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Random-phase approximation correlation methods for molecules and solids
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Random-phase approximation (RPA) correlation methods based on Kohn—Sham density-functional theory and
Hartree—Fock are derived using the adiabatic-connection fluctuation dissipation theorem. It is shown that the
correlation energy within the adiabatic-connection fluctuation-dissipation theorem is exact in a Kohn—-Sham
framework while for Hartree-Fock reference states this is not the case. This shows that Kohn—-Sham reference
states are probably better suited to describe electron correlation for use in RPA methods than Hartree—Fock
reference states. Both, Kohn-Sham and Hartree—Fock RPA methods are related to each other both by
comparing the underlying correlation functionals and numerically through the comparison of total energies and
reaction energies for a set of small organic molecules.
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correlation energy; RPA

1. Introduction

In the early 1950s Bohm and Pines published a series of
seminal papers that studied the collective properties of
the electron gas [1-3]. They described the density
fluctuations within the electron gas by separating a
collective long-range (plasma) oscillation and a
short-range thermal or random motion of the individ-
ual electrons. In their quantum mechanical treatment
[3], the many-electron Hamiltonian was expressed
through a Fourier transformation by a series of
momentum transfers between the electrons and it was
found that terms with a random phase, corresponding
to different momentum transfers, have a zero mean
value and can be neglected if the electrons interact
rather weakly via screened Coulomb forces. Thus,
within this random-phase approximation (RPA), the
electrons are assumed to respond only to the total
electric potential, which is the sum of an external
potential and a screening potential produced by the
electron clouds surrounding the electrons, as was
shown later on by Nozieres and Pines [4]. A relation
between the RPA and the perturbed self-consistent
field theory describing the interaction of a many-
electron system with an electromagnetic field was then
established by Ehrenreich and Cohen [5].

Using the plasmon model that describes the many-
body system in terms of collective excitations, Sawada
et al. derived an expression for the (exchange-)corre-
lation energy that arises from the plasma oscillations

which is given by the zero-point energy of the
oscillations and the value this energy approaches as
the coupling between the oscillators is switched off [6]:

Be=3 3 [orof] ()

While this result differed from the corresponding
expression of Bohm and Pines, since in their work
the zero point energy alone appears explicitly [3],
Sawada et al. showed that both approaches are
identical in the high density limit. Thus the correlation
energy within the random-phase approximation can
also be connected with the zero-point energy of a set of
harmonic oscillators which have the same oscillation
frequencies as the electrons. This model is also closely
related to a Drude model first introduced by London
[7, 8] describing the dispersion interaction between
atoms. In the Drude model the electron interactions
are described by coupled harmonic oscillators such
that, in a quantum mechanical picture, a zero-point
energy exists describing a lowering of the energy due to
correlations. Gell-Mann and Brueckner [9] have shown
that the RPA correlation energy of an electron gas in
the high density limit is represented by the sum of all
Feynman diagrams with a ring structure and therefore
the RPA also is sometimes referred to as the ring
approximation in many-particle physics.

Originally, electron exchange effects were neglected
in early works using the RPA. This RPA method
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neglecting exchange effects shall be designated direct
RPA (dRPA) here. However, it was found later on, e.g.
in the work of Brener and Fry [10,11], that an
extension of the RPA dielectric function [12] using
exchange interactions leads to improvements for the
description of the properties of the electron gas.
McLachlan and Ball derived an expression for the
correlation energy of the electron gas within the
framework of time-dependent Hartree-Fock (TDHF)
theory [13,14] that, however, differed from the original
expression from Sawada et al. [6] by a factor of one
half. While the TDHF approach itself has been used
extensively for the description of excited states and
dynamic response properties [15-20], the TDHF RPA
variant from McLachlan and Ball has rarely been used
for describing correlated molecular ground states in
contrast to the original RPA method excluding
exchange interactions. On the one hand, the reason
for this may stem from the fact that the TDHF method
often is affected by triplet instabilities due to an
incompatibility of the wave function ansatz and the
excitation operators [14,21-25]. On the other hand, it
turned out that alternative correlation methods like
many-body perturbation theory or coupled-cluster
theory are more accurate for the description of the
correlation energy of molecules.

The RPA approach for determining the correlation
energy of a many-body system can be derived from a
very general theorem, termed adiabatic-connection
fluctuation-dissipation theorem (AC-FDT) [26-29]
which apparently was first discovered by Pauli (see
remarks in [4,26]). The fluctuation-dissipation theorem
was originally derived by Callen and Welton [30] and is
used to study the properties of non-equilibrium ther-
modynamic systems. It relates the internal random
motions of the particles in a many-body system to the
response to small externally applied perturbations
since both the fluctuation forces and the dissipative
forces (that is the density—density response) have their
origin in the interactions between the particles. The
AC-FDT theorem within the framework of the
Kohn—Sham (KS) formalism of density-functional
theory (DFT) [28,29] provides an exact expression for
the exchange- and correlation-energy, while an approx-
imate expression for the exchange- and correlation-
energy is provided on the basis of the Hartree—Fock
(HF) method. The AC-FDT requires as input the
response function of the electronic system. The latter
has to be approximated. If this response function is
determined via TDHF then TDHF RPA methods are
obtained. If the response function is determined within
time-dependent density-functional theory (TDDEFT)
then KS based RPA correlation energies result.

While RPA methods based on HF have rarely been
used in molecular applications since their invention
(see also a recent work by Klopper et al. which suggests
that RPA variants including Hartree-Fock exchange
seem to be less suitable to describe -electron
ground-state correlation than direct RPA methods
[31]), see above, in recent years Kohn—-Sham based
RPA methods have gained an increase in popularity
[32-55]. Apart from presenting efficient computational
implementations of direct RPA methods for solids and
molecules [39,40,45], it was shown that direct RPA
methods using KS orbitals yield quite accurate results
for atomization energies and even describe to some
extent static correlation effects in molecules [33]. This
finding is somewhat surprising in view of the fact that
direct RPA methods violate the Pauli exclusion prin-
ciple since they treat on an unequal footing so-called
exclusion-principle violating diagrams, i.e. diagrams of
equal magnitude and opposite sign that cancel each
other in a complete perturbation series expansion.
Because of this it has been argued [56] that direct RPA
methods may fail especially for small systems and small
basis sets while they should produce better results for
extended systems, e.g. the electron gas. Indeed the
direct RPA exhibits the shortcoming of yielding a
non-zero correlation energy in one-electron systems
while it has been demonstrated recently that direct
RPA calculations of a set of 24 solids yield excellent
lattice constants and good relative energies [46,57].

In spite of recent developments that make RPA
methods more efficient for molecular systems, they are
still computationally more demanding than standard
Kohn—Sham DFT methods. This stems from the fact
that within the RPA one has to accurately model the
interelectronic cusp, a problem that is common in all
orbital based correlation methods. Usually this
requires large basis sets with high angular momentum
functions. A potential remedy for this problem are the
range-separated methods [42,43,49,50,58-63] in which
the short-range electron correlation is treated via
conventional DFT methods and the long-range corre-
lation via orbital-based methods. While such methods
originally treated the long-range part of the correlation
with configuration-interaction [58] or second-order
Moller—Plesset [59] methods, it was found in a
number of recent studies that range-separated methods
including long-range RPA corrections (including or
excluding exchange) perform well for a number of
molecular properties [42,43,49,50,62,63].

The TDDFT methods used in KS based RPA
approaches to calculate the response function require
approximations for the exchange-correlation potential
and kernel (more precisely, for the exchange potential
and kernel, while KS methods that include electron
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correlation effects in the potential and kernel go
beyond the random-phase approximation, see, e.g.
[64]). The exchange-correlation kernel is the frequency-
dependent functional derivative of the KS exchange-
correlation potential with respect to the electron
density. The quality of the approximations for the
exchange-correlation potential and kernel
determines the accuracy of the KS based
RPA approaches. Initially conventional exchange-
correlation density-functionals within the local density
or generalized gradient approximation were employed
in RPA methods [64] and the frequency-dependence of
the kernel was neglected, an approximation called
adiabatic approximation. Recently methods were
introduced [52,53,55,65] that neglect the correlation
contribution to the potential and kernel but use the
exact exchange potential and the exact frequency-
dependent exchange kernel [66—68]. Such methods were
named exact exchange (EXX) RPA methods. Hellgren
and von Barth [65] have used this approach to study
the correlation energies for some atoms using a cubic
spline representation for the radial basis sets and found
a very good agreement with accurate configuration
interaction results. In [52] Hellgren and von Barth also
investigate a self-consistent exact-exchange RPA
method in which the EXX potential is accompanied
by a correlation potential derived from an (approxi-
mate) functional derivative of the RPA correlation
functional. While this led to only small changes for
atomic correlation energies compared to the non-
iterative approach, clear improvements were obtained
for the exchange-correlation potentials and thus the
single-particle spectrum in the KS calculations.

In [53] we presented the first exact Kohn—Sham
exchange RPA method that could be generally applied
to molecular systems using an exchange kernel which
was derived from a reformulation of the TDDFT
response equations omitting the numerically problem-
atic inverses of the noninteracting response functions
[69-71]. This new method, termed as EXX-RPA (note
that the acronym RPA(EXX) was used in [53]), has
been shown to yield accurate correlation energies and
chemical reaction energies if compared to coupled-
cluster singles doubles with perturbative triples refer-
ence results. In [55] we have furthermore shown that
this EXX-RPA correlation functional also correctly
describes the bond dissociation of the hydrogen
molecule in the asymptotic limit in contrast to the
corresponding HF based adiabatic-connection RPA
method. Therefore RPA methods based on the exact
KS exchange kernel offer new correlation methods that
surpass the accuracy of common density functionals.

While the RPA method including -electron
exchange effects was originally only defined using

Hartree-Fock reference states, in this work it will be
shown that the corresponding RPA method on the
basis of exact KS exchange (EXX), termed as EXX-
RPA method, directly relates to the adiabatic-
connection fluctuation dissipation theorem of the KS
formalism. The ansatz to determine the KS correlation
energy via the adiabatic-connection fluctuation-dissi-
pation theorem, which leads to methods commonly
denoted KS based RPA methods, is an exact one,
approximations then are made if the exchange-
correlation potential and kernel required within this
ansatz are chosen. In the EXX-RPA case the approx-
imation of neglecting correlation in the potential and
kernel is made as only approximation. In HF based
RPA methods, on the other hand, the ansatz itself is an
approximation, see Section 3.1. Moreover, HF based
RPA approaches that invoke a coupling constant
integration lack a straightforward formal justification
for performing this integration because an adiabatic
connection between the reference wave function, the
HF determinant, and the exact wave function, cannot
be straightforwardly constructed in a simple way in
this case. A further general differences between KS and
HF based RPA methods, that shall be elucidated
within this work, is the fact that within KS based RPA
methods due to their root in the adiabatic-connection
fluctuation-dissipation theorem only singlet-singlet
excitations need to be considered whereas RPA
methods on the basis of HF often require one to also
consider singlet—triplet excitations.

This work is organized as follows. In Section 2 KS
RPA methods, i.e. methods that calculate the KS
correlation energy via the adiabatic-connection fluc-
tuation-dissipation theorem will be introduced. In
Subsection 2.1 of Section 2 we consider the integration
of response functions along imaginary frequencies
leading to the basic fluctuation-dissipation theorem.
In Subsection 2.2 the adiabatic connection and the
coupling strength integration of the KS formalism are
presented and in Subsection 2.3 the coupling strength
integration and the fluctuation-dissipation theorem are
combined to give the adiabatic-connection fluctuation-
dissipation theorem. Finally in the last subsection of
Section 2 the EXX-RPA method is introduced. In
Section 3 we will then review ‘standard” RPA methods
that include exchange interactions and that are based
on the HF reference determinant. In the first subsec-
tion of Section 3 the general relation between response
functions and correlation energies is discussed and in
this way the formal basis of HF based RPA methods is
analysed. In the second subsection of Section 3 various
variants of HF based RPA methods are introduced
and related to perturbation theory. In Section 4
relations between HF based RPA methods and the
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EXX-RPA method are discussed and approaches
combining elements from both types of methods are
considered. An analysis of results from the various
RPA methods for total energies and chemical reaction
energies is given in Sections 5 and 6, respectively.
Section 7 summarizes the results.

2. RPA correlation energy in density-functional
theory

2.1. Integration of response functions along

imaginary frequencies
The causal response function x that yields the response
of the electron density of an electronic system in its
ground state with wave function ¥, on a frequency-
dependent perturbation is given by

X(y’ ,/, 1)) = Z |: <Y]0|16(r)| q]n) ('Pn|/3(r’)| T())

n£0 EO_E)1+V
W50 W) (ol 50| W,
A G GO .
Ey—E,—v

The variable v = w + in shall combine the real-valued
frequency @ of the perturbation and the imaginary
convergence factor in. In practical applications the
limit 7 — 0 of a vanishing convergence factor is
considered. The summation in Equation (2) runs over
all excited states ¥,. The density operator p(r) is
given by

N
pr) = 8(ri—r) 3)
i=1

with N denoting the number of electrons and §
designating the delta function. For real-valued
Hamiltonian operators the eigenfunctions ¥, can be
chosen real-valued. In this case Equation (2) for the
response function turns into

/ Eﬂ - EO
X vy =-2% ————
; (Ey — Eo)’ —1?

< (Pol W) (Pul 00 Po).  (4)

Next we consider an integration of the response
function with respect to the variable v along the
imaginary axis by integrating along an integration
variable « and setting v =iw. With the integral
[dwa/(a*> + »*) = arctan(w/a) implying

/0 dwﬁzg for a > 0, (5)

it follows
—1 [
%/‘ dow x(r, 7, iw)
0
! ; S
=5 2_(Polb)|®) (Pal ()] Wo)
n#0
1 ~ Y
=5 2 (Pol B0} (Pulp)] ¥o)

1 ~ Ay
—3 (Polp(r)|¥o) (Polo(r)¥o)

= 3 (Do) — 3 Pl

1
= pa(r.r) =5 pr)p(r')

1
+ E/dl‘l dry...dryds;dsy...dsy Po(rirs...ry)

N
x [Z 8(r; — r) 8(r; — r’)j| Yo(rirs . ..ry). (6)
i=1

In Equation (6), by ds; ds, ...dsy the integration over
spin variables shall be denoted, p,(r, ") designates the
pair density, the diagonal of the second-order spinless
density matrix defined according to

po(r )= %/drl dry...drydsidsy...dsy Po(rira...ry)

N N

X ZS(W—V)S(rj—r’) Yolriray...ry).

i=1 =1
J#i

(7
In the step from the second to the third equality of
Equation (6) it is exploited that Y, |¥,)(¥,| represents
the identity operator.

Next we multiply Equation (6) by a function g(r, )
which, at this point, shall be arbitrary and later will be
set equal to 1/|r — r/|. Furthermore we integrate over
the variables r and »/

_1 (>
— / do / drdv¥ g(r,¥)x(r,¥,iw)
21 0
/ / / l /
— [arar ste.r )[pz(r,r )5 Pl )]
+ fdl’dl’/ %/dl‘] dl‘z .. .drNdsl dS2 .. .dSN Wo(rll’Q .. .}’N)
N
x g(r,r') |:Z 3(ri—r)d(r; — r’):| Yo(riry...ry)
=1
/ / / 1 /
= [arar gt [m(m )5 plrIolr )]
1
+ /drdré /drl dry...drydsidsy...dsy Po(rira...ry)

N
x g(r,r') |:Z 8(ri—r)8(r — r)i| Yo(riry...ry)
i=1
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= / drdr’ g(r, V/)[pz(", r) —% p(")p("/)}
—|—% / drdv g(r,¥)p(r)s(r —r). (8)

In the step form the first to the second equality in
Equation (8) we used the relation

f drdr’dr; g(r, ') (1) 8(r — 1) 8(r; — 1)
- / drdr, g(r. 1) (1) 8(r; — 1)
= [ anigteiraso
- / drg(r, ) /(1)
_ / dr dr; g(r, ) f (1) 8(r; — 1)
= / drdr dr; g(r,¥) f(r) 8(ri — 1) 3G — 1),  (9)

which holds true for arbitrary functions f(r;) and thus
also for f(r;) = Wo(rira...vi...rN)Po(rira...ri...1yN).
For g(r,r)=1/|r —¢| the first integral on the
right-hand side of Equation (8) yields
1
|:/02(V r)—3 p(r),o(r ):| =Ve—U,

fdr dr’
(10)

i.e. the sum of the electron—electron interaction energy

, pa(r, ¥ ~
Vee:/drdr fj(_r,l)z%weaw (11)

with the operator of the electron—electron interaction
given by

N

. 1
eezigz P (12)

J=1

minus the Coulomb energy

/d 4 p(r) p(r’) (13)

r=r|

The second integral on the right-hand side of
Equation (8) diverges for g(r,r) = 1/|r — ¥/|. Later on
we will consider differences of expressions of the form
given on the right-hand side of Equation (8). In these
differences the divergent contributions will cancel each
other and therefore will not lead to problems.

2.2. Coupling strength integration

An adiabatic connection [28,72,73] between the
Kohn—Sham model system, a system of hypothetical

noninteracting electrons, and the corresponding real
electronic system is defined with the help of the
Schrédinger equation

[f+ Ve + 17(05)] Wo(a) = Eola) Pola), (14)

which contains a coupling constant o with 0 <« <1
scaling the electron—electron interaction operator I}ee
defined in Equation (12) and a coupling-constant-
dependent potential

N

Be) =) wa.r). (15)
The operator of the kinetic energy in Equation (14) is
given by

N
. 1
T:—ZEVf. (16)

The potential v(a,r;) is defined up to an additive
constant by the requirement that the ground state wave
functions ¥(«) for all values of the coupling constant
« yield the same electron density p(r), i.c.

(Wole) | p(r) | Po(e)) = p(r). (17)

The Hohenberg—Kohn theorem guarantees that up to
an additive constant the potential v(w,r;) is uniquely
defined by this density condition. For vanishing
coupling constants the potential v(a,r;) equals the
effective KS potential v(r), i.e.

va = 0,r) = v(r) (18)

and for a coupling constant o =1 the potential v(«, r;)
equals the external potential

W@ = 1,1) = veu(r) (19)

of the considered real electron system, usually the
electrostatic potential of the nuclei.

The eigenfunctions ¥,(«) of the adiabatic connec-
tion Schrodinger equation (14), for a vanishing cou-
pling constant « =0, are the ground and excited KS
wave functions @,

an(Ot = 0) =, (20)

and, for coupling constant o=1, are equal the
eigenstates ¥, of the real electron system

an(Ol: 1): . (21)

Note that the Hohenberg-Kohn theorem guaran-
tees only the uniqueness of the coupling-constant-
dependent potentials v(«, ¥) but not their existence. For
the fully interacting case, i.e. w=1, the potential
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va = 1,r) = vex(r) 1s given by the considered real
electronic system. For other values of the coupling
constant « the existence of v(«, r) has to be assumed, an
assumption that is called the v-representability
assumption and that underlies the KS formalism and
thus most applications of DFT. The KS formalism
only requires that with a given external potential
v = 1,r) = vex(r) also the KS potential
v(e = 0,r) = vy(r) exists, for an adiabatic connection
as it is defined here potentials v(«,r) for all values
0 < o <1 need to exist.

The ground state wave function @, of the KS
system defines the noninteracting kinetic energy

T, = (| TDp) (22)

by its expectation value with the kinetic energy
operator and the KS exchange energy

E, = (®g|Vee|@0) — U (23)

by its expectation value with the electron—electron
interation operator minus the Coulomb energy U of
Equation (13). Both the noninteracting kinetic energy
as well as the exchange energy only depend on the KS
wave function @, and thus are independent of the
coupling constant «. That is 7, E,, and U are given by
the starting point of the adiabatic connection at o =0.
The definition of the KS exchange energy, i.e. the
exchange energy in DFT, thus differs from the
common definition of the exchange energy in wave
function based methods. In the latter case the exchange
energy is defined as the electron—electron interaction
energy of the HF determinant minus the Coulomb
energy U. For nondegenerate ground states the KS
wave function @ like the HF wave function is a single
Slater determinant. The exchange energy then in both
cases is given by the well-known expression for the
exchange energy of a Slater determinant in terms of
the orbitals building the Slater determinant. However,
the orbitals entering the expression in the one case are
KS orbitals and in the other are HF orbitals and
therefore the values of the KS and HF exchange
energies are different. In practice the differences are
small because KS and HF determinants turn out to be
surprisingly similar [70,74-76].

A coupling-constant-dependent correlation energy
E.(«) shall be defined according to

Ec(@) = (Po(@)|T + & Vee| Po(@)) — (D0] T + @ Vee | @0).
(24)

The correlation energy E. = E.(e = 1) for a =1 is the
KS or DFT correlation energy which differs in its
definition and its value from the correlation energy

which is commonly defined in wave function based
methods. Because, by construction, the wave functions
Yo(a) and @, that enter the definition of the correla-
tion energy E () yield the same electron density we
can turn Equation (24) into

Ec(@) = (Po(@)| T+ & Vee + 7(@)|Po(a))
— (DI T + & Vee + ()| o). (25)

For a«=1 Equation (25) yields the KS or DFT
correlation energy as the difference of the expectation
values of the electronic Hamiltonian operator with the
full ground state wave function ¥y = V(e = 1), i.e.
the full ground state energy, minus the expectation
values of the electronic Hamiltonian operator with the
KS wave function &y = ¥Yo(e¢ =0). The HF based
correlation energy, on the other hand, is the difference
of the expectation values of the electronic Hamiltonian
operator with the full ground state wave function and
the HF determinant.

The correlation energy E.(«) of Equation (24) is
the sum

Ec(a) = Te(@) + aVe(a) (26)
of a kinetic contribution,
To(@) = (Po(@)|T1¥o(@)) — (Do| TIdy),  (27)
and an electron—electron interaction contribution

Ve(@) = (Po(@) | Vee Po(@)) — (@0 Veel Do), (28)

multiplied by the coupling constant «.

The derivative of the correlation energy E.(«) with
respect to the coupling constant is given by V()
because taking the derivative of Equation (25) yields

di(a) di(a)

dE. N ~
d;“) = (Po(@)] Vee =g 1#0(@) = (Po| Ve + =5 = 90)
= (o Pl o(@) + [ ar e o
— (@[ Vel Bo) — / dr%pm
o
= (P0(@)| Ve Po(e)) — (Po| Vee| Po)
= V(a). (29)

For the first line of Equation (29) the
Hellmann—Feynman theorem was invoked, for the
second line it was exploited that ¥y(«) as well as @,
yield the electron density p.

From Equation (29) follows immediately the cou-
pling strengths integration for the DFT correlation
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energy E. = E.(a = 1),
E.=E(a=1)
= Ef(a=1) — E(a =0)

_/ld dE(a)
o 0 ¢ da

1
:/ da Ve(a), (30)
0

if we exploit that definition (24) of the correlation
energy E.(a) implies E.(a = 0) = 0.

2.3. Adiabatic-connection fluctuation-dissipation
theorem
By combining the coupling strength integration,
Equation (30), with the integration of causal response
functions along complex frequencies, Equation (8), we
obtain the adiabatic connection fluctuation dissipation
theorem for the DFT correlation energy E.
[28,29,35,64,77]. In Equation (8) the integration of
the response function x(r,r,iw) of the real electron
system is considered. A generalization to a coupling-
strength-dependent response function y(«,r,r,iw) is
straightforward by replacing the wave functions ¥, in
Equations (2)—(11) by the wave functions ¥,(«) and by
introducing the coupling-strength-dependent pair den-
sity pa(a, r, 1), the diagonal of a coupling-strength-
dependent second-order spinless density matrix
obtained by a generalization of definition (7). The
coupling strength integration for E. then can be
expressed as

1
E. :/ da V(o)
0

1
:Amwmwmmww@mmw

1 - — o/
:/ da/drdr/pz(a,”y)_pz(a_O,V,')
0

lr— | lr— |

1 / /

~ [ o [arar paer.r) 1 p(r)p(r)
0 r—r 2 =7

p2(e=0,r,1") 1 p(r)p(r’)
lr —v| 2 r—=r| |

+

(1)

Only one density p that is independent of « occurs in
Equation (31) because the wave functions ¥o(«)
independently of « yield the same electron density p.
If we now insert twice Equation (8) with
g(r,¥)=1/lr —¥| and use that the last integral in
Equation (8) is cancelled because it occurs twice with
different signs then we obtain the adiabatic-connection

fluctuation-dissipation theorem for the DFT correla-
tion energy E,

—1 ! Co 1
E.=— | da | drdr
2 Jo lr—r|
00

x / dw[xa(r,r’,ia))—Xo(r,r’,ia))]. (32)
0

2.4. RPA correlation energy within Kohn—Sham
framework

In order to calculate the Kohn—Sham correlation
energy with the adiabatic-connection fluctuation-
dissipation theorem the response functions yx, and x,
are required. The KS response function y, is known in
terms of the occupied and unoccupied KS orbitals ¢,
and ¢,, respectively, and their eigenvalues ¢; and ¢,

0OCC. unocc.

_4 ia / /
Kol i) =3 3 S () pu ).

2 2
&, T o

i a
(33)
In Equation (33) ¢, = ¢, — &; and thus by definition is
a positive quantity. Throughout this section we con-
sider non-sin-polarized systems. By ¢; and ¢, therefore
spatial orbitals are denoted while the spin degree of
freedom is taken into account by appropriate pre-
factors. Throughout this work indices i and j denote
occupied, ¢ and b unoccupied, and p, ¢, r, and s
arbitrary orbitals. Summations over the indices run
over the occupied, the unoccupied, or all orbitals,
respectively.
The integration over the frequency and the spatial
variables is straightforward and leads to

-1 , 1 0 L. L
%/dl dr |r—r’|/0 dw xo(r, ¥, iw) = Z(la|al)

ia

—TiC] (34

with (ia|ai) denoting a two-electron integral in phys-
icist’s notation and C designating a matrix defined by
the matrix elements Cy,j» = (ib|aj). The dimension of
the matrix C equals the number of occupied times
unoccupied KS orbitals, its columns and rows are
labelled by the superindices jb and ia.

The coupling-strength-dependent response function
Xe 18 obtained by time-dependent DFT (TDDFT) in
the linear response regime. The basic equation of
time-dependent or more precisely frequency-dependent
KS response theory is [78-83]

[82 + &2 Koo, ) 51/2]7,,,(01, w) = Qi(a, ) Zp(a, w).
(35)

In Equation (35) € designates a diagonal matrix with
elements Eiajbh = Sia,jb Eig = Siulfb (ga - 81')~ The kernel
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matrix Kyy(o, w) is defined by its matrix elements
J dr dr'oi(r)@u(r) fue(et, , 1, #)@u(r)ei(r').  The  kernel
fuxe 18 the frequency- and coupling-strength-dependent
functional derivative of the sum of the Hartree and KS
exchange-correlation potential.

Equation (35) is an equation that is nonlinear in the
frequency w. For a given frequency w the number of
eigenvalues Qi(cx, w) equals the product of occupied
times unoccupied orbitals. However, only if a square
root Q,(a,w) of the eigenvalue Q,%(oe, w) equals the
frequency w then this Q,(«,w) equals an excitation
energy. In most TDDFT methods the frequency
dependence of the kernel is neglected, i.e. the adiabatic
approximation is employed. In this case the frequency
dependence of the kernel and the eigenvectors gz,
vanishes, Equation (35) becomes linear, and the square
roots 2, of the eigenvalues equal the excitation
energies. In this work, however, we construct the
response function yx, within an exact-exchange
TDDFT (TDEXX) framework, that is we neglect the
correlation contribution to the kernel f,,. but we treat
the exchange contribution exactly including its fre-
quency dependence. The exact exchange kernel is given
by a quite complicated integral expression [66—68]
which is not well suited for numerical implementations.
It is, however, possible to derive an equation for the
frequency-dependent response of the effective KS
potential and not, as usually in TDDFT, of the
electron density [69]. The corresponding eigenvalue
equation for the excitation energies is better suited for
an exact treatment of exchange. At first, the eigenvalue
equation is again nonlinear in the frequency w but it
can be rearranged into the linear generalized eigen-
value equation [71], the TDEXX equation

[82 +ae2 [A+B+ A]s'ﬂ} Zn(a)

= QX [1 —ae Y[A-B+ A]e_l/2:| (). (36)

The matrices A, B, A with a dimension equal to the
number of occupied times unoccupied KS orbitals
contain the matrix elements A4, = 2(ij |ab) — (ia| jb),
Buujp = 2(ijlab) — (i 1ba), Aiajs = 8 (@alPN" — xl ) —
Sab (il PNE — Vl@;). The indices ia and jb, again, are
superindices labelling the rows and columns of the
matrices. The operator ?N is a nonlocal exchange
operator of the form of the HF exchange operator but
is constructed from KS orbitals while 7y is the operator
corresponding to the local multiplicative KS exchange
potential. Because the exact exchange kernel as well as
the Hartree kernel are linear in the coupling strength «,
the coupling strength occurs as a linear prefactor in
the equation. The price for having arranged

Equation (36) in a form that no longer contains
terms depending on w is that Equation (36) in contrast
to Equation (35) is a generalized eigenvalue equation.

With the eigenvectors z,(o) and the square roots
Q,(a) of Equation (36) the response function x, can be
expressed as [71]

. , 1
Xe(lw, 1, F) = ; @) ; _/Zb @i(r)pa(r)
12, (o 4@ o r 1/2}
X |:8 Zn((x) Qn(a)z i o2 ZH(Ol) € b
x @p(F)gi(r). (37)

Integration over the frequency and the spatial variables
yields

—1 1 o0
— / drdr / dow xu(r, ¥, iw)
2n r—rlJy
=Y (@ PCe (@) / Q). (39)

Finally subtracting Equations (34) and (38) and
integration over the coupling constant o« yields the
EXX-RPA correlation energy

1
= 39
E. /; da V() (39)

with
Velo) = [ZzZ(a)sWCst,,(a) / Qn(a)} = Tr[C]. (40)

A calculation of the EXX-RPA correlation energy in a
straightforward manner requires one to solve the
TDEXX equation (36) for a number of values of the
coupling strength «, to construct the integrand Ve (x)
and to carry out the coupling strength integration (24)
numerically. Typically six or seven integration points
in a Gauss—Legendre integration are sufficient to carry
out the coupling strength integration with an accuracy
of about 10~ hartree.

3. RPA correlation energy based on Hartree—Fock

3.1. Response functions and correlation energies in
RPA based on Hartree—Fock

Following Oddershede [84] the total electronic ground-
state energy can be written as

1 1
Eo =Z[hpq+32<prnqr> +32_vrlas) <%|aias|%>}

rq

. 1 = .
X (Polaa, Vo) = S (prlas) [ dopnion,
0

pars

(41)
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where the summations over p, ¢, r and s run over all,
i.e. occupied and unoccupied spin orbitals. This means
in this section, in contrast to the previous one, we
consider orbitals including their spin degree of freedom
and summations run over spin orbitals, i.e. indices p, ¢
etc. shall include possible spin indices. By (pg|rs) an
antisymmetrized two-electron integral in physicist’s
notation is denoted, d, and 4, designate annihilation,
and 4/ and 4 creation operators. The sum
> (Polalas|Wo) determines the first-order density
matrix p(r,r') according to o(r,r) =
3 dHnes(r) (Polalas|Wo)  (likewise  the  sum
qu('l’0|a;aq|‘l’o)). The response matrix elements
Xpgrs(V) define the response function
qum ¢;("2)¢q("/2)qu,rs(”)d);r("1)¢s(r/1) that yields the
response of the first-order density matrix on a pertur-
bation given by a general one-clectron operator. That
is in contrast to the response function (2) of the
previous section, the perturbation can be a nonlocal
operator and the response of the first-order density
matrix and not just of the electron density being
considered. The spin orbitals are denoted by ¢, ¢,, ¢,
and ¢,.

The response matrix elements y,, .(iw) are given by

quﬁrs(iw) = Z

[Wom;&m (Walala|Wo)

g Ey—E, +iw
P, lata,|Wo) (Woldla, W,
N |,,Eq| 02( 0ld} | >}_ @)
0 — Ly — 1w

In order to extract the correlation energy from
Equation (41) one may now add and subtract the
contribution qurv(pz lIsq) f5~ da)qu”(la)) from
Equation (41) where qurs(la)) refers to a general
single-particle (e.g. Kohn-Sham or Hartree—Fock)
response  function that is  obtained from
Equation (42) by replacing the exact eigenfunctions
¥, and ¥, by determinantal wave functions @, and @,,.
In this case the expectation values and the summation
over n are readily carried out in Equation (42) to
obtain

X?,q,,.s(ia)) = forp=s=i and ¢g=r=a
— Cia
1
= fOrp:s:a and q=}’=l
—lw — &j,
=0 else, (43)

as usual with /i denoting occupied and a denoting
unoccupied orbitals. Note that by ‘I’ in front of the
frequency w the imaginary unit not the index i is
denoted. By ¢;, = ¢, — ¢; again differences of single-
particle eigenvalues are denoted. With this

Equation (41) then transforms into

1 1
Eo=Z|:hpq+zz(m||qr>+ZZ(PV||(]S> <%|aias|%>}
Pq r rs

I,
x (Polajag|¥o) =7 ) iallia)

ia

i) / 40 Kpgs0) Ky 1], (44)

pq; s

where it has been used, that, taking into account
Equation (43), so that the frequency integration over
0 (1a)) yields 2718,,8,1;) and leads to — qum (prilgs)
dw qu L(w) = 4Zm iallia), with i,j denotlng occu-
pled and a, b unoccupied orbitals
If one now makes the approximation that the exact
one-particle density matrices are identical to the
density matrices of the determinantal wave function,
here a KS or HF wave function, i.e. (lPo|a aq|Wo) ~
(q§0|aTaq|¢o) = 8404i, then Equation (44) 51mphﬁes to

Eo~ Zh,-,-%Z(ijum

- Z(PVHQS / dw [quvm(iw) — ng’m(ia))]_

pqrs
(45)

For the case that @, is the Hartree-Fock determinant
the first two-terms on the right-hand side of Equation
(45) correspond just to the Hartree—Fock ground-state
energy and the remainder

B~ = S rlas) [ oo - £f ]

pqrs

(46)

with qum(la)) denoting the Hartree—Fock response
function, i.e. Equation (43) in terms of Hartree—Fock
orbital energies, is an approximation to the correlation
energy.

It is instructive to evaluate the frequency integra-
tion in Equation (46). With Equation (42) and the
integral [;°dwa/(a> + w*) =m/2 we obtain for the
frequency integral over x,qs(iw):

_Z@r”qs / depz]n(lw)

pqrs
_;IZ wrllgs) [“’dwz (Poldfay| VP, (Walafas| o)
4n pqrs 0 n#0 EO N E" +iw
+ (anlfl};&ql TO) (’IIOW,T&J gln)
E() —E,, —iw
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— 0l [ oy

pqrs 0 n#0

lPO|&H&q|'Pn ('anT& |q10)
EO _En +iw

T (T0|&;&q| Tn) ('an;&ﬂ 'PO)
EO - En —iw

1
=%Z<pr||qs>/ de(E E) — ~(Wolahdy| ¥,)
n 0

pqrs 0 n#0

x (Walalas| o)

=—Zom||qs > (Woldha| W) (Paldla| Wo)

pqrs n#0

1 At A AT A
=4 2 prllas) (Wolda,ala,| Po)

pars

1 A PN
= 3.2 prlgs)(Woldya,| o) (Polal | Wo)
pqrs

1
= 2 {pllgs) (Wolaala,a| Po)
pqrs

1
+5. 2 (pallgs)(Poldya| Po)
pqs

1 at N
=3 2 Prllas)(Polalay| o) (Polala| ¥o)
rqrs

—Vee——/dd [”(’)"9) PP r)]

[r—r| [r—r|

L o800 L [y, qu GG

r—r|
(47)

In Equation (47) it was used that the summation
indices can be renamed (r to p, p to r, s to ¢, g to s)
and  (rpllsq) = (prllgs),  that  a,al =8, —ala,,
that  (pllgs) = —(prligs).  that 13, (plas)
('Po|a al Ta,a,|'Wo) equals the electron—electron interac-
tion energy V. of an electronic system, that
3 @l ()ps(r) (Woldlas|Wo) equals the first-order den-
sity matrix p(r, '), and that Y_ ¢,(r)¢}(r') is a repre-
sentation of the delta function §(r — r’). The last two
terms in Equation (47) are singular and thus, strictly
speaking, ill-defined.

The frequency integration of the terms in
Equation (46) that contain HF response matrix

elements X (la)) together with Equation (43) yields

—Z(prnqs) / do it (i)

pqrs

:—Z (ia|ai)

e
—ZZZ,. Gill i +Z; (iqllgi)

! farar 2V GO W e ROV 0
* r—r| =
/d d /(S(V—}"/)IOHF(I’)

lr—v|

T / v HF
__/d " qu 9P () us)

r—r|

Here VI denotes the electron—electron interaction
energy of the HF determinant and p"F(r,#') and p"F(r)
are the HF first-order density matrix and the HF
electron  density, respectively. Subtraction of

Equation (48) from Equation (47) yields:

E ~ ——Z(P’ ||qs /(;oo dwl:qu,m(iw) - le;ill,:lv(lw)jl

pql s

Yyt L / drdr [p(r)/o(r/)_p“F ()" (r/)}

[r—v| |r—r'|

/ drdr [/0(" o) pM et l”)}

lr—r'| lr—r'|

) [aray X000 L [0 0000 P
=

—r|
1 f s Z¢ G /)%(v’)p(r)

r—r|

/ .\ ~HF
f s Z¢ SR ) )

[r—¥|

The right-hand side of Equation (49) contains the
electron—electron interaction contribution to the cor-
relation energy, i.e. the difference Ve — VHF, plus
various difference terms containing the exact and the
HF first-order density matrix and electron density. In
order to associate the right-hand side of Equation (49)
with the correlation energy as is done within the RPA,
Equation (46), the approximation that the HF
first-order density matrix equals the exact first-order
density matrix has to be made, as has been used above.
With this approximation, which implies the equality of
the HF and the exact electron density, all the difference
terms on the right-hand side of Equation (49) cancel.
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Moreover, under this approximation there would be no
kinetic contribution to the correlation energy and no
contribution from the electron nuclei interaction and
therefore there would remain only the electron—elec-
tron interaction contribution Ve — VHF to the corre-
lation energy. This indicates that the approximation
that the HF and the exact first-order density matrices
are equal is a quite severe one which could introduce
errors of a magnitude comparable to the electron—
nuclei interaction contribution and the kinetic contri-
bution to the correlation energy. Here a marked
difference to the RPA correlation energy within the
KS formalism given by the adiabatic-connection
dissipation-fluctuation theorem (32) shows up. The
adiabatic-connection  dissipation-fluctuation  theo-
rem (32) is exact, it yields the exact correlation
energy as defined in the KS formalism.
Approximations are introduced with the approximate
density-functionals, the exchange-correlation potential
and kernel when applying the adiabatic-connection
dissipation-fluctuation theorem. In HF based RPA,
with Equation (46), right from the start approxima-
tions are introduced. It should be noted, however, that
the form of the correlation energy of Equation (49)
might be even more inaccurate if KS orbitals and the
corresponding KS response function are used instead
of HF orbitals and the HF reponse function because
the KS one-particle density matrix is neither identical
to the exact density matrix nor can it be expected to be
a good approximation to it, even if the exact exchange-
correlation potential would have been employed,
see [85], p. 47 ft.

If in Equation (49) the antisymmetrized
two-electron integral (pr|¢s) is replaced by the simple
non-antisymmetrized integral (pr|gs) and the prefactor
1/4n is replaced by 1/2m, then carrying out the
frequency integrations in the same way as before
leads to

o~ . > : HF (;
E.~ _%Z@’ lgs) /(; dow I:qu,rs(lw) - qu,r_g(lw):l

pqrs

Y PP / drdr [p(r)p(r’) p”F(i)p“F(r/)]

=T v
/ _ N\ ,HF
/d d/ - ),O(V) /d d/a(r rr_)l(;/| (')

(50)

With the assumption that the HF and the exact
electron densities are equal the difference terms in
Equation (50) that contain the exact and the HF
density vanish and the electron—electron interation

contribution Ve — VIF to the correlation energy
remains. The assumption of an equality of the HF
and the exact electron densities is weaker than the
assumption of the equality of the corresponding
first-order density matrices. That is, Equation (50)
compared to Equation (49) requires a weaker approx-
imation to yield a meaningful quantity, namely
Vee — VHEIf the stronger assumption of an equality
of the HF and the exact first-order density matrices is
made then, as before, Vee — VHF can be associated with
the complete correlation energy. Equation (50) there-
fore is an alternative to Equation (49).

Alternative to the use of Kohn—Sham orbitals or
Hartree—Fock orbitals Equation (41) could also be
written in terms of natural orbitals or Brueckner
orbitals. For natural orbitals the transformation from
Equation (44) to Equation (45) holds true exactly,
provided the summations run over all orbitals with
non-zero occupation numbers and Equation (43) is
generalized accordingly. Brueckner orbitals, on the
other hand, differ from natural orbitals in third order
of perturbation theory [86]. Since it has been found
that the Brueckner reference determinant of a
Brueckner coupled-cluster doubles (BCCD) wave
function better approximates the electron density of
the unrelaxed full BCCD wave function [87,88], it can
be expected that the correlation energy expressions in
Equations (46) and (50) are better approximated
in terms of Brueckner instead of Hartree—Fock
orbitals.

3.2. Overview of RPA methods including exchange
interactions

In a diagrammatical perturbation expansion of the
direct RPA (dRPA) correlation energy it can be seen
that only certain types of diagrams occur, namely those
that have a ring form [9,56,89]. Because of this the
direct RPA is sometimes also termed ring approxima-
tion or direct ring coupled-cluster doubles (drCCD)
method. Moreover, it has been shown that the disper-
sion interaction energy on the coupled-cluster doubles
level is identical to the dispersion energy described by
RPA response propagators of the monomers, see [90].

A simple Hartree calculation suffers from the
neglect of electron exchange effects that leads to
erroneous self-interactions [56]. This shortcoming is
rectified by taking into account the exchange contri-
butions in the Hartree-Fock method. Similarly, dRPA
suffers from the neglect of exchange, now in higher
orders in the electron—electron interaction. As a result,
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dRPA methods usually strongly overestimate electron
correlation due to self-correlation errors. Most striking
is the fact, that dRPA yields non-zero correlation
energies in one-electron systems [37].

Because of this, self-correlation in dRPA has to be
corrected by including electron exchange effects. There
is, however, by no means a unique way to do this.
Quite a few RPA methods including exchange effects
were developed over the years [13,14,41,84,91-93]. As
the standard RPA or ‘normal RPA’ (NRPA) [92,93]
one may define the variant in which all ring-diagrams
in dRPA are supplemented by additional ring-dia-
grams with the interaction lines replaced by antisym-
metrized interaction lines. Such an RPA method
sometimes is also referred to as the ring coupled-
cluster doubles (rCCD) approach [94].

The starting point of the various HF based RPA
variants is the time-dependent HF equation
[19,93,95-97]

SR [N N Py

(51)

whose solutions and eigenvalues are used to construct
an approximation to the response matrix elements
Xpers(w) required in the basic Equation (46). The
matrices €, A, B, X, Y, and Q have the dimension of the
number of products of occupied and unoccupied spin
orbitals. The matrix elements are defined analogously
as in the KS case, however, with respect to HF spin
orbitals instead of KS spatial orbitals, i.e.
Eiajp = (Sijfsah(gi — &a), Ajajp = (ijlab) — (ia| jb), and
Biyjy = (ijlab) — (ij|ba). Again orbitals and subse-
quently all occurring matrices are assumed to be real-
valued. In a non-spin-polarized electron system the
time-dependent HF equation (51) can be decoupled
into equations for singlet-singlet and singlet—triplet
excitations with matrices €, A, B, X and Y which have
the dimension of the number products of occupied and
unoccupied spatial orbitals only, i.e. a dimension that
is a factor of four smaller than in the general spin-
polarized case. Note that Equation (51) has pairs of
solutions with eigenvalues @, and —-Q,. The
eigenvalues , are the excitation energies within
the RPA.

The eigenvectors given by the matrices X and Y
fulfill the normalization condition [19]

X yT'\ /1 o0 X Y 1 0
= . (52)
o )G )G )

Once Equation (51) has been solved, the RPA response
matrix xRPA(v) can be expressed in the spectral form

XRPA W) = (X Y) w1 -y 0
Y X 0 (—v1—Q)!
Xt yr
X (YT XT). (53)
The elements of xRPA(v) with v=iw enter as an
approximation of the exact response matrix elements

Xpa.rs(iw), Equation (46), for the RPA correlation
energy, leading to

ERPA — ;_;Z /0 de Tr[WRPA [X""A (i) — xHF(iw)]]
pars

with the HF response matrix x"F(v) containing
elements given in Equation (43) and with the interac-
tion matrix WRPA defined as

WR"A:<A B). (54)
B A

Alternatively the RPA response function can be
obtained from the Dyson-like equation

XEPAW) = XTF) + X OWRARPA ). (55)

Repeated insertion of Equation (55) into itself leads to
a series expansion of xRPA(v). If this expansion is used
to evaluate the RPA correlation energy ERPA, also the
latter is obtained in a series expansion. Comparing this
expansion of ERPA with many-body perturbation
theory shows that the expansion of Equation (55)
produces wrong prefactors in front of all terms. It has
been shown that this can be remedied through the
introduction of an interaction strength parameter « in
Equation (46) [6,98,99] which then in the RPA
approach is written as:

1 1
ERPA = — LS orlgs) /0 do

pqrs
X ooda)[ RPA(' _ HF
Xpg.rs 10, a) qu,m(lw)
0
1
=5 Tr(W'P), (56)

where P = —(1/2n) fol do [ do[x*P (o, @) — X" (iw)]
denotes the correlation part of the pair density. The
matrix x®PA(iw, &) is obtained by scaling the matrices
A and B in Equation (51) or the matrix W in
Equation (55) by the coupling constant «. Since W is
proportional to the electronic interaction, the RPA
response function can then be expanded in a power
series of « via the Dyson equation (55). A very crucial
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point is now, that in the standard RPA method the
interaction strength integration is not performed
exactly. Instead one assumes that the leading order
term XOWRPA(a)xo of a Dyson-type equation (55)
which is linear in « is dominating the perturbation
expansion and sets:

1
1
f dax* v, XA a =1, (57)
0

which corresponds to a coupling strength average.
With this the correlation energy becomes

1
EE™ A~ =) iprilas)

pqrs
x / dw [X;,?Q(iw,a: 1)—xp}£]5,s(iw)] (58)
0

and the insertion of the spectral representation of the
response function [Equation (53)] yields after integra-
tion over

T T
peea _ Lo (A BY T/XXT XyT) (100
¢ 8 \B A yx' yy" 0 1
- % [Tr(BYxT) + Tr(AYYT)], (59)

where the operator o here defines an element-wise
matrix multiplication and the normalization condition
Equation (52) has been employed. The second term in
Equation (59) is small compared to the first term since
it is of second order in the small eigenvector compo-
nents Y. Thus

ERPA o %Tr(BYXT). (60)

Using the normalization condition XTX —Y'Y =1
[see Equation (52)] it is easy to show that
YX'X = Y+ YY'Y and thus [18,100]

YXT =YX '+ YYIYX ! =1+ YYHYX ! =YX,
(61)

where again the fact that YYT « 1 has been made use
of. With Equation (61) the RPA correlation energy in
Equation (60) then can be written as

ERPA %Tr(BYX*l). (62)

This is the RPA correlation energy expression which is
identical to the ring-approximation in coupled-cluster
doubles (rCCD) theory as recently was shown by
Scuseria et al. [94]. The amplitudes defined as
T=YX"! can, alternatively to the solution of

Equation (51), be obtained from the solution of the
Riccati equation [101]

B+Te+eT+TA+AT+TBT =0 (63)

and it can be shown that the RPA correlation energy
defined in Equation (62) can be calculated in terms of a
sum over the differences of the RPA and SCI (singles
configuration interaction) Tamm-Dancoff approxima-
tion (TDA) excitation energies, respectively:

C

1 1
ERPA _ i Z QRPA _ ZTr(e +A)
n

- %Z [aRer — gmPr ], (64)
n

where it was used that the trace of a matrix does not
change under cyclic permutations. Equation (64) is the
plasmon formula expression which has been obtained
by McLachlan and Ball [13,14] who assumed that the
RPA excitations should be treated as a set of harmonic
oscillators and that Equation (64) is the zero-point
energy of these oscillators. Equations (62) and (64) are
given in the spin-orbital basis. In the spatial orbital
basis the expressions transform into [84,93]

ERPA _ % [Tr(lBlT) + 3Tr(3B3T)]
1
=Y es D[S - o) 69)
i S=0

where S=0,1 refer to singlet and triplet excitation
energies, respectively (Equation (51) yields 71gec X Tyirt
singlet excitations and 3 X nee. X nyirg triplet excitations
which appear in sets with three-fold degeneracy). The
matrices 'B and *B correspond to antisymmetrized
integrals for the singlet and triplet case with
'Biup = {ijlab) — (ijlba) and B, = —(ijlba) with
i,j, ... referring to occupied and «, b, .. . to unoccupied
spatial orbitals.

It should now be noted that the expression in
Equations (64) and (65) for the RPA correlation energy
is not the only possibility to describe electron correla-
tion on the RPA level. First of all, as explained above,
Equation (62) is only an approximation to
Equation (59). In order to distinguish between the
different approaches that will be described below, we
will term the approximation according to Equation
(62) rCCD-RPA or ‘normal RPA one’ (NRPAI) as
suggested by Szabo and Ostlund [93] (to distinguish it
from self-consistent RPA schemes described below).
The factor of 1/2 from the coupling strength average
[Equation (57)] in Equation (64) makes the NRPAI
correlation energy exact to second order of perturba-
tion theory. Another proposal for obtaining an energy
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expression that is exact to second order has been given
by Fukuda et al. [91] who omits the coupling strength
integration and subtracts the correlation energy at
second order from the corresponding homogeneous
electron gas correlation energy. His expression is thus
given by

ENRPAZ 2ENRPA1 E‘(C2) (66)

with E? being identical to the second-order
Moller—Plesset (MP2) correlation energy if a
Hartree-Fock reference determinant is used. We call
this approach NRPA2.

The motivation for the third variant is related to an
inconsistency in the RPA two-particle density matrix in
the Hartree—Fock orbital basis set. It should hold that
the singlet amplitudes 'Y'XT must be equal to the
negative triplet amplitudes —3Y?XT (see, e.g. Table I in
[84]). This requirement stems from the condition that
the wave function is an eigenfunction of the square of
the spin operator with eigenvalue zero. As a matter of
fact, this condition is not fulfilled if the Hartree—Fock
determinant is used to build the RPA response
function [14,16,84]. The dilemma within the TDHF
method is that the linear combinations of single-excited
states are produced in two ways: (1) by exciting from
the HF ground-state or (2) by de-exciting from a
doubly excited state of the true ground-state [21].
Since, however, the HF wave function approximates
the ground-state wave function in TDHF, the
de-excitation violates the Pauli exclusion principle
and thus there exists an incompatibility between the
wave function and the excitation operator in TDHF.
Indeed, the HF ground state is often triplet unstable or
yields very poor triplet excitation energies as compared
to its singlet excitations [21-25]. In order to remedy
this deficiency higher order RPA (HRPA) methods
have been proposed in which the RPA ground state is
the sum of the Hartree—Fock ground state and doubly
excited states [16,84,92, 102—-108]:

g,RPA [l + Z T“bamab/] . (67)
ia,b

The HRPA correlation coefficients T?,” are then

determined by iteration. In the first cycle the general-
ized RPA cigenvalue equation

Y
GARNE Y e

is solved using the approx1mat10n EPRPA ~ ¢HF with
(& + Ay = (W{1H — Eo|¥)), m,b—w'“bw Eol¥)

and S, J;,_(Y’“lg”’), where H denotes the electronic
Hamiltonian, E, is the Hartree—Fock ground-state
energy and ¥¢ and 'I’Zb denote singly and doubly
excited wave functions, respectively. Note that for the
case YI(I}PA%Q%IF Equation (68) reduces to
Equation (51) and the NRPAI correlation energy
results as a first estimate. Then the correlation coef-
ficients are used to construct the RPA wave function in
Equation (67) which in turn is used to construct the
Hessian matrix in Equation (68) to obtain new
amplitudes and so forth. It should be noted that
depending on which type of amplitudes are iterated
different HRPA schemes will arise. While Shibuya and
McKoy iterate on the T =YX ™' [102-104], Oddershede
and Jorgensen [16,18,24,84] use the amplitudes
T=YX" which, as described above, differ from
T=YX! in third order of Y. Other related methods
are the self-consistent polarization propagator approx-
imation (SPPA) [16,105] and the second-order polar-
isation propagator approximation (SOPPA) [84,108]
which iterate on the two-particle density matrix until a
self-consistency is achieved. All these approaches lead
to considerable improvements over TDHF (RPA in the
HF basis) for the description of triplet excited states
[84]. For example in SOPPA the spin-symmetry con-
ditions of the two-particle density matrix are fulfilled
[84]. Also, if the matrices A in Equation (68) are
augmented with two-particle two-hole corrections
[109-111] such higher order RPA methods will
become exact in third-order of perturbation theory
which is not true for any normal random-phase
approximation approach, see below and [112].

Here we will not discuss the higher RPA
approaches further, but we may assume that the
condition 'Y'XT = —3¥Y3XT = holds true and rewrite
Equation (62) solely in terms of the singlet amplitudes
to obtain

ENRPAY :%Tr([lB—3 B]lYlel)- (69)

This expression, which we denote here as the NRPA3
correlation energy, has been given by Szabo and
Ostlund [93] and also by Oddershede [84]. As in the
case of the NRPAIl and NRPA2 approaches
[Equations (65) and (66)] it is exact to second-order
of perturbation theory but has the advantage that it
cannot be affected by triplet instabilities, since the
triplet amplitudes do not enter Equation (69).
However, it has been shown by Szabo and Ostlund
[93] that neither of the three approaches have the
desirable property that they describe the long-range
interaction energy between two molecules on the
coupled Hartree—Fock level. In fact they contain
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erroneous terms that behave as R~/ with the distance R
of the monomers and thus cannot be expected to yield
accurate intermolecular interaction energies [93]. As
shown by Szabo and Ostlund [93,113], an RPA method
which has the correct long-range behaviour, i.e. which
describes dispersion interactions on the coupled HF
level is given by the following expression for the
correlation energy:

ENRPA4 _ %Tr(lB[lYIX’l + 3Y3X’1]). (70)

There also exist RPA approaches which do not
explicitly account for electron exchange in the con-
struction of the response function but add exchange
effects to the direct RPA such that exactness in second
order is fulfilled. Note that the dRPA approach
corresponds to the approximation A ~ C and B~ C
in the RPA eigenvalue equation Equation (51) with
Ciajp = (ijlab). The first variant is the RPA4+SOX
method where the exchange contribution in second
order given by [38]

2) _ 1 (if |ab) (ij |ba)

c,exchange — ~ A ; . (71)
2 - gi+e —e,—ép

is added to the dRPA correlation energy:

E(I:{PA+SOX _ ESRPA + E<2) (72)

¢, exchange*

A variant to this method uses the corresponding
second-order Epstein—Nesbet correlation correction
to the RPA and is termed RPA+RSOX [38], motivated
by the fact that in RPA4+SOX the self-correlation is
overcorrected since the Coulomb contribution in SOX
is unscreened compared to the dRPA. In another
approach by Kresse and co-workers [41] the dRPA
amplitudes TIRPA are contracted with antisymmetrized
two-electron integrals:

1
ERPA-SOSEX _ ETr(BTdRPA). (73)

This method is termed RPA with second-order
screened exchange and has the big advantage that it
can efficiently be implemented in plane-wave basis
function programs for solids [41].

None of the RPA methods described in this section
so far carries out a coupling strength integration like
the methods for the correlation energy derived from
the AC-FDT formula, see Sections 2.4 and 3.1. While
it has been shown in Section 3.1 that the AC-FDT is
not rigorously defined for Hartree-Fock reference
determinants, it nonetheless has the advantage that,
as the NRPA4 method, it describes the long-range
correlation energy between two molecules on the

coupled Hartree—Fock level. It has been argued
above that Equation (46) can be written as

1 * . .

E.=— EZ(P”WS) /(; [qu,rs(lw) - X,,Hqix(lw)] do

pql’S
1 o~
= 3 Ti(WP) (74)

by using the inherent antisymmetry property of the
two-particle density matrix. The term W in
Equation (74) here defines the interaction matrix
containing only non-antisymmetrized integrals. Now,
since again within the RPA this equation yields wrong
prefactors in the perturbation expansion terms, we
introduce an additional integration over the coupling
strength to obtain the correlation energy within the
adiabatic-connection fluctuation-dissipation theorem

1 1
AC—FDT __
E; _—EE (pr|qs)/0~ do

pqrs
b i — ' (w)|d 75
X 0 qu.rs(lwa a) qu,rs (IC()) C(), ( )

which corresponds to Equation (50) and defines the
correlation energy in terms of the coupled and
uncoupled response functions x and x"F. If here x is
approximated as x &~ x®PA one obtains the adiabatic
connection RPA method (AC-RPA), which can be
written as [53,114]

1
ECAC_RPA = %/ do{Tr[C[(Xa + Yot)(XOI + YO‘)T o 1]:|
0

- % / ] daTr[CPa], (76)
0

where the matrix C is defined by the two-electron
integral matrix elements Cj,; = (ij|ab). The coeffi-
cients X, and Y, at coupling strength « are obtained
from the solution of the eigensystem Equation (51) if
the matrices A and B are scaled by «. Note that only
the singlet excitation vectors need to be computed for
calculating the AC-RPA correlation energy of
Equation (76). In order to compare this expression
with the NRPA methods we can make use of the iden-
tity X+ Y)X+Y)" —1=2YX""+2YY"(1 + YX)
and find, again since YY" is small, that

1
EAC-RPA / daTrCY,X; . (77)
0

[Basically the same transformation has been used in the
derivation of Equation (60)]. The coupling-strength
average of this expression is given by

EAC-RPA %Tr[CYX*I]. (78)
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A comparison with expression (60) for the corre-
lation energy shows that expression (78) differs from
the former by the contribution —}—‘Tr[CYX’l]
—ITr[KYX™'] with the matrix K defined as
Kiajp = (ij|ba). In case of the direct adiabatic-connec-
tion RPA (AC-dRPA) in which X and Y are the
eigenvector components of the dRPA eigenvalue
equation it has recently been shown by Jansen et al.
[114] that the expressions in Equation (76) and
Equation (78) are exactly identical, that is, the
coupling-strength average of the AC-dRPA correlation
energy applied to Equation (77) containing an approx-
imate response function is surprisingly identical to the
full coupling-strength integrated expression in
Equation (76). This holds true even though the
coupling-strength integrated pair density is not in
general identical to the amplitudes, i.e.

1 1 XO[XT X YT
da(x, — = [ do LA S |
/0' (XC( XO) /(; : YaX;[l‘ YaY;[l‘
£ YX ! (79)

Since all RPA methods of this section that include
exchange effects differ in third order of perturbation
theory, it is instructive to derive explicit expressions for
the correlation energy up to third order in terms of
molecular integrals and orbital energies. For this we
first expand the response function up to second
order in the intermolecular interaction using
Equation (55):

X (w) = x(io) + ax(i0)Wx,(io)
+ X (iw)Wx, (i0)Wxo(iw),  (80)

where it is employed that the interaction operator W
linearly depends on the interaction strength «. The
RPA correlation pair density can then generally be
written as

1 1 00
PO = o [ datd! o) - xofio)
0 2r Jo

1 1 00 ) )
- /O do - /0 da)(axo(lw)on(la))

+ X, (i) WX (i) Wx, (iw)). (81)

Now note that, as discussed above, in the NRPA
approaches the coupling strength integration in
Equation (81) is not performed, but the average of
Equation (57) is taken. Because of this the NRPA and
AC-RPA methods will obtain different prefactors in

second order in W:
1 00
PU+F2NRPA _ 1 / dwx(1w)Wx,(iw)
4n 0

1 00
T /0 daxo (i) Wxo(i@)Wxo (i)
(82)

_ | . .
P(1+2),AC RPA _ EA da)xo(la))on(la))

1 . ' |
o [ domionmiomxio)
(83)

The full response function (at a«=1) is given by
[compare Equations (51) and (53)]:

. £ —iw 0 A B\
Xal(lw)_{< 0 s+iw>+<B A)}

~1
=[x;' + W]
=Xo — XoWXo + XoWxoWxo + - (84)

The corresponding response function for coupling
strengths o can be obtained with Equation (84) by
scaling the interaction matrix W with a factor of «.
From Equation (84) the uncoupled response function
X, and the interaction operator W in Equations (82)
and (83) can be identified as:

[ (e—iw)! 0
XO(I@‘( 0 (e—i-ia))")

€+iw
| €2+ o? (V0
= . v _<0 A+ (85)
€2 4+ ?
A B
W= B A) (86)

where we use the short-hand notation A~ = (& — iw) ™!
and A" = (e +iw)”'. Thus the correlated first-order
RPA pair density is given by

1 o0
PO / darx(iw)Wxo(io)
T Jo
1 > [ATALT ATBAT
—_Ref d . (87
woe, lime o @

where it has been used that the imaginary terms of the
response matrix cancel in each order of perturbation
theory and thus only the real parts of the four
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submatrices in Equation (87) need to be considered.
Integration over w yields:

1o B
PO =_1_ , 88
de vl &

where the definition M, b = Migjp/(gia + ) for a
matrix M has been used. With this result the second-
order energy is given by [see Equations (56) and (59)]

Egz),NRPA _ %Tr(WP(l))

-G )G )

1 l|lab){abl|ij)
:ZTﬁmﬂ 42:”“ {lab)adlliy g9

Eig t+ Ejb

where ¢;, = ¢; — ¢,. The second order energy expres-
sion in Equation (89) can readily be identified as the
exact second-order energy if a Hartree—Fock basis is
used.

Correspondingly the second-order energy of the
AC-RPA method is given by

EQAC-RPA _ éTr(WP( D)

| {(C C> (0 E)}
=—-Tr ol __

4 C C B 0
(if lab) (ab|ij)

— _Tr[CB] 2 Z ig + Ejp

90

2 ia,jb ( )

and this, too, is exact to second order of perturbation
theory.

For the (unscaled, i.e. without a prefactor due to

the coupling strength integration) second-order pair

density one gets

1 [ . . .
po =L f daxo (i) W (i) W i)

:—Re/ dw

{ TALTALT +ATBATBAT ATALTBAT AT Bx+Ax+}

AMTBATAL +ATALTBAT ATBATBAT +ATALTALY

_1| BB AB+BA oD
2|AB+BA BB

where in the last expression the contractions

Mia,/chkc,jb
(Sia + ajb)(gia + &ke)
for two matrices M and N has been used.

Now note that one can perform either a coupling-
strength integration over each term in Equation (91)
which yields a prefactor of § or, as is done in NRPA,
one uses a coupling strength average using a prefactor
of % (see above) but disregards the diagonal blocks in

M\]JV iajb =

Physics 2489

P® since they correspond to the small component part
YYT of the two-matrix (the XX' can be eliminated by
using the normalization relation). This may be done
because, while the diagonal terms in each order may
not be small, their sum to infinite order can be
expected to be small compared to the nondiagonal
part of the total pair density. Interestingly it turns out
that both options yield the same third-order (NRPA1
or rCCD) energy (see also [84,114]):

1 L [RAR
E£3),NRPA1 _ ETr(WP(z)) = zTr[BAB]

:1 Z (i llab) (kbllcj) (acl|ik) 92)
lllJb e (81(1 + 8/17)(810 + 8/\()

In the AC-RPA method the pair density in
Equation (91) is integrated over the coupling-strength
yielding a prefactor of { [see Equation (83)] and the
result for the third-order energy is (see also [114]):

EQAC-RPA _ lTr(WPQ))
2
1 o
::gT%BA(¥+ABC—FBBC]
=3 Z ( (ij llab) (jc|lbk) (kilca)
(&ia + g/b)(gm + Eke)
(ibllaj) (jk1be) {kilca)
(ia + &jp)(Eia + Eke)
(ij llab) (jkllbe) <k0|ia>>
(Eia + ‘S/‘b)(sia + 5/\'0) .

A corresponding perturbation analysis can be made
for the other RPA approaches discussed above. The
result is comprised in Table 1 which shows for various
RPA correlation methods the prefactors of the pertur-

bation theory terms up to third order as given in
Table 2.

ta Jb.kc

93)

4. Combining elements of HF and KS based RPA

Here we relate the EXX-RPA method of Section 2
[53,55] to the AC-RPA method of Section 3, Equations
(75) and (76), (denoted as HF-RPA in [53]). To this end
the coupling constant-dependent singlet—singlet TDHF
eigenvalue equation of the AC-RPA method is written
in the reduced generalized eigenvalue equation form

(enr +@Anr +oBup)u, = Q*(enr + aAnr — aBup) ',
94)
or

172

[8%_[}: + aeyp(Anr + BHF)ﬁﬂp]zn

1
= 021+ ae*(Anr — Burert| 2 ©99)
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Table 1. Comparison of the third-order expansions of various RPA correlation methods. The diagram labels correspond to the
ones given in Table 2. The column values correspond to the respective prefactor for each perturbation diagram.

diagram exact® dRPA SOSEX NRPAI1 NRPA2 NRPA3 NRPA4 AC-RPAP
(1a) 1 1 1 1 1 1 1 1
(1b) 1 0 1 1 1 1 1 1
(2a) 1 1 1 ! 1 1 1 1
(2b)° 1 0 0 ! 1 1 1 Z
(2¢) 1 0 0 ! 1 0 1 1
(2d)° | 0 0 3 1 1 1 !
(2¢) 1 0 1 3 1 1 1 2
(2f) 1 0 0 % 1 0 1 %
(2g)° 1 0 0 % 1 0 0 :
(2h)° 1 0 0 5 1 0 0 0
(2i) 1 0 0 0 0 0 0 0
(2)) 1 0 0 0 0 0 0 0
(2k) 1 0 0 0 0 0 0 0
(21 1 0 0 0 0 0 0 0

* Note that higher order RPA approaches using the wave function ansatz from Equation (67) are exact through third order.
® The EXX-RPA[oo] method contains the same perturbation diagrams as AC-RPA in the Hartree—Fock basis, but differs from it
due to a different separation of the response function into an uncoupled and correlation part of the response function, see text.
This leads to additional diagrams for the third-order contributions (2b), (2d), (2g) and (2h) which are given in Table 2.

¢ These contributions are accompanied by additional terms in case of RPA with exact local exchange, see Table 2.

Table 2. Second- and third-order correlation energy terms.
The definition W,-a:,-b = Miajp/(€is + €jp) for a matrix M has
been used. The matrix elements are defined as
Ciajp = (ijlab), Jiqp = (ialjb), Kisjp = PayCiajp (the permuta-
tion operator P, exchanges indices a and b),
Aiajp = 8ap (IIVEE — vyl j) — 8¢alvi — v b)(VRE: nonlocal
exchange potential, vx: local exchange potential) and
& = &4 — €. In the terms (2i1)—(2l) the matrix elements are
defined according to Ejj = (ad|ch) and SJ' = (ij|kl). The
terms (la) and (1b) correspond to the direct and exchange
part of the second-order correlation energy, terms (2a)—(2h)
are particle-hole terms and terms (2i)—(2l) are particle—
particle-hole-hole terms. Note that only particle-hole terms
are contained in conventional RPA correlation methods, see
Table 1. The additional terms (26"), (2d4"™), (2¢%) and (24')
originate from local exchange and occur only in RPA
methods based on EXX. Note that the terms (2d) and (2g)
as well as (2¢) and (2f) are identical if real-valued orbitals are
used.

term spin-orbital expression
(1a) %Tr[éC]
(1b) %Tr[éK]
(2a) Tr[écé]
(b) —Tr[EJE]
(20) Tr[ici]

(continued)

Table 2. Continued.

term spin-orbital expression
(2d) Tr[KJE]

(2e) —Tr [Kcé]

f) ~Tr [ECK]

Qg) Tr[ CIK]

(2h) ~Ti[KIK]
(2b¥) ~Tr [EAE]
2d™) Tr[éAK]

(26" Tr[RaC]
(21 ~Tr [KAK]

@i %ZM CanstEi i
&) %/MZI CanS§Cass
k) 3 Y CunS s
@n —;:gi%ﬂfi;’;,Kw,,b
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with U = X + Y and Z = &;{zU or considering columns
of the matrices U, X, Y, and Z, see Equation (51),
u, =x,+y, and z, = sh/éu,,. In this section, like in
Section 2, non-spin-polarized electron systems are
considered. The elements of the matrices eyp, Ayr,
and By are defined as in the TDEXX equation (36),
however, with respect to HF not EXX spatial orbitals
and their eigenvalues. Because in this section matrix
elements defined with respect to HF or EXX orbitals
occur, we designate matrices with elements defined with
respect to HF orbitals with a subscript ‘HF”.

Equation (94) can be expressed in EXX orbitals
and eigenvalues if the approximation is made that the
EXX orbitals and HF orbitals can be transformed into
each other through an occupied—occupied virtual-
virtual unitary transformation, see [70,76,115] for
details. This approximation is equivalent to the
approximation that the EXX and the HF determinant
equal each other which is known to be a very good
approximation [76]. As a result of the transformation
of the orbitals the matrices Agr and By turn into the
corresponding matrices A and B with respect to KS
orbitals and the matrix €yg turns into € + A with A
defined as in the TDEXX equation (36) [69,71]. From
the transformed Equation (94) a transformed
Equation (95) results that has the form

(€2 +€'71a + (A + B s,
-1
= Qil:l =+ 8_1/2[A + Ol(A — B)]E_l/z:l n- (96)

Equation (96) would be exactly equivalent to
Equation (94) and Equation (95) if occupied and
virtual EXX and HF orbitals could be exactly trans-
formed into each other by an occupied—occupied and a
virtual-virtual unitary transformation, respectively.
For two-electron systems this is indeed exactly true,
for other electronic systems this is an approximation,
which, however, as mentioned above, is very good and,
as shown in Section 5, has only negligible effects. We
therefore can consider Equation (96) as an alternative
basis of the AC-RPA approach which enables a
calculation of the AC-RPA correlation energy with
EXX orbitals and eigenvalues and therefore lends itself
to a straightforward comparison with the EXX-RPA
correlation energy. The crucial difference between
Equation (96) and the TDEXX equation (36) is that
the matrix A in Equation (96) is not scaled by
the coupling constant because it arises there from the
transformation from HF to EXX orbitals, while it is
scaled with the coupling constant « in the TDEXX
equation because it emerges from the exchange kernel
in this case. A second difference between Equation (96)
and Equation (36) are the matrices on the right-hand

side of the equations. In [71] it was shown that the
differences in the matrices on the right-hand side of
the equations have little effect. The reason why the
EXX-RPA method yields distinctively superior results
as the AC-RPA approach [55] could be attributed to
the different scaling of the matrix A with the coupling
constant « [55].

We now consider a hybrid approach between the
EXX-RPA and the AC-RPA method. To that end the
matrix A in Equation (96) is scaled by the coupling
constant « like in the TDEXX equation (36) or
conversely the form of the right-hand side of the
TDEXX equation (36) is changed into the form of
Equation (96) with the matrix A scaled by «. This
results in

[82 taeP A+ A+ B)elﬂ]zn
-1
=Q? [1 +ae 2 A+ A - B)s_l/z] . (97)

In order to interpret the hybrid approach of
Equation (97) the matrix 1+ ae~"/>(A+ A —B)e™!/2
on the right-hand side of Equation (96) is expanded in
a series with respect to ag~'/>(A + A — B)e~!/?

—1
[1 +ae 2 A+ A - B)e_l/z]
~1—ae '>(A+A—B)e /2
+a?e A+ A-Be '(A+A-Be 2 ...
(98)

If the expansion (98) is inserted into Equation (97)
and second and higher order terms are neglected then
the TDEXX equation (36) results. This means the
hybrid approach based on Equation (97) differs from
the EXX-RPA method only by the second and higher
order contributions of the expansion (98). Inserting the
expansion (98) in Equation (97) and with rearrange-
ment the eigenvalue equation

|:ez+sl/2[oe(A+A+B)—awz(A+A—B)

+a2w2(A+A—B)e1(A+A—B)+~--]81/2:|zn(a,a))

:Qi(a,a)) Zn(()l,(l)) (99)

is suggested.

Equation (99) is an eigenvalue equation that is
nonlinear in w. If the frequencies w equal the square
root Q, of an eigenvalue then this Q, is also an
eigenvalue of Equation (97) that can be interpreted as
excitation energy. In this sense Equation (99) is
equivalent to Equation (97), the basis of the considered
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hybrid method. Equation (99) has exactly the form of
the basic equation (35) of TDDFT. The contributions
[@(A + A + B) — aw’(A + A — B) that are linear in «
represent the Hartree and the exact frequency-
dependent exchange kernel. The terms of higher
order in « have to be interpreted as frequency-
dependent contributions of the correlation kernel
because only the correlation kernel contains contribu-
tions of quadratic and higher order in «. Because terms
up to infinite order in « are contained in Equation (99)
and thus taken into account in the EXX- and AC-RPA
hybrid method based on Equation (99), we call this
method EXX-RPA[oo] here.

The correlation energy both of the EXX-RPA and
the EXX-RPA[oco] method can be written in the
general form

1
EEXX-RPA _ 5/(; daTr[C(UaUz - 1)]

_ % fo 1 daTr[CP,] (100)

with U, containing in its columns the eigenvectors
u® = (w?)""?e!2z% for a given coupling strength «,
compare Equations (76) and (39) where the eigenvec-
tors zo in the case of EXX-RPA are obtained from
Equation (36) and in the case of EXX-RPA[oo] from
Equation (97) or (99), respectively. It has been shown
in [53] that the EXX-RPA correlation energy accord-
ing to Equation (100) reproduces the correct
second-order energy of perturbation theory along the
adiabatic connection [116,117] apart from the missing
singles term due to the assumption that the EXX and
Hartree—Fock orbitals are obtained by an occupied—
occupied virtual-virtual unitary transformation only.
While this can be shown to hold true also for the
EXX-RPA[oco] method, the corresponding third-order
correlation energies differ in both cases. More pre-
cisely, it can be shown that the third-order expansion
of the EXX-RPA correlation energy cannot be cast
into the particle-hole terms of the form of those given
in Equation (93) or Table 2. On the other hand, for the
EXX-RPA[oco] approach one obtains the same
third-order correlation energy terms as for the
AC-RPA method (written in terms of EXX orbitals
and eigenvalues, however), accompanied by the four
additional contributions (2b%), (2b™), (2¢™) and (2h™)
stemming from A matrix elements, see Table 2. As will
be demonstrated in Section 5, the additional terms in
the EXX-RPA and EXX-RPA[oco] approaches will
yield significant contributions to the total correlation
energy. Thus exchange RPA methods using a
Kohn-Sham reference determinant should
account for these non-standard contributions in

practical calculations. Note, however, that this is not
true for the SOSEX variant, since, by definition, here
no exchange contributions are accounted for in the
calculation of the response function, see Section 3.2.

It has been shown [55] that the EXX-RPA corre-
lation energies are distinctively different from those
from the AC-RPA method. The reason for this is that,
while the coupling-strength integrand CP, in both
cases is similar for « — 0 (where CP, — 0) and o« — 1,
for coupling strengths between 0 and 1 the partitioning
into an interacting and noninteracting response func-
tion leads to significant differences in both cases,
especially in cases where the static correlation is
dominating [55].

The analogue to the NRPA1 (rCCD) method using
Kohn—Sham exchange will yield the same expression
for the correlation energy

1
EEXX-NRPAL _ ZTr(BYX‘l), (101)

but the eigenvector components X and Y are obtained
from the supermatrix form of the TDHF eigenvalue
equation written in terms of EXX orbitals and
eigenvalues:

<E+A+A B )(X):w<X> (102)
-B —e—A—-A/\Y Y

It has recently been shown by Jansen et al. [114]
that the NRPA1 correlation energy is identical to the
following expression (see also Section 3.2):

~rear _ L[
B = o /0 daTr[BP, |
+ Tr[(A —B)(XoX! + Yo YT — 1]. (103)
Since in the local exchange case the relation
A+A—-B=~0 (104)

holds true, which implies the closeness between the
adiabatic and non-adiabatic form of the eigenvalue
Equation (99), the EXX-RPA1 correlation energy
from Equation (101) then can also be approximated as

1
EEXX-NRPAL % / daTr[BP,|,  (105)
0
which directly links the NRPA1 (rCCD) correlation
energy to an adiabatic connection formula that differs,
however, from Equation (100) due to the occurrence of
antisymmetrized integrals in  Equation (105).
Performing the same transformation as between
Equation (46) and Equation (74) one arrives at the
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expression

1 1
FEXX-NRPAS y /0 daTr[CPa], (106)

which is identical to the EXX-RPA correlation energy
expression in Equation (100) and which is termed
EXX-NRPA3 as it is found that it gives practically the
same correlation energy as the NRPA3 approach
[Equation (69)] in terms of local Kohn—Sham exchange

ECEXX—NRPAB _ %Tr([lB 3 B] IYIX‘I)

= %Tr(C 'Y'X). (107)

A reason for the similarity between Equations (100)
and (107) can be deduced using the perturbation theory
analysis from the last section. Considering the
second-order response propagator of Equation (91)
and using A+A~B (note that A+ A =B for
two-electron  systems)  which  follows  from
Equation (104), then all terms in Equation (91) are
approximately identical (substitute A by A + A in the
equation). In the case of the adiabatic connection
method the number of terms contributing to P is six
(since two of the diagonal contributions are zero after
frequency integration), while in the case of
EXX-NRPA3 one only accounts for the nondiagonal
terms in Equation (91), that is four. Since in
EXX-RPA the prefactor in third order is % and in the
case of EXX-NRPA3 it is %, both methods have the
same number of terms in that order and thus it holds
true that the third-order contribution to the response
propagator is approximately identical for EXX-RPA
and EXX-NRPA3 (in the case of two-electron systems
it is exactly equal to each other).

Since the EXX-NRPA3 correlation energy of
Equation (106) should be identical to the NRPA3
correlation energy of Equation (69) if the
Hartree-Fock and EXX determinants can be trans-
formed into each other through occupied—occupied
unitary transformations, we can derive the following
energy relationship:

E(l:\lRPA3 ~ E(];EXX—NRPAB ~ EEXX_RPA. (108)

Correspondingly, the AC-RPA correlation energy of
Equation (76) expressed in terms of the solutions of the
TDHF Equation (94) and the AC-RPA correlation
energy of Equation (76) evaluated with the solution
vectors of Equation (96), the TDHF equation
expressed in terms of EXX orbitals, are similar to
each other due to the similarity of the EXX and
Hartree—Fock determinants. The latter approximation,
i.e. the evaluation of the AC-RPA correlation energy

expression (76) with vectors x, +y, = z, and excita-
tion energies Q, obtained from the TDHF equation
expressed in EXX orbitals, Equation (96), shall be
denoted AC-RPA(EXX). Differences between
AC-RPA and AC-RPA(EXX) correlation energies
are caused exclusively by the small differences of
EXX and HF determinants. This will be further
discussed considering numerical results in Sections 5
and 6.

5. Total energies from RPA correlation functionals

Total energies have been calculated for a range of small
molecules shown in Figure 1 using the aug-cc-pVTZ
basis set of Dunning et al. [118]. The geometries for the
molecules were optimized at the MP2 level using the
aug-cc-pVTZ basis set and are taken from [119]. The
exact-exchange Kohn—Sham (EXX) calculations were
done in two steps: firstly the local exchange potential
was calculated using the uncontracted triple-zeta aux-
iliary and orbital basis sets from [75]. In the second
step these exchange potentials were used in a subse-
quent Kohn—Sham calculation with the smaller con-
tracted aug-cc-pVTZ basis set in which only the
Coulomb potential was optimized self-consistently.
Direct RPA calculations were also performed using
orbitals and eigenvalues from the Perdew—Burke—
Ernzerhof (PBE) exchange-correlation functional
[120]. Note that in this case the exchange energy was
calculated using the exact exchange energy functional
in terms of PBE orbitals. Core electrons were corre-
lated in the calculations. All calculations were done
using the developers’ version of the Molpro quantum
chemistry program [121].

A comparison of total energies for RPA methods
based on Hartree—Fock with total energies from other
correlation methods can be found elsewhere [112].
Here we will focus mainly on the RPA methods based
on Kohn-Sham reference determinants. Figure 1
displays the energy differences of several RPA methods
to CCSD(T) reference values. Note that the methods
EXX-RPA and EXX-RPAJoo] are excluded in the
diagram, since they yield energy differences that are
indistinguishable from the EXX-NRPA3 values on
the scale of Figure 1, see below. It can be seen that with
the exception of EXX-NRPA3 and EXX-SOSEX all
other methods overestimate the CCSD(T) correlation
energy. (Note that the correlation energy for
Kohn—Sham based RPA approaches includes also a
small contribution due to the differences of the
EXX/PBE and Hartree—Fock determinants.) For
PBE-dRPA and EXX-dRPA one can observe the
strongest deviations to the CCSD(T) values, which is
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Figure 1. Energy differences to CCSD(T) reference energies for various Kohn—Sham orbital based RPA methods.

due to the large self-correlation errors in both methods.
One can see that the EXX-dRPA and PBE-dRPA
results are very similar to each other and thus it can be
stated that the dRPA funtional is relatively insensitive
with respect to the choice of the KS reference deter-
minant. Note that in the case of PBE-dRPA the
exchange energy is calculated in the same way as in
EXX based methods, that is, by evaluating the exact
exchange energy expression with PBE orbitals. While
the dRPA self-correlation error is corrected to some
extent by all other RPA methods including exchange
effects (beyond first order) displayed in Figure 1, the
EXX-NRPAI, EXX-NRPA2 and EXX-NRPA4 meth-
ods still strongly underestimate the CCSD(T) energies,
i.e. strongly overestimate the magnitude of the corre-
lation energy. An analysis of the third-order contribu-
tion of the correlation energy shows that this is due to
the strong negative third-order correlation terms (2b)
and (2h) that more than quench the positive direct
term (2a), see Tables 1 and 2 (see also [112]). In the case
of EXX-SOSEX these third-order terms are absent, see
Table 1, but the only third-order exchange term (2¢) in
the SOSEX method is generally much smaller than the
(2a) term, so that the CCSD(T) energies are under-
estimated by EXX-SOSEX for the molecules shown in
Figure 1. The best agreement of the considered RPA
methods with the CCSD(T) energies is obtained with
the EXX-NRPA3 method and thus also with the
EXX-RPA and EXX-RPA[oco] methods that yield
almost identical results, as already mentioned above.
The third-order analysis from Table 1 shows that the
NRPA3 method contains the (2b) term but misses the

(2h) contribution and therefore its third-order correla-
tion contribution is generally much smaller than with
the EXX-NRPAI1, EXX-NRPA2 and EXX-NRPA4
methods.

In Figure 2 the differences of the total energies of
the methods EXX-NRPA3, EXX-RPA,
EXX-RPA[oo], AC-RPA, and AC-RPA(EXX) to the
NRPA3 energies are shown for the range of molecules.
As already anticipated in Section 4, the total energies
of the EXX-NRPA3, EXX-RPA, EXX-RPA[oo], and
NRPA3 methods do not differ by more than 1-4
millihartree on average. Interestingly the diagram in
Figure 2 shows, that the EXX-RPA[oo] energies are
even closer to the NRPA3 energies than the
EXX-NRPA3 energies although the methods are not
directly related to each other by unitary orbital
transformations. The largest deviations to the
NRPA3 energies is found for EXX-RPA. Figure 2
also contains the energy differences for the AC-RPA
and AC-RPA(EXX) methods to NRPA3. Going from
the AC-RPA over the AC-RPA(EXX) and the
EXX-RPA[oo] to the EXX-RPA method the impor-
tance of various changes between the methods can be
considered step by step. Differences between the
AC-RPA and the AC-RPA(EXX) method are small
and due to the only small differences between EXX
and HF determinants, differences between the
AC-RPA(EXX) and the EXX-RPA[oco] correlation
energies are more substantial and are due to the fact
whether or not the matrix A in Equations (96) and (97)
are scaled with the coupling constant or not.
This scaling obviously has an important influence.
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Figure 2. Energy differences to NRPA3 energies [Equation (69)] for the methods EXX-NRPA3 [Equation (107)], EXX-RPA,
EXX-RPA[] [Equation (100)], AC-RPA [Equation (76)] and AC-RPA(EXX).

Finally the difference between the EXX-RPA[oo] and
the EXX-RPA correlation energies is small again. This
difference is due to the difference between the right-
hand sides of Equation (97) and the TDEXX
equation (36) which are only of second order in
£ 1/2[A —B + Ale"'/2. In the next section it will be
investigated whether these energy differences affect
energy differences for a set of chemical reactions.
Figure 3 displays the correlation energies for
Hartree-Fock based and EXX-based RPA methods
for the molecules CH4 (top) and HCOOH (bottom)
together with the corresponding sum of the second-
and third-order contributions in each case. It can be
observed that the NRPA1, NRPA3 and NRPA4
correlation energies are very close to the corresponding
EXX-NRPAI, EXX-NRPA3 and EXX-NRPA4 cor-
relation energies. This, again, can be explained by the
closeness of the RPA amplitudes due to the similarity
between the time-dependent Hartree-Fock and
time-dependent EXX equations. In contrast to this,
the NRPA2 and EXX-NRPA2 correlation energies
differ strongly from each other, because the second-
order correlation energy contained in the energy
expression for EXX-NRPA?2 [see Equation (66)] differs
strongly if evaluated with EXX or Hartree—Fock
orbitals due to the different orbital energies in both
cases. The differences of the orbital eigenvalue spec-
trum are also the reason why one can observe huge
differences of the correlation energies for the dRPA
and SOSEX methods in the diagrams in Figure 3.

Since the single particle transition energies in EXX are
generally lower than in Hartree-Fock theory due to
the self-interaction correction for the virtual states, the
EXX-dRPA and EXX-SOSEX correlation energies are
considerably larger in magnitude than the correspond-
ing dRPA and SOSEX correlation energies, respec-
tively. In the case of adiabatic connection RPA
methods a significant difference between the
AC-RPA and EXX-RPA[oo] can be seen in Figure 3
which is due to the differences between the TDHF and
TDEXX response functions at coupling strengths
between 0 and 1, compare with [55] where the
differences between AC-RPA and EXX-RPA is dis-
cussed. A comparison of the total correlation energies
with the corresponding sum of the second- and
third-order correlation terms shows that in the case
of the Hartree—Fock based RPA methods the higher
order correlation contributions, given by the difference
E. —E(cz) —E(CS), are, with exception of the NRPA2
values, rather small, while in the case of the EXX based
methods larger higher-order correlation contributions
can be observed. Thus the perturbation expansion of
the RPA correlation energy is not that well converged
in low orders if calculated with KS orbitals.

6. Reaction energies from RPA correlation
functionals

The total energies for the set of molecules shown in
Figure 1 were used to calculate the reaction energies
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Figure 3. Correlation energies for various RPA methods of
the CHy (top diagram) and HCOOH molecule (bottom
diagram). The first and third bars show the sum of the
second- and third-order energy for the HF-based and EXX-
based RPA methods and the second and fourth bars show
the total correlation energies for the HF-based and EXX-
based RPA methods, respectively.

for a set of 16 chemical reactions listed in the first
column in Table 3.

Table 3 shows a comparison between the NRPA3,
EXX-NRPA3, EXX-RPA and EXX-RPA[oo] methods
as well as for the AC-RPA and AC-RPA(EXX)
methods for the set of chemical reactions. The last
column in Table 3 contains the CCSD(T) reference
data from [53]. It can be seen that in spite of slight
deviations in the total energies between the different
RPA methods, see Table 1, their reaction energies for
the given chemical reactions are basically identical
among the NRPA3, EXX-NRPA3, EXX-RPA and
EXX-RPA[oco] methods on the one hand and among
AC-RPA and AC-RPA(EXX) on the other hand. The
root-mean squared (rms) errors and mean-absolute
(mae) errors to the CCSD(T) reaction energies all

differ by no more than 0.3 millihartree, see last two
lines in Table 3. Therefore one can conclude that one
can practically expect the same accuracy from
the NRPA3, EXX-NRPA3, EXX-RPA and
EXX-RPA[co] methods and correspondingly for
AC-RPA and AC-RPA(EXX) in quantum chemistry
applications.

In Figure 4 the rms errors (top diagram) and
relative percentual deviations (bottom diagram) of
various Kohn—Sham orbital based RPA methods to
the CCSD(T) reference reaction energies are shown.
Along with the errors for the RPA methods, the
diagrams in Figure 4 also contain the corresponding
error bars for Hartree—Fock, MP2 (second-order
Moller—Plesset) and CCSD for comparison. Note
that the errors for some RPA methods
(EXX-NRPA1, EXX-NRPA2 and EXX-NRPA4) are
not shown due to their strong differences to the
CCSD(T) values which are even worse than
Hartree—Fock errors. For the RPA methods shown
in Figure 4 one can observe rms errors that are
consistently smaller than with MP2, but all methods
have larger average errors than CCSD. Interestingly,
the PBE-dRPA, EXX-dRPA and EXX-SOSEX meth-
ods yield, for the chemical reactions considered, about
the same accuracy as the EXX-RPA method in spite of
strongly differing total energies, see Section 5: for
EXX-dRPA the rms error is only about 0.2 kcal mol™"
larger than with EXX-RPA and the percentual devi-
ation, which more emphasizes reactions with small
reaction energies, is even about 1% smaller compared
to EXX-RPA. The SOSEX approach, which corrects
the dRPA correlation method in second (and higher)
order, does not lead to an improvement of the dRPA
values for the set of chemical reactions.

7. Summary

Starting from a relation between the two-particle
density matrix and the response function of the
many-body system, expressions for the correlation
energy of electronic systems have been given in terms
of the interacting and noninteracting response func-
tions. This relation, called fluctuation-dissipation the-
orem, represents a general way to obtain correlated
ground-state properties of an interacting many-body
system and solely depends on approximations of the
response function. By combining this ansatz with a
coupling-constant integration along the adiabatic con-
nection the adiabatic-connection fluctuation-dissipa-
tion theorem is obtained which provides an exact
expression for the correlation energy as defined in the
Kohn—Sham formalism of density-functional theory.
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Table 3. Reaction energies for several RPA methods in au (aug-cc-pVTZ basis set). Geometries taken from H.-J. Werner,
T.B. Adler, and F.R. Manby, J. Chem. Phys. 126, 164102 (2007). The last two lines show the root-mean squared (rms) and mean-
absolute errors (mae) to the CCSD(T) reaction energies in 10~> au.

NRPA3 NRPA3 EXX-RPA EXX-RPA[cc] AC-RPA AC-RPA(EXX) CCSD(T)

EXX-
reaction
C2H2 +H; — C2H4 —0.084 —0.083
C,H4 + H, — CyHg —0.068 —0.068
C2H6 + H2 — 2CH4 —0.029 —0.030
CO + H, - HCHO —-0.011 —0.010
HCHO + H, — CH;0H —0.052 —0.052
H,0, + H, — 2H,0 —0.144 —0.145
C,H, + H,0;CHO —0.067 —0.065
C,H4 + H,O — C,HsOH —0.028 —0.027
CH;CHO + H, — C,HsOH —0.045 —0.045
CO + NH; — HCONH, —-0.018 —0.017
CO + H,0 — CO, + H; —0.008 —0.008
HNCO + NH3; — NH,CONH, —0.037 —0.036
CO + CH30H — HCOOCH; —0.023  —0.022
HCOOH + NH3; — HCONH,; + H,O —-0.002 —0.002
CO + H,0, — CO, + H,O —0.152  —0.153
H,CCO + HCHO — C,H40 + CO —0.008 —0.008
rms [107° au] 2.8 2.9
mae [107° au] 2.5 2.5

—0.083 —0.084 —0.086 —0.085 —0.081
—0.067 —0.068 —0.070 —0.069 —0.066
—0.030 —0.030 —0.030 —0.030 —0.029
—0.010 —0.010 —0.012 —0.011 —0.011
—0.051 —0.051 —0.053 —0.053 —0.049
—0.145 —0.144 —0.146 —0.147 —0.139
—0.064 —0.066 —0.069 —0.067 —0.064
—0.026 —0.026 —0.029 —0.027 —0.026
—0.045 —0.044 —0.046 —0.046 —0.042
—0.016 —0.017 —0.020 —0.019 —0.018
—0.007 —0.008 —0.010 —0.009 —0.012
—0.035 —0.036 —0.039 —0.038 —0.033
—0.021 —0.022 —0.025 —0.024 —0.025
—0.002 —0.002 —0.002 —0.002 —0.001
—0.152 —0.152 —0.156 —0.156 —0.151
—0.008 —0.008 —0.007 —0.007 —0.004

2.9 2.6 39 3.8

2.4 23 33 3.1

A first approximation to the interacting response
function is obtained by taking direct Coulomb inter-
actions between the particles into account via the
Coulomb kernel. This approximation is termed as
direct random-phase approximation (dRPA) and has
most often been used for the description of solid states
in the past. It turns out that, at least if a Hartree—Fock
(HF) reference state is used, total dRPA correlation
energies are not very accurate due to a large self-
correlation error. An advantage of RPA based on a
Kohn—-Sham (KS) reference determinant is that errors
may be somewhat reduced since a KS description of
the reference state can mimic the effect of missing
singly excited determinants in RPA methods.

In order to correct the self-correlation error of
dRPA, exchange interactions have to be accounted for
in second and higher orders, that is, the Coulomb
kernel has to be complemented by an additional
exchange kernel. It has been shown that several RPA
methods can be derived that include exchange interac-
tions. While all of them yield, in a perturbation series
expansion, the correct second-order expression known
from many-body perturbation theory, they differ in
third-order of perturbation theory. An analysis of the
different RPA methods, based both on HF and exact
Kohn-Sham exchange (EXX) determinants, reveals
that the differences of the correlation energies in third
order lead also to strong differences in the total
correlation energies of these methods. A comparison

with coupled-cluster singles doubles with perturbative
triples (CCSD(T)) energies shows that with the excep-
tion of the (in this work termed) NRPA3 and adiabatic
connection RPA method, the other RPA variants
considered in this work yield large errors for the
correlation energies for a set of small molecules. It has
been shown that for RPA based on the EXX determi-
nant, the corresponding EXX-NRPA3 and EXX-RPA
(the adiabatic connection RPA method in an EXX KS
formalism) are closely related to each other and yield
similar total energies. Since the (HF based) NRPA3
and the EXX-NRPA3 method too give similar results,
owing to the closeness between the HF and EXX
determinants, also a relation between the HF based
NRPA3 method and the EXX based EXX-RPA
method can be derived.

The accuracy of the different RPA methods con-
sidered in this work has also been tested for the
description of reaction energies for a set of 16 chemical
reactions for some small organic molecules. By com-
paring the results with accurate CCSD(T) reference
values, it was found that the methods that have the
smallest errors for the total energies, namely NRPA3
and EXX-RPA, also give the best agreement for
reaction energies. The, historically, older RPA meth-
ods termed as NRPAI (identical to the ring coupled-
cluster doubles method), NRPA2 and NRPA4 here,
yield large errors also for the description of reaction
energies. In contrast to this, the KS orbital based
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Figure 4. Root-mean squared errors (rms) and relative
percentual deviations for Hartree—Fock and various correla-
tion methods to CCSD(T) reaction energies shown in
Table 3.

dRPA and SOSEX approaches produce reaction
energies that are not much worse than reaction
energies from NRPA3 or EXX-RPA methods and
even slightly better than with second-order Meller—
Plesset perturbation theory. This result may be inter-
esting from a practical point of view, since dRPA and
SOSEX methods can be implemented in a more
efficient way than NRPA3 and EXX-RPA methods.
Generally it can be concluded that the use of
Kohn-Sham orbitals in RPA methods instead of
Hartree—Fock orbitals offers new possibilities to
make RPA methods both more accurate and also
more efficient for the description of correlated molec-
ular ground states. The first point may be true, since
the Kohn—Sham orbitals can be expected to be closer
to variationally optimized orbitals within RPA meth-
ods, since it has been shown that, depending on the
underlying exchange-correlation potentials, KS orbi-
tals are closer to Brueckner orbitals from a

coupled-cluster doubles wave function than HF ones
[88]. The second argument regarding the efficiency to
date holds true especially for solids for which direct
RPA methods have been implemented with a compar-
ably low computational cost [40]. In the case of RPA
methods for molecules the development of efficient
computer programs is a field of active research and a
number of different methods have already been
presented in recent years [39,45].
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