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The CCD equation

Algebraic CCD equation
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The CCD equation

Ring Coupled-Cluster Double

0 = 〈ij ||ab〉+ f ac t
cb
ij + f bc t

ac
ij − f ki t

ab
kj − f kj t

ab
ik }Driver

+tacik 〈cj ||kb〉+ tcbkj 〈ci ||ka〉+ 〈cd ||kl〉 tacik tdblj }Ring
(1)

• The rCCD method results agree with the RPA results1.
• Numerical proof of the equivalence2.

1David L. Freeman (1977). “Coupled-Cluster Expansion Applied to the Electron
Gas: Inclusion of Ring and Exchange Effects”. In: Phys. Rev. B 15, pp. 5512–5521.

2G. Kresse and A. Grüneis, results presented at the XIV ESCMQC, Isola d’Elba,
Italy, 3 October 2008 (unpublished).
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The CCD equation

The formal equivalence of RPAx and rCCD

The ground state correlation energy of the random phase approximation
from a ring coupled cluster doubles approach
Gustavo E. Scuseria, Thomas M. Henderson, and Danny C. Sorensen
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The CCD equation

The Random Phase Approximation3

The adiabatic-connection

Ec =
1
2

∫ 1

0
dα ∑

pq,rs

〈rq|sp〉 (Pc,α)pq,rsq

The plasmon formula

Ec =
1
2 ∑

n

(ωRPA
1,n −ωTDA

n )

3János G. Ángyán et al. (2011). “Correlation Energy Expressions from the
Adiabatic-Connection Fluctuation–Dissipation Theorem Approach”. In: J. Chem.
Theory Comput. 7, pp. 3116–3130.
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The CCD equation

The Random Phase Approximation
The fermionic Hamiltonian

H = hpqa
†
paq +

1
4
〈pq||rs〉 a†

pa
†
qasar

The quasi-boson approximation

a†
aai → bβ with

[bβ, b
†
β′ ] = δββ′ and [bβ, bβ′ ] = 0 and [b†

β, b
†
β′ ] = 0

The bosonic Hamiltonian

H = EHF +
1
2
(
b† b

) ( A B
B∗ A∗

)(
b
b†

)
− 1

2
Tr(A) with

Aββ′ → Ajb,ia = fabδij − fijδab + 〈aj ||ib〉 and Bββ′ → Bjb,ia = 〈ij ||ab〉
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The CCD equation

Ladder Coupled-Cluster Double
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• Equivalent to pp-RPA, the formal proof in terms of general
quasi-bosons is in Scuseria et. al. 20134.

4Gustavo E. Scuseria, Thomas M. Henderson, and Ireneusz W. Bulik (2013).
“Particle-Particle and Quasiparticle Random Phase Approximations: Connections to
Coupled Cluster Theory”. In: J. Chem. Phys. 139, p. 104113.
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The CCD equation

Removal of the culprit terms: proof of concept5

Figure 1: Total energies of the N2 molecule
in the STO-3G basis set as a function of
bond length

Figure 2: Total energies in the attractive
pairing Hamiltonian as a function of
interaction strength G

5Ireneusz W. Bulik, Thomas M. Henderson, and Gustavo E. Scuseria (2015). “Can
Single-Reference Coupled Cluster Theory Describe Static Correlation?” In: J. Chem.
Theory Comput. 11, pp. 3171–3179.
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The CCD equation

Effect of the mosaic terms
• Thermodynamic limit of the homogeneous electron gas → lCCD and

rCCD are divergent6.
• This divergence can be eliminated by adding the mosaic terms.
• The mosaic terms self-consistently renormalise the one-electron

energy7.

F l
i = εiδil +

1
2
〈kl ||cd〉 tcdik (2)

F a
d = εaδad −

1
2
〈kl ||cd〉 tackl (3)

6James J. Shepherd, Thomas M. Henderson, and Gustavo E. Scuseria (2014a).
“Coupled Cluster Channels in the Homogeneous Electron Gas”. In: J. Chem. Phys.
140, p. 124102.

7James J. Shepherd, Thomas M. Henderson, and Gustavo E. Scuseria (2014b).
“Range-Separated Brueckner Coupled Cluster Doubles Theory”. In: Phys. Rev. Lett.
112, p. 133002.
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