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The Hartree-Fock method



The independent particle model

The HF many-body wavefunction

ΨHF(x1, . . . , xn) =


χ1(x1) χ2(x1) . . . χN(x1)

χ1(x2) χ2(x2) . . . χN(x2)
...

...
. . .

...
χ1(xN) χ2(xN) . . . χN(xN)

 (1)

The HF energy

EHF =
N∑
i=1

hi +
N∑
i<j

(Jij −Kij) (2)

Ji (x)χp(x) =

[∫
dx ′χi (x ′)

1
|r − r ′|

χi (x ′)
]
χp(x) (3a)

Ki (x)χp(x) =

[∫
dx ′χi (x ′)

1
|r − r ′|

χp(x ′)
]
χi (x) (3b)
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The Fock operator

Usually, we search the minimum of EHF, but here we want to target
general stationary points of EHF.

The eigenvalue equation

f (x)χp(x) = [h(x) + vHF(x)]χp(x) = εpχp(x), (4)

h(x) = −∇
2

2
+

N∑
A

ZA

|r − RA|
(5a)

vHF(x) =
∑
i

[Ji (x)− Ki (x)] (5b)
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Introduction of a basis

Expansion in a basis

χi (x) =
K∑
µ

cµiφµ(x) (6)

Roothan-Hall equation
K∑
ν

Fµνcνi =
K∑
ν

Sµνcνiεi (7)

Matrix elements of the Fock operator

Fµν = Hcore
µν +

∑
λσ

Pλσ(〈µν|λσ〉 − 〈µν|λσ〉) (8)

The Fock matrix is a K × K matrix, thus there are K eigenfunctions.

3



Introduction of a basis

Expansion in a basis

χi (x) =
K∑
µ

cµiφµ(x) (6)

Roothan-Hall equation
K∑
ν

Fµνcνi =
K∑
ν

Sµνcνiεi (7)

Matrix elements of the Fock operator

Fµν = Hcore
µν +

∑
λσ

Pλσ(〈µν|λσ〉 − 〈µν|λσ〉) (8)

The Fock matrix is a K × K matrix, thus there are K eigenfunctions.

3



Introduction of a basis

Expansion in a basis

χi (x) =
K∑
µ

cµiφµ(x) (6)

Roothan-Hall equation
K∑
ν

Fµνcνi =
K∑
ν

Sµνcνiεi (7)

Matrix elements of the Fock operator

Fµν = Hcore
µν +

∑
λσ

Pλσ(〈µν|λσ〉 − 〈µν|λσ〉) (8)

The Fock matrix is a K × K matrix, thus there are K eigenfunctions.

3



The density matrix

The density matrix

Pµν =
N∑
i

cµic
∗
νi (9)

The density matrix depends on N coefficients

There are
(
K
N

)
possibilities!

How to choose consistently always the same N orbitals?
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The Maximum Overlap Method



The papers

The Maximum Overlap Method

The Initial Maximum Overlap Method
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Orbital overlap matrix

The orbital overlap matrix

O = (Cold)†SCnew (10)

Projection on the old occupied space

pi =
∑
i

Oij =
∑
i

(∑
µ

∑
ν

cold
iµ Sµνc

new
νj

)
(11)

We select the N largest overlap!
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Prevent the variational collapse for double excitations

The orbital overlap matrix

O = (Cinitial)
†SCnew (12)

Projection on the old occupied space

pi = (
∑
i

(Oij)
2)1/2 (13)
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