 
affected by the aforementioned rhombic destabilization 
mode, which would yield two isomeric rhombi of D2h sym­
metry. In their MCSCF study on the SOIT effect in CB, 
Nakamura et al. '5 furnished the first computational evidence 
for the possibility of rhombic stabilization of the excited sin­
glet state in question. Due to ill convergence of their MCSCF 
procedure, however, unphysically large imaginary frequen­
cies were obtained for the corresponding vibrational mode of 
b2g symmetry. To make their r~sults even more controver­
sial, prior to their applications, Agren et al. 11 (a) failed to ob­
serve any stabilization of the first excited singlet state along 
the b2g rhombic mode, although their MCSCF study em­
ployed a more extended basis set. 

In our attempt to resolve this issue, we st~dy the poten­
tial energy surface of the rhombic distortion for the first ex­
cited singlet state, I A 'g (Table III). The energies for the first 
excited singlet state of CB at square and rhombic geometries 
are obtained by diagonalization of the 1D closed-shell effec­
tive Hamiltonian problem [(So,S,) and (S"S2)' respec­
tively]. To accommodate the symmetry mode of the SOlT 
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TABLE IV. The CC vibrational energies for the ground state of cyc10butadiene (in em-I). 

Structure Structure 

Mode Rectangular, lAg Mode Square,IB lg 

MRCCSDa CCSDb CCSDc CCSD(T)d MCSCP MRCCSD' MCSCP 

a g 1113 1120 1123 1104 1212 al g 1273 1306 
a g 3206 3205 3211 3181 3465 al g 3217 3472 
a g 1469 1572 1580 1506 1486 a2g 12248 1336 

as 925 954 957 935 958 big 803i 990i 

big 1145g 1153 1155 1136 .1338 big 838 1186 
big 867g 870 873 860 1010 b 2g 949 1048 

big 31578 3157 3167 3133 3439 b 2g 3178 3445 
b 2g 540 568 569 523 556 Eg 512 554 
b 3g 776 814 815 767 784 
bill 577 589 589 562 585 ,<-. aZ lt 539 561 
au 509 524 524 504 549 b lu 461 509 
au 754 782 779 729 806 620 702 
b 2u 760 750 749 733 821 Eu 921 973 
b 31l 1023 1030_ 1031 1016 1127 
b 2u 1253 1251 1254 1233 1417 Eu 1326 1440 
b 3u 1542 1593 1600 1543 1587 
b 2u 3178 3176 3183 3152 3449 €C, 3198 3463 
b 3u 3195 3195 3203 3171 3449 
ZPEf 37.158 37.60 37.69 36.86 40.08 34.618 37.78 

aTD CCSD vibrational energies (8 dropped orbitals). 
bSR CCSD vibrational energies (8 dropped orbitals). 
cSR CCSD vibrational energies with all electrons correlated. 
dSR CCSD(T) vibrational energies (8 dropped orbitals). 
"MCSCF/6-31G vibrational energies (Ref. 15). 
fZero point correction (ZPE) (keal mol-I). 
'Extrapolated values (see text for details). 

TABLE V. The CC vibrational energies for the low-lying states of eyc10butadiene (in em-I).' 

Structure 
Square Rhombic 

Mode 3A
2g 

IB
2g 

IA
lg Mode lAg 

MRCCSDb MCSCF MRCCSDb MRCCSDb MCSCF MRCCSDb MCSCF 

al g 1292 1305 1317 1284 1240 a g 1287 1278 
al g 3217 3474 3228 3228 3484 a g 3105 3405 

a2g 1232d 1340 1218d 1224d 1330 a g 3274 3526 
big 878 1092 909 940 1147 big 1083d 1179 
big 1284 1435 1240 1783 2125 big 2397d 2609 
b 2g 953 1048 1187 1104i 9423i a g 851 1055 
b 2g 3177 3442 1959 3107 3376d 

- big 1230d 1339 

Eg 535 611 667 627 615 b 3g 506i 459i 
b 2g 1051 1072 

a2u 552 602 573 421 540 b lu 404i 247i 
bill 476 518 493 479 520 b lu 473 544 
b lu 615 721 695 677 701 bill 883 930 
€C, 885 885 954 961 1046 b 3u 956 1061 

b 2u 974 1121 
Eu 1294 1408 1370 1373 1492 b 3u 1307 1485 

b 2u 1462 1527 
Eu 3194 3474 3207 3212 3463 b 3u 3122 3394 

b 2u 3271 3570 
ZPEc 36.44d 39.65 36.o5d 36.44d 39.59d 38.21d 41.59 

aTD CCSD vibrational energies (8 dropped orbitals). 
bMCSCF/6-31G vibrational energies (8 dropped orbitals) (Ref. 15). 
cZero point energy (ZPE) (keal mol-I). 
dExtrapolated values (see text for details). 
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distortion considered, the localized orbital representation is 
adopted to describe the corresponding square and rhombic 
structures.55 In addition, similar to the delocalized applica­
tions two different choices of localized orbitals are employed 
in our isomerization study, namely the N-electron- and (N 
-2)-electron reference based choices (columns 6 and 7 in 
Table III). 

In general, the rhombic D2h structures for the first ex­
cited singlet state are below the corresponding squar~ geom­
etries for all the CC approaches and orbital representations 
studied in our applications (compare columns 5 through 7 in 
Table III). Depending on the orbital choice, the value of the 
TD CCSD stabilization energy for the interconversion pro­
cess varied from 1.6 kcal mol-I (localized orbitals for square 
structure) to 4.9 kcal mol- l (delocalized description of 
square geometry). After introducing the triple excitations the 
trend of the lower values of stabilization energies within the 
localized representation is completely reversed, with the 
highest TD CCSD(T) energy gap, S 1 (sq.)-S I (rh.) obtained 
for the QRHF localized orbitals [compare its value, 4.4 
kcal mol- I with the corresponding QRHF CCSD(T) delocal­
ized result (1.6 kcal mol-I)]. It is interesting to note that the 
corresponding TD CC energies for the square structures are 
fairly invariant with respect to different orbital choices 
within the given (localized or delocalized) orbital represen­
tation (columns 5 and 6 in Table III). On the other hand, 
when comparing the delocalized and localized CC correla­
tion energies for the first excited square singlet, lesser invari­
ance with respect to the inclusion of triple excitations can be 
observed for the former CC procedure [compare, e.g., the 
triple excitation contributions to the resulting HF CCSD(T), 
IA lg energies, 25.7 and 17.6 mH, respectively]. The qualita­
tive differences in the convergence of the corresponding cor­
relation expressions can be explained, in part, by symmetry 

TABLE VI. Relative energies, AEa for several low-lying states of CB (f1E 
in kcal mol-I). 

State 

I lAg I lAg 1 3B Ig 2 IA; 2 IA; 2 IA; llB lg 

Method (sq.) (rect.) (sq.) (sq.) (sq.) (rh.) (sq.) 

MRCCSDb AEf 0.0 -6.5 5.5 44.4 41.1 -1.6 52.9 
f1Eg 0.0 -3.9. 7.3 46.2 43.0 0.2 54.3 

MRCCSD(T)b f1Ef 0.0 -6.6 6.9 40.9 42.7 -3.6 52.6 
f1E' 0.0 -4.0 8.8 42.7 44.5 -1.8 54.0 

MCSCF" AEf 0.0 -4.8 12.7 55.9 55.9 -3.3 .95.5. 
AE' 0.0 -2.5 14.6 57.7 57.7 -1.3 

'See Table I for the exact geometries and optimization constraints. 
~ CC energy differences with respect to the square ground state singlet 
(results obtained from the HF orbitals). 

"MCSCF/6-3IG energy differences with respect to the square ground state 
singlet (Ref. IS). 

'7D CC energy differences with respect to square ground state singlet [re­
sults obtained from the delocalized and localized orbitals (columns 6 and 7, 
respectively)]. 

'Energy differences with respect to the first excited square singlet (column 
7). 

fEnergy differences between the corresponding potential surface minima (in 
kcal mol-I). 

'Energy differences between the corresponding ground vibrational states (in 
keal mol-I) (for ZPE see Tables IV and V). 

considerations, as the localized orbitals are symmetry 
adapted to the rhombic potential energy surface while the 
pertinent delocalized representation consistently follows the 
rectangular interconversion path. {Admittedly, if the com­
plete configuration space were considered in the correlation 
expression for external excitations [as done in full CI (FC!)] 
or at least the full spatial (non-Abelian) symmetry of the 
square geometry (D4h ) were implemented within our ttun­
cated TD CC applications, the description of the square 
structures obtained by localized and de localized orbitals, re­
spectively would be equivalent.} 

To conclude, we demonstrate that the first excited state 
of CB stabilizes upon the rhombic distortion with the best 
TD CCSD(T) estimate for the stabilization energy being 3.6 
kcal mol-I, the value obtained using HF localized orbitals. 

F. Vibrational spectrum of several electr,onic states of 
CB 

Finally, we present the results of the vibrational analysis 
of the harmonic force field for all the electronic states of CB 
considered in our TD CCSD application (Tables IV-VI) with 
the goal to furnish the ultimate test of their structure and 
stability. 

Similar to the geometry optimization, the procedure for 
the numerical evaluation of vibrational modes implemented 
in our study, is constrained to the D2h Abelian symmetry, 
and it involves calculating the specific symmetry points close 
to the energy minima (44 for the rhombic and rectangular 
structures, and 24 for square geometries). As some of these 
points represent the distorted geometries of a symmetry 
lower than D 2h , we have to pay special attention to the spa­
tial symmetries of the active orbitals within the given com­
putational point group; the problem which is ultimately in­
volved with the completeness of our TD active space. In fact, 
as can be seen in Tables IV and V we are not able to obtain 
the corresponding CCSD vibrational energies for the lAS 
case, characterized by the same symmetry representation of 
the valence orbitals [see, e.g., the b 18 vibrational problem for 
the rectangular structure, solved in C2h computational sym­
metry (Table IV)]. (Nevertheless, work in now in progress to 
determine how including the triple excitations in MRCC cor­
relation expression will improve the convergence properties 
of the lAS CC vibration.al problem.) To be able to evaluate 
the zero point energies (ZPE) for the individual electronic 
states of CB, we therefore have to extrapolate the pertinent 
TDCCSD vibrational energies from the data furnished by 
different correlation calculations. Except the rectangular, big 

vibrational frequencies which are obtained by extrapolation 
from the corresponding single-reference CCSD(T) energies, 
all the estimated, TD CCSD values are determined from the 
Nakamura et al. MCSCF results. is {The extrapolation proce­
dure includes (a) evaluating the scaling factor as a ratio of 
the corresponding, TD CCSD and MCSCF [CCSD(T)] zero 
point energies (both calculated without the contribution of 
the vibrational energies in question), and (b) scaling the per­
tinent MSCSCF [CCSD(T)] vibrational frequencies to obtain 
the extrapolated, TD CCSD results. In fact, this procedure is 
also used in a reversed order, to correct the unacceptably 
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large MC SCF, b 2g vibrational energy for the excited singlet 
square structure, using the corresponding TD CCSD results 
(Table V).} 

Let us address the ground state vibrational problem of 
CB first. Table IV collects the TD CCSD vibrational energies 
for the rectangular and square ground state singlets of CB in 
comparison with the single-reference CC values and the cor­
responding MCSCF results. 15 In order to shed light on (a) the 
convergence of the dynamic correlation, and (b) the effect of 
the frozen core approximation for the vibrational problem 
studied, three sets of the single-reference, CC vibrational fre­
quencies for the rectangular structure are listed in Table IV 
(columns 3 through 5). In general, including the core, 1 s 
orbitals in the CCSD correlation expression increases the fi­
nal values of CCSD vibrational energies by a few wave num­
bers [compare data in columns 3 and 4 (Table IV)], while the 
triple excitations in the CCSD(T) expression have just the 
opposite effect (decreasing the pertinent CCSD values by 
few tens of wave numbers for most cases). Nevertheless, 
considering a rather negligible change in the resulting CC 
vibrational frequencies, the frozen-core CCSD model imple­
mented in our application seems to be a reliable compromise 
between the accuracy of the correlation calculations and their 
computational cost. As can be seen in Table IV the TD 
CCSD vibrational energies for rectangular geometry (column 
2) are fairly close to the values obtained by the single­
reference CC approaches [with the relatively smallest devia­
tions of the TD CC results from the corresponding SR CC 
ones found for the CCSD(T) approach]. On the other hand, 
compared to both single- and two-determinant CC results, 
the MCSCF vibrational energies are rather overestimated; 
the effect controlled by a limited amount of dynamic corre­
lation included in the MCSCF computations of the rectangu­
lar structure. 15 The only exception is found for the strongly 
coupled vibration modes of A g symmetry, and, in particular 
for the ag mode representing the symm. CCH bend [compare 
the corresponding CCSD(T) and MCSCF values (1506 and 
1486 cm- I , respectively)]. To provide an explanation for the 
relative overestimation of the SR CC vibrational energies 
with respect to both the MCSCF and TD CC results will 
require a more involved study of the vibrational problem in 
question, including the effect of (a) polarization functions 
(not included in the MCSCF calculations);15 (b) nondynamic 
correlation (not adequately described in the SR CC ap­
proaches applied in the study); and (c) dynamic correlation 
contributions from the triple excitations (not incorporated in 
our TD CCSD vibrational analysis). [For instance, to illus­
trate the importance of including both the polarization func­
tions and dynamic correlation for describing the equilibrium 
CCH angle at the rectangular geometry, we can compare the 
corresponding MCSCF (Ref. 15) and SR CCSD(T) values 
(134.8° and 132.6°, respectively).] Compared to the rectan­
gular vibrational spectrum, the deviations between the corre­
sponding MCSCF and TD CCSD frequencies at square 
ground state geometries decreases a fair amount, with the 
values of the latter being systematically lower by 2.5%-
12.7% (columns 8 and 9 in Table IV). The imaginary fre­
quency for the big, interconversion motion (803i and 990i 
for TD CCSD and MCSCF applications, respectively) cor-

roborates once again the ground state square singlet as the 
transition structure on the GS isomerization PES. 

As a consequence of the general overestimation of the 
MCSCF vibrational energies, the resulting MCSCF values of 
ZPE were larger by -3 kcal mol-I compared to the TD 
CCSD ones for both ground state structures in study (Table 
IV); however, the final zero point corrections to the intercon­
version barrier are fairly comparable [see the corresponding 
TD CCSD and MCSCF (Ref. 56) corrections (2.5 and 2.3 
kcal mol-I, respectively)]. To conclude, the ZPE corrected 
TD CC barrier for the rectangular distortion process (Table 
VI) is estimated to be 3.9 kcal mol- I and 4.0 kcal mol- I [TD 
CCSD and TD CCSD(T) optimized calculations, respec­
tively] compared with the ZPE corrected MCSCF intercon­
version barrier, 2.5 kcal mol- I.56 

We present a comparison of the TD CCSD vibrational 
energies for selected excited electronic states of CB with the 
corresponding MCSCF valuesl5 in Table V. Similar to the 
results for the square ground state structure (Table IV) we 
observe the general overestimation of the MCSCF vibra­
tional frequencies compared to the TD CCSD ones for all 
electronic states considered (see the pertinent ZPE correc­
tions in Table V). It is interesting to note that the ZPE's for 
different excited electronic states of CB are very similar 
within both methods [compare, e.g., the identical TD CCSD 
value of ZPE (36.44 kcal mol-I) for the ground state triplet 
and first excited square singlet]. Concerning the stability of 
the individual states, no imaginary frequency is observed for 
the ground state triplet and second excited singlet of CB 
[columns 2 through 4 (Table V)], thus confirming the fact 
that their equilibrium is represented by the square structure. 
On the other hand, the first excited singlet exhibited the in­
stability of its square eqUilibrium with respect to the b 2g , 

rhombic deformation mode [compare its frequency, 1104i 
with the corresponding MCSCF/6-31 G vibrational energy, 
9423i (Ref. 15)]; however, even the resulting rhombic ge­
ometry did not represent the true equilibrium when it stab­
ilized along the two out-of-plane bending modes of blu and 
b2g symmetry with the corresponding vibrational energies 
being 404i and 506i, respectively (Table V). At the same 
time, the high frequency shift with respect to the rectangular, 
bIg motion is detected for the first excited singlet state, a 
phenomenon which is closely connected with the destabili­
zation of the state towards the rectangular deformation. 

The TD CCSD zero point energies are also evaluated 
(Table V) with the energy differences between (a) the poten­
tial surface minima and (b) ground vibrational states, listed 
in Table VI. In general, we find a close agreement between 
the MCSCF and TD CC, ZPE corrections to the energy sepa­
rations considered. The positive ZPE corrections to the val­
ues of energy barriers at square geometries result in increas­
ing the corresponding energy differences (Table VI). On the 
other hand, the energy barrier for the rhombic distortion of 
the first excited state decreases upon the ZPE correction, 
which in some cases even suggests the stability of the square 
singlet structure [see, e.g., the positive value of the corre­
sponding energy separation in the TD CCSD application 
(Table VI)]. Admittedly, a more exacting study of the inter­
conversion process will be necessary, including (a) a more 
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FIG. 1. MRCCSD energies of the four lowest electronic states of cyclob­
utadiene along a rectangular distortion path (E in a.u.). The curves are 
identified as follows: ground state singlet, So (_); ground state triplet, To 
(0); first excited singlet, SI (.&.); second excited singlet, S2 (~). 

extended basis set; (b) a larger active configuration space; 
and last but not least (c) consideration of the anharmonic 
correction to the zero point vibrational level. (In fact, the 
third issue has been addressed in several prior studies on the 
ground state isomerization process in CB,I,12,13 which were 
geared at the explanation of the p~enomenon of heavy atom 
tunneling. I- 5,1O,12,13 For example, Carsky suggested that due 
to the strong coupling of the interconversion mode with other 
motions of the same A g symmetry, at least three vibrational, 
A g modes should be treated nonadiabatically.13(a) As a result, 
splitting of the first and third A g lines was observed, thus 
corroborating the possibility of quantum mechanical tunnel­
ing in CB.) 

Finally, the findings about the structure of all electronic 
states of CB studied in the paper, including their stability 
towards the two possible SOJT distortion motions are also 
summarized in Figs. 1 and 2. The finite lowering of the en­
ergy for the square ground state singlet (first excited singlet) 
is demonstrated in Fig. 1 (Fig. 2) as a function of the rect­
angular (rhombic) reaction coordinate, with the three remain­
ing electronic states of CB found to be stable with respect to 
the pertinent vibrational mode. It is interesting to note that 
the aforementioned stabilization is strongly coupled with the 
destabilization of the corresponding excited singlet state 
(Figs. I and 2). By contrast the energy separations between 
the other two electronic states [(T1 ,S2) and (So, T 1) for rect­
angular and rhombic interconversion, respectively] remain 
fairly constant along the whole distortion path. 

IV_ CONCLUSIONS 

Potential energy surfaces for the ground and several ex­
cited states of cyclobutadiene were investigated by the 
MRCC method and the results were critically compared to 
the conclusions drawn from the best single- and multirefer­
ence correlated calculations. Besides the standard MR 
CCSD approach, we also examined a new multireference CC 
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FIG. 2. MRCCSD energies of the four lowest electronic states of cyclob­
utadiene along a rhombic distortion path (E in a.u.). The curves are identi­
fied as follows: ground state singlet, So (_); ground state triplet, To (0); first 
excited singlet, S 1 (.&.); second excited singlet, S2 (~). 

method including the triple excitations in a noniterative, 
CCSD(T) fashion. Among the problems studied in the paper 
were (a) the ground and first excited singlet state isomeriza­
tion processes of CB; (b) the ordering of its lowest electronic 
states at the square geometry; and (c) the harmonic vibra­
tional spectrum for all the electronic states considered. 

By comparing the convergence of the corresponding 
single- and two-determinant CC computations we demon­
strated the higher efficacy of the TD CC treatment of the 
(quasi)-degenerate ground state correlation problem of cy­
clobutadiene including (a) a more economic, TD evaluation 
of the effect of higher excitations, whose inclusion is impera­
tive for a qualitatively correct description of the square sin­
glet geometries of CB [compare the CCSDT single-reference 
estimate of the ground state interconversion barrier with the 
pertinent TD CCSD value (6.4 and 6.6 kcal mol-I, respec­
tively)]; (b) a balanced treatment of both the dynamic and 
nondynamic correlation effects within the TD CCSD ap­
proach, resulting in the same level of accuracy for the ground 
singlet and triplet square structures as the one provided by 
the best, CCSDT method; (c) faster convergence of the TD 
CC correlation expansion manifested by smaller deviations 
between the corresponding CCSD and CCSD(T) results 
[compare, e.g. the CCSD(T), "triple excitation" corrections 
to the ground state isomerization barrier of CB, 5.8 
kcal mol- l and 0.1 kcal mol-I, for the single- and two­
determinant CC methods, respectively]. 

In addition to the ground state singlet and triplet poten­
tial surfaces, we also examined the rhombic distortion path 
for the first excited singlet state of CB in comparison with 
the results from previous, multireference correlated calcula­
tions. Contrary to the ground state, rectangular isomerization 
process, the TD CC stabilization energy for the rhombic va­
lence tautomerization was found to be much more sensitive 
to the level of correlation treatment as well as to the choice 
of the reference orbitals (Table VI). The final, TD CCSD(T) 
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value of the activation barrier with inclusion of the ZPE 
correction was in a close agreement with the corresponding 
MCSCF result of Nakamura et al. (1.8 aI1<;l1.3 kcal mol-I, 
respectively). Nevertheless, considering the computational 
aspects of the present TD CC calculations, it will be the 
focus of our future study to determine the effects of (a) im­
proving the DZP basis set employed; (b) extending the two­
determinant active reference space; and (c) including the an­
harmonic corrections to the vibrational energies, on the final 
values of the pertinent isomerization energies. 
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