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Rayleigh-Schrödinger perturbation theory

Let us assume the non-Hermitian eigenvalue problem

Ĥ(z)Ψ(z) = (Ĥ(0) + zV̂ )Ψ(z) = E(z)Ψ(z)

where z is a complex perturbation parameter that one sets to z = 1 for the physical
system

One can expand the energy as a power series following Rayleigh-Schrödinger perturbation
theory

E(z) =
∞

∑
k=0

zkE(k)

This series is convergent for |z| < |z0| where |z0| is the radius of convergence



Radius of convergence



Simple example of analytic continuation

Let us consider the divergent series

f (1) =
∞

∑
k=0

(−2)k = 1− 2 + 4− 8 + 16− 32 + · · ·

which can be generalized as

f (z) =
∞

∑
k=0

(−2)kzk =
1

1 + 2z

f (z) is convergent for |z| < 1/2 but f (1) = 1/3‼



Simple example of analytic continuation
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Chemical example



Cauchy’s integral formula (Wikipedia)

Theorem
Let U be an open subset of the complex plane C, and suppose the closed disk D defined as

D = {z : |z − z0| ≤ r}

is completely contained in U. Let f : U → C be a holomorphic function, and let γ be the
circle, oriented counterclockwise, forming the boundary of D.
Then for every a in the interior of D,

f (a) =
1

2πi

∮
γ

f (z)
z − a

dz



Protocol

1 Compute as many terms as possible: E(0), E(1), E(2), E(3), etc and estimate the radius
of convergence

2 Pick a contour that goes through z = 1 and encloses points of the “trusted region”.
No singularities inside the contour to ensure E(z) is analytic inside.

3 Evaluate E(z) on the contour inside the trusted region.

4 Pick a values inside the trusted region and evaluate E(a) via the truncated series.

5 Use these values to estimate E(z) on the contour outside the trusted region
including E(z = 1)

6 Compute E(a) for the points inside the trusted region via Cauchy’s integral formula.
The di�erence with the previous values is an estimate of the error

7 Modify the values on the contour to minimize error and iterate.

8 When converged, E(z = 1) is an estimate of the FCI energy!
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