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Cluster expansion of the wavefunction. Symmetry-adapted-
cluster expansion, its variational determination, and
extension of open-shell orbital theory

H. Nakatsuiji and K. Hirao

Department of Hydrocarbon Chemistry, Faculty of Engineering, Kyoto University, Kyoto, Japan and

Department of Chemistry,
(Received 15 July 1977)
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The symmetry-adapted-cluster (SAC) expansion of an exact wavefunction is given. It is constructed from
the generators of the symmetry-adapted excited configurations having the symmetry under consideration,
and includes their higher-order effect and self-consistency effect. It is different from the conventional
cluster expansions in several important points, and is suitable for applications to open-shell systems as well
as closed-shell systems. The variational equation for the SAC wavefunction has a form similar to the
generalized Brillouin theorem in accordance with the inclusion of the higher-order effect and the self-
consistency effect. We have expressed some existing open-shell orbital theories equivalently in the
conventional cluster expansion formulas, and on this basis, we have given the pseudo-orbital theory which
is an extension of open-shell orbital theory in the SAC expansion formula.

I. INTRODUCTION

There are several ways of constructing an exact wave-
function from an approximate one.! One way which is
most popularly used for the calculations of accurate
wavefunctions is the configuration interaction(CI) theory,
which may be expressed as

v=(1+0)3,, (1a)

where &, is an appropriate reference wavefunction [e.g.,
Hartree—Fock (HF) single determinant] and € is a sum
of the generators of the one-, two-,..., N-electron ex-
cited configurations, i.e.,

- +CN
+ +
= Z cia;+ Zcua«“ﬁ‘
7 <7

Here, a(a}) are the fermion annihilation (creation)
operators associated with a complete set of spin orbitals
(e.g., HF occupied and unoccupied orbitals) and ¢}, c},,
etc., are the creation operators of the correlated func-
tions [which are reducible, ? as seen from Eq, (3)]. The
merit of this approach lies in its simplicity in computa-
tional algorithm, but a defect is that the expansion us-
ually converges very slowly exceptfor some cases (e. g.,
near degeneracy). Because of this defect, it is usually
difficult to assign a particular physical meaning to a
particular type of configurations.

C=C+Cy+--

+
ot Cloesen @Ay e e oAy .

(1p)

Another way of more possibility may be obtained by
the cluster expansion of the wavefunction. It gives a
compact and precise way of constructing an exact wave-
function from an approximate one. In the notations due
to Primas, ? it is written as

\Ilzexp(f‘)@o . (23-)
where T is a sum of the one-, two-, ..., N-electron
linked cluster generators
i‘: i‘l + %2 + .+ %N

= 2 bia+ D b38,8,4 - +Bipyayay - ay ,  (2D)
i «<J
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and bj, by;, etc., are the (unknown) creation operators
of the ivreducible cluster functions, >

This expansion was originally introduced and developed
in the fields of statistical mechanics® and nuclear
physics.* For the study of atoms and molecules this
expansxon was first recognized to be 1mportant by
Smanoglu and then developed by Smanoglu and co-
workers, ¢ Primas, ® Cizek and Paldus and others, &°
Comparing this expansmn with the CI expansion (1), we
find that the generators C, of the CI expansion are re-
latted with the generators T of the cluster expansion
as 0

él = T1 ’ (33)
Co=Ty+5(T)), (3b)
A A A oa 1 -

Co=Ty+ Ty Tyt 57 (1,)%, (3¢)
Co=Ty+3(T)? + Ty Ty + 5(1)°T, I (T1)4 etc. , (3d)

for the exact (or nonvariational) wavefunctions.

For closed-shell systems, Sinanoélu5 has shown that
the contribution of the one-electron cluster T, is small
when we choose the HF wavefunction as the &, (when we
choose the Brueckner orbitals as our basis, the opera-
tor T; vanishes identically), and that the pair cluster
T, is of predominant importance for correlation energy
due to the short-range character of the ‘“fluctuation”
potential. He has further observed from the analysis
of the CI wavefunctions of Be and LiH that the genera-
tor C4 is well approximated by the product of T2, i.e.,

4EE(T2)2 ) (4)

and stressed the importance of taking into account the
higher -order terms of 7', (unlinked terms composed of
T, alone) through the cluster expansion formula as
given by

¥ ~exp(T,)d, . (5)

The relation (4) has also been confirmed for delocalized
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m-electron systems by Cizek, Paldus, and Sroubkovi. !°
[The relation for the triple excitation given by Eq. (3c)
has been examined by Paldus, é{iek, and Shavitt, ']
Many studies on the electron correlations in closed-
shell systems have then been developed starting from
or extending the approximate wavefunction (5). These
studies show a typical procedure in the cluster ex-
pansion theory: that is, first select the physically most
important linked term (e.g., TZ for correlation energy),
and then include their higher-order effects through the
cluster expansion formalism [e,g., Eq. (5)]. Then,

we can expect a rapid convergence with a fewer number
of variables, in contrast to the CI expansion.

When the reference wavefunction ¢, is not a HF wave-
function but an arbitrary single determinant, or when an
external perturbation is applied to the system represented
by &,, the correction term including the one-electron
cluster, f‘1, would become significant. Thouless'? has
shown that the cluster expansion given by

&= gtexp(T,)®, (6)
is equivalent to a transformation of a single determinant
N
@0 = I;I a'; ‘) (7)
to another single determinant
N
o= I ub, 8

where |) denotes a vacuum state, For the operator #j,
we may give a different definition from Thouless!? (by
the reason given in the Ref. 13) as

Wy=n, exp(Ty) o} exp(- T,) , (92)
which can be simplified further as

Ky =n, exp(b} a,) @ exp(~ b}a,) . (9b)
The operators A} and their Hermitian conjugates h;
satisfy the quasifermion relation

[, Bl=0, [k k=0, (102)

[ry, B D=0841]) (10b)

where the relation (10b) is valid not only for the vacuum
1) but also for |®y and |®) under the condition

[bb b;]-r: 54.5(”.{2 - 1) M

This condition guarantees the orthonormality of the
transformed orbitals so that actually.this is not a re-
striction. So long as the operator h} applies only to the
vacuum as in the present case, the definition given by
Eq. (9) is identical with the definition = n,(a} + b}) given
by Thouless, #14 Since the anticommutation relations
(10) are essentially the same as those of the primitive
operators aj and a,, we see that the cluster expansion
operator Jexp(T,) in Eq. (6) is essentially unitary, '°
More explicitly, we have shown!® that the cluster ex-
pansion (6) is equivalent to the expansion

& —exp(T; - T, ,

(11)

(12)
where the operator exp(T, - 73) is strictly unitary.

Thus, when we apply the variational principle to the
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cluster wavefunction (6) starting from an arbitrary single
determinant &, the resultant & should be equivalent to
the HF wavefunction. Therefore, the cluster expansion
(6) completely includes the self -consistency of orbitals
when it is combined with the variational principle. The
higher-order unlinked terms 3(%,)?, (1/3!)(7.‘1)3, etc.,

in Eq. (3) represent in this case the self-consistency ef-
fect.

Previously, we have used this formulation for deriving
an equivalent expression to the coupled-perturbed HF
theory!? and for obtaining pseudo-orbital theory for open-
shell systems, !¥ In a separate paper, ' we will analyze
and interconnect various orbital theories for closed-
shell systems (some are known, but some are new)
starting from the formula

& =0 exp(T,) d,, (13)

where @ is a various kind of projection operator depend-
ing on the orbital theory under consideration.

For open-shell systems, Sinanoélu, Silverstone, and
Oksiiz® have classified the correlation effects and in-
vestigated their natures for several atomic systems,
Mukherjee ef al.® have given a cluster expansion start-
ing from a multideterminant reference wavefunction.

For open-shell systems we think it important and con-
venient to take all of the excited configurations included
in the expansion to be symmetry adapted, In a pre-
liminary paper, 18 we have reported pseudo-orbital theory
which is an extension of open-shell orbital theory based
on a symmetry-adapted-cluster expansion formalism and
applied it to the calculations of the spin densities of sev-
eral open-shell atoms. Very recently, Paldus’™ also
studied the merit of a spin-adapted cluster-expansion
formalism and gave such a theory for the correlation
problems in closed-shell systems.

In the present study, we consider a cluster expansion
of an exact wavefunction, which is different from the
expansion (2) and which is suitable for applications to
open-shell systems as well as closed-shell systems,
The expansion is composed of the symmetry-adapted-
cluster (SAC) generators, starting from a restricted!®
Slater determinant. Our formalism is primitive and has
a similarity to the symmetry-adapted CI formalism.

We use the variational principle for the determination of
the wavefunction. In Sec, II, we first outline some
problems in open-shell electronic systems which do not
arise in closed-shell systems, and then introduce the
SAC expansion of the wavefunction. In Sec. III, we dis-
cuss the merits of the SAC expansion in comparison
with the conventional ones. In Sec. IV, we give the
variational equation for the SAC wavefunction. It has a
form similar to the generalized Brillouin theorem in
correspondence with the inclusion of the higher-order
or self-consistency effects, We also consider an ap-
proximate solution of the variational equation. In Sec.
V, we first express some open-shell orbital theories
equivalently in the conventional cluster expansion formu-
las, and then give some extensions of open-shell orbital
theories in the SAC expansion formulas (pseudo-orbital
theory). They will be applied in the subsequent paper®’
to the calculations of spin density in open-shell systems.

J. Chem. Phys., Vol. 68, No. 5, 1 March 1978
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In Sec. VI, the summary of the present study is given.

. SYMMETRY-ADAPTED-CLUSTER EXPANSION

We consider here a cluster expansion of an exact
wavefunction which is different from the expansion (2)
and which is suitable for the study of open-shell systems
as well as closed-shell systems. In open-shell systems
we encounter some problems which do not arise for
closed-shell systems. For example, the single particle
term T, would not necessarily be small even if we start
from the HF (e.g., RHF)!® reference wavefunction. In
the expansion (2), the linked operators are classified
according to the number of excitations., However, in
open-shell systems, such classification does not ac-
cord, in general, with the symmetry requirement for
the excitations. Then, when we pick up from Eq. (2)
only some terms (e.g., only f‘2), the resultant wave-
function becomes a mixed symmetry state. It is then
hoped that the expansion is composed of only the con-
figurations having desired symmetry.

Thus, we consider a cluster expansion of an exact
wavefunction on the basis of the generators of the sym-
metry-adapted excited configurations having the sym-
metry under consideration. We write it as

V=0 exp(§ )¢0

:[1+§+0( §2+-—§‘°’ )]@0, 149
where the operator Sis given by
8_3(1)4‘8(2)"’ +§(N)
"E Z CayyiSay 1+ Z Z TR IMNTE SRE
oy <J
+ Z > Coprtgeren S5,y tieern
TN §KiCeeedn
= Z C,St. (15)
r

As a reference wavefunction ®,, we choose a restricted
HF (RHF)" or restricted-type single determinant given
by

‘1)02”(/’1 ayB.. ‘pk aPB-.-

= Hakaaw II amal>

mag+l

Py AP, BPuyt - - <@, all

(16)

For simplicity, we have restricted ourselves in this
paper to the systems for which the determinant (16)
has a correct symmetry. An important exception is a
singlet excited state, For such state, it would be pref-
erable to start from a multideterminant reference
wavefunction.® We define the number of unpaired
spins in the system by s, i.e.,

s=p-q. ($%)]

In Eq. (15) the operators S:,,15---1 TEPTesent the excita-
tion operators which create symmetry adapted excited
configurations on applying the reference wavefunction
®,. They are the units of which the present theory is
composed. The index g runs over the {degenerate) sym-
metry functions belonging to the symmetry of interest,
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and the number of them, denoted by f,, depends on the
symmetiry of the system and the nature of the excitations
specified by the indices ¢j.-. 1, where ¢ denotes a pair

of orbitals concerning the (real) excitation. For example
of S,, ,¢» the spin-adapted spin-polarization excitation
operator is written as¥

. ) s\/2, |
SP,tk=(3+2)”2|:('2‘) (@} ayo — als ays)

9\1/2 . Ld
+<; atmakﬁ Z a:nBama ’

m=g+]

(18)

where the indices %, », and f represent doubly occupied,
singly occupied, and unoccupied orbitals, respectively.
This operator is “essentially” a single-excitation opera-
tor, though it involves in the last term the two simul-
taneous elementary excitations (real excitation and spin
flip) due to the spin-symmetry requirement. The opera-
tors Sy, Sy - - S(N) in Eq. (15) are, respectlvely,

the sums of the essentlally single-, double-, ..., Nple-
excitation terms in the above sense:

L

3(1,): Z

*
Coytgeee 1Sty tgeet -
Gy #KdKeee<d

The index I for S} denotes 2 set of indices o,,dj--- |
and the coeff1c1ents Cyor Gy, ysu..; are determined
through the variational or nonvarlatlonal methods,

In Eq. (14), the operator © denotes a symmetry pro-
jection operator. An example of the projector © is the
spin-projection operator ¢, given by

’ ’
0, = sZ_f_(S_+1)] ,
s s'I(ls) [ 2\2

where 82 is the spin-squared operator., This operator
projects out the undesired spin symmetries. Owing to the
above definitions of the symmetry-adapted excitation
operators, the symmetry projection operator © in Eq.
(14) does not affect the linked terms, but affects only
the unlinked terms since the unlinked terms like S3S% [ ®,)
do not necessarily belong to the desired pure symmetry
even though the terms S}|®,) do. It projects from the
unlinked terms (e.g., S S;ﬁ ;) the symmetry-adapted
excitation operator (e.g., Sg,,,;) belonging to higher
multiple excitations. [Since all of the linked and un-
linked excitation operators in Eq. (14) operate on the
common &,, we can speak as if the projection operator
© applies only to the operator part of Eq. (14).] Since
the linked excitation operator 3 given by Eq. (15) in-
cludes all possible symmetry-adapted excitation opera-
tors belonging to the symmetry under consideration, the
expansion (14) is closed within such group of the excita-
tion operators. Thus, the expansion (14) is complete:
i.e., the wavefunction ¥ is defined within the space
spanned by the symmetry-adapted configurations having
the symmetry under consideration. This property is
similar to that of the symmetry-adapted CI expansion.
We refer to the cluster expansion given by Eqs. (14) and
(15) as symmetry-adapted-cluster (SAC) expansion of the
exact wavefunction,

(19)

In the SAC expansion, we can assume without loss of
generality the following commutation relations:

J. Chem. Phys., Vol. 68, No. 5, 1 March 1978
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[s%, sy1=0, (20a)
[Sla SJ]:Oy (20b)
[Sy, S51®0) =6,7]2) . (20¢)

Then, these excitation operators behave like boson
operators for the reference wavefunction &, {quasi-
boson operators), The relation (20c) does not hold with-
out &, on either side of the commutator, It means that
the symmetry-adapted excited configurations S} &,) are
chosen to be mutually orthonormal, i.e.,

@oisrsﬂ‘bo)‘—‘ﬁn ) (21a)

since S, ¥y =0. They are also orthogonal to the refer-

ence wavefunction @,
@’015”‘50):(‘50‘51“1’0):0 . (21b)

A comparison of the SAC expansion with the CI ex-
pansion is straightforward., The conventional symmetry-
adapted CI expansion can be written as

Vo= +0)%,,

R R . (22a)
C=C+Cpy+-+++Cipy
“ZZ CopiSopit ZEC'Z.uSaz.u+"'
+Z Z C i t100en oy, thonen
Oy 1<i<eescn
(22b)

- ;c',s}.

Since the CI expansion is linear for the excitation opera-
tors, all of the configurations involved have desired
symmetry without the projector. Since the unlinked
terms of the SAC expansion (e.g., 0§( L,§(L.,) belong to
the space spanned by the higher-order operators (e.g.,
Sczezy), We see that the SAC expansion is related with
the CI expansion by

Ci, =S »

-~ -~ Lad?
C(z)zs(z) +2(‘)S“) 3

A s 1+ 1
C(3)=S(3)+0(§ SaSay t 3T S<31)) )

- 1
S+ g7 3)

(23)
etc. This relation is similar to the relation (3) except
for the projection operator in front of the unlinked
terms. Thus, in contrast to the CI exapnsion, the SAC
expansion includes the higher-order effect and the self-
consistency effect of the symmetry-adapted excitation
operators. The number of the independent variables are
the same for both expansions. In the SAC expansion,
they are included only in the linked term S;,.

- - 1 - -~ .
C(4)=S(4)+9<§ S& +SuySa +

Despite of the above difference, the construction of
the SAC expansion has a close similarity to that of the
ordinary symmetry-adapted CI expansion [compare Egs.
(14) and (15) with Eq. (22)]. This enables us to combine
the intuitions obtained from the CI theory with the merit

H. Nakatsuji and K. Hirao: Symmetry-adapted-cluster expansion

of the cluster expansion theory, i.e., the rapid con-
vergence owing to the inclusion of the higher-order and
self -consistency effects, This is favorable especially
when we construct an approximate wavefunction. For
instance, physical considerations and/or the experiences
based on the CI theory show that for some physical prop-
erties only some kinds of excitations are of predominant
importance (e.g., 3(2) for correlation energy and the
spin—polarization excitations for spin density?’). In
such cases, we may choose only such excitation opera-
tors in the SAC expansion and may expect more rapid
convergence than the CI expansion with a fewer number
of variables, In the SAC expansion any choice does not
contradict with the symmetry requirement,

111, SAC EXPANSION COMPARED WITH THE
CONVENTIONAL CLUSTER EXPANSIONS

Next we discuss the difference between the SAC ex-
pansion and the conventional cluster expansions. In
Table I, we have summarized schematically the differ -
ences, We first compare the SAC expansion with the
original cluster expansion given by Eq. (2), i.e.,

¥ =exp(T)®, . (2a)

In this expansion the cluster generator T includes vari-
ous symmetries at the same time, so that the number
of the independent variables included is larger than that
included in the SAC expansion. However, this does

not necessarily mean that the expansion (2) is able to
give the solutions of different symmetries at the same
time®? (as it is in the ordinary CI expansion). In the
unlinked terms of the expansion (2), e.g., j‘, T;®,,

the different symmetries included in each T, produce
another set of different symmetries for example,
doublet X doublet can give singlet, doublet, triplet, etc.),

TABLE I. Schematic summaries for the differences of the
SAC expansion from the conventional cluster expansions,?

Number of With
Linked Unlinked independent Ty or 8q,
Expansion term term® variables® Symmetry? alone®
exp(’f‘)@u T, i‘fl‘,% Larger Mixed UHF
Oexp(i‘)% Of‘% ~§<I>0 Of‘ﬁ‘,tbo Larger! Pure SEHF
- - PR Just as Pseudo-
OexplS)dy S S uPn®  quired Pure orbital

*The operatorsj" are not symmetry-adapted in general, but
the operators S(;, are always symmetry-adapted.

"We have given only the second-order unlinked terms. These
unlinked terms represent the higher-order and self-consis-
tency effects of the linked operators, so long as the corre-
sponding linked terms are not projected out in the expansion
Oexp(T) &, (see text),

°The numbers of the independent variables included in the ex-
pansions are compared with that required for the description
of the system under consideration,
9This column concerns with the symmetry of the wavefunction
when some T,’s or 3(‘)’s are picked up from the generator ¥
or§.

®This column gives the orbital theories which are equwalent
to the respective cluster expansions including T1 or S(“ alone,
We have assumed that these cluster expansions are solved with
the variational principle (Sec. IV). For more details, see
Sec, V.,

J. Chem. Phys., Vol. 68, No. 5, 1 March 1978
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so that different symmetry subspaces can interfere each
other in the expansion (2). (This can never occur in the
ordinary CI expansion so long as the Hamiltonian is
totally symmetric.) Thus, in the expansion (2), the un-
necessarily larger number of the independent variables
can cause a difficulty in the solution. 22 Tn the SAC ex-
pansion, however, the SAC generator S includes only
the pure symmetry under consideration so that the num-
ber of the independent variables included is just the
same as that required for the system, Obviously, the
above difficulty can not occur in the SAC expansion.

In the original expansion (2), the cluster generator T
is classified according to the number of the excitations.
For closed-shell systems, such classification may be
compatible with the symmetry requirement for the ex-
citations. However, in opep—shell systems this is not
generally true; i.e., each T, itself represents a mixed-
symmetry excitation, [For example, the spin—polariza-
tion operator given by Eq. (18) is obtained by a special
combination of T, and T,. | The unlinked terms of the
expansion {2}, which are the higher-order terms of the
mixed-symmetry (then unphysical) operator T, also
represent mixed symmetries, Therefore, if we choose
only some f‘,’s from the original expansion (2) as done
in Eq. (5), the resultant wavefunction can not represent
a pure symmetry but represents a mixed symmetry.

An example is the UHF wavefunction which is written
equivalently as &y, = exp(T,) &, [see Eq. (49)]. On
the other hand, in the SAC expansion, any choice does
not contradict with the symmetry requirement. This is
important especially for open-shell systems.

The SAC expansion is also different from the expan-
sion

¥ =0exp{T)3, (24)

though both expansions belong to the pure symmetry
under consideration. Although the cluster generator T
includes a larger number of variables than that required
for the system (since the operator 7 includes various
symmetries at the same time), the unnecessaryvarlables
are projected out in the linked term, 0T<I>0 by the sym-
metry projector o. However this is nof generally true
in the unlinked terms, 0T ®,, etc. For example, when
the operator T, 1nc1udes the term which does not belong
to the symmetry under consideration, the projector pro-
jects out such term from the linked term, However,

in the unlinked terms (e.g., ©T2&,), such operator
generally remains since the product of such opera-
tors may include the symmetry under consideration
even though the operator itself does not, Thus, the ex-
pansion (24) includes the independent variables not only
in the linked term butf also in the unlinked terms, The
variables included in the latter arise {rom the different
symmetries included in the operator T and are generally
unfavorable since they can interfere with the pure sym-
metry state under consideration through the unlinked
terms. (See, however, a remark given later.) In other
words, the different symmetry subspaces can interfere
with each other in the expansion (24) [as in the expansion
{2)] despite of the existence of the projection operator,
Thus, the expansion (24) again includes the unnecessari-
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ly larger number of independent variables than that re-

quired for the system, and this can cause a difficulty in
the solution.? In the SAC expansion, the independent
variables are included only in the linked term $&,, and
among the cluster expansions compared in Table I, only
the SAC expansion is free from such difficulty,

The expansion (24) belongs to the pure symmetry under
consideration because of the symmetry projection. How-
ever, in the linked term we will in general have the same
symmetry-adapted excitation operators arising from
dlfferent T.s. [For example, the operator given by

. (18) arises from both 0T, and 07,.] Even if we re-
arrange them into the symmetry-adapted form 3, the
unlinked terms are still different from those of the SAC
expansion. In the SAC expansion, they are the higher-
order terms of the symmetry-adapted excitation opera-
tors. However, in the expansion (24), they are the
higher -order terms of the symmetry-non-adapted (then
unphysical) operators T,’s, so that they do not corre-
spond directly to the symmetry-adapted operators in-
volved in the projected linked term. In other words, the
unlinked terms of the expansion (24) do not correctly
represent the higher-order and self-consistency effects
of the operators included in the linked terms.

In the orbital theoretic approach, such difference in
the unlinked terms causes an important difference in the
self ~-consistency terms. For example, the spin-ex-
tended (SE) HF theory, %324 which belongs to the expan-
sion (24) since it can be written equivalently as ®gpyp
=90, exp(T,)®, [see Eq. (58b)], is known to be poor for
the description of both the spin density and correlation
energy®? of open-shell systems. As analyzed pre-
viously, ¥' this defect of the SEHF theory is attributed
to the unphysical nature of its self -consistency term,
which is common in general to the expansion (24). The
same is also true for the UHF theory?®’ belonging to the
expansion (2), which has another defect of the mixed
symmetry. As shown in the succeeding paper, 20 guch
unreasonable SEHF and UHF descriptions of open-shell
systems can be made more reasonable with the pseudo-
orbital theory based on the SAC expansion.

Here we remark about the case in which the operator
T, in the expansion Oexp(T,)fbo, which belongs to the
class of the expansion (24), includes the operators hav-
ing the different symmetry from that of the system.
Though such operators are projected out in the linked
term, OT; ®,, they are generally involved in the un-
linked terms, OT% ®,, etc., and offer the additional
variables which are independent from those included in
the linked term. In this special case, it is possible to
utilize such variables as if they represent the physics
of the higher-order linked term (e.g., the physics of
OT“) in a limited way (the number of the independent
variables included in the operator T, is much smaller
than that included in T“) As shown in the separate
paper, !® the inclusion of the correlation effects (repre-
sented by 7‘ ) in the framework of the orbital theory (in-
cluding T, alone)12 is mostly done in this way, A typical
example is the alternant correlation effect®®® in the
closed-shell orbital theories. It is incorporated through
the unlinked terms of the triplet-type excitation opera-
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tors given by Eq. (55b).'® This is why the SEHF theory
gives a fair correlation energy for closed shell systems
in contrast to those obtained for open-shell systems., 26
[In open-shell systems, the triplet-type excitation opera-
tors included in f‘l remain in the linked term after
transformed into the spin—polarization operator given by
Eq. (18), so that this special case does not hold.] How-
ever, since such inclusion of the correlation effect is
quite limited in nature, it is recommended to include

it more d{rectly by considering the double-excitation
operator S, in the SAC expansion formula.

H. Nakatsuji and K. Hirao: Symmetry-adapted-cluster expansion

In Table I, we have summarized schematically the
above discussions.

In the SAC expansion, the effect of the projection
operator is small in contrast to the expansion (24). In
the expansion (24) the linked term of‘@o already includes
the projection operator. This is unfavorable for physi-
cal visuality. In the SAC expansionthe projector appears
only in the unlinked terms. TFor the energy, the effect
of the projector begins from the fourth order in the coef-
ficients in the SAC expansion, i.e.,

E=E,+2 }; C; (0| HSY| 0y + I}; C;C, 0] 5, HSY | 0 +(0|HS}S% |0) - 5,,E,)

+ ,{,V-; C1C;Cx O|S(H - E)SS3]0y -2 2 ¢2
I

; C0HS%|0) + 0(CY,

(25)

but in the expansion (24) it begins from the second order. In Eg. (25), 10) denotes 1®,), E,=(0|H|0), and C,'s are

assumed to be real.

Equation (25) is valid for all the expectation values of the operators which commute with the

projection operator. For one electron properties, the effect begins from the third order in the SAC expansion, i.e.,

(,?1)=<0121|0>+241\__:'c,(o|ﬁs;!o> + IZJ: C, C,(0]S,45%)0) - 6,, 0] Al0)) + 0(C?),

where we have assumed that the one-electron operator
Abe Hermitian and the prime on }, means the sum over
the single-excitation operators. For the expansion (24),
however, the projector appears from the first order
terms. When the reference wavefunction @, is already
a reasonably good wavefunction, the coefficients C,
would be small. Then, in the SAC expansion, we may
adopt an approximation to neglect the projection opera-
tor from the formalism. The accuracy of such approxi-
mation is seen from Egs. (25) and (26).

Lastly, we note that the cluster expansion method is
more suitable than the CI theory for the analyses of
various variational theories based on model wavefunc-
tions (e.g., orbital theories, self-consistent geminal
theories, etc.). This is because these variational the-
ories necessarily include self-consistency effects when
we look upon them from different reference wavefunc-
tion. For closed-shell systems, we have given exten-
sive analyses of various orbital theories starting from
the expansions (2) and (13).!® For open-shell systems,
we will later give some cluster expansion formulas
which are equivalent to some conventional orbital the-
ories. Such expression gives a basis for extending or-
bital theory in the SAC expansion formula by eliminating
unfavorable terms and/or by adding important terms,
The resultant theory does not include the unphysical
self-consistency terms as shown above.

IV. VARIATIONAL EQUATION FOR THE SAC
WAVEFUNCTION

The SAC wavefunction may be determined by both
variational and nonvariational procedures. For the
nonvariationalvQetermination the diagrammatic method
developed by Cizek and Paldus™?® may be applicable, ™
However, in this section, we consider a variational de-
fermination of the SAC wavefunction, since it is primi-

(26)

|

tive and since such procedure enables us to extend vari-
ous variational theories in the SAC expansion formulas.

As given by Eqgs. (14) and (15), the SAC wavefunction
is written as

‘I’:@exp (E CIS;> q’o ,
I

where the variables are the coefficients C;, We intro-
duce ¥’ by

\Irr:exp<2 c,s;) 3, ,
1

which does not include the symmetry projector © in
front of the unlinked terms [see Eq. (14)]. The varia-
tional equation for the unnormalized wavefunction ¥ is
given by

(27)

(28)

(T|H-E|5%)=0, (29)
where
v
5 = ; 3G, ¢t (30)
From Eq. (27) we can calculate 8¥/3C; as
3v/8C,=0S}¥ | (31)

Since 5C, in Eq. (30) are arbitrary we obtain from Egs.
(29)-(31) the equation

(¥|(H - E)oS}|¥')=0 (32)

for all I, Here the ¥ has a desired symmetry and H - E
is totally symmetric, sothat the projector © is unnec-
essary and we obtain

| -EB)Sy|¥)=0,
for all I included in Eq. (27).

(33)

This is the variational
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equation for the SAC wavefunction. In general, ¥ and
S%¥' are not orthogonal,

From the commutation relation for S} [Eq. (20a)], the
SAC wavefunction (27) is written as

T= O(IIIexp(C,S'}))cbo

=0(H(1+C,S;+%C§S}7+...)><I>0. (34)
z

In general, the expansion in this equation terminates at
lower order (first or second order)?® because of the
fermion property, aja}=0 or a;a,=0. When (S)"=0
for m=n+1, the SAC equation (33) is a 2nth order
simultaneous equation for the coefficient C,.

In comparison with the variational equation for the CI
wavefunction (22), i.e.,

(Wor|(H~E)SY|3)=0, (35)

the equation (33) for the SAC wavefunction is similar to
the generalized Brillouin theorem. When the unlinked
terms in Eq. (14) have a desired pure symmetry with-
out the projector © {the unlinked terms of the singlet-type
excitation operator given by Eq. (62a) have such a prop-
erty in closed-shell systems [see Eq. (69)]}, or when
we can neglect the effect of the projection operator, the
variational equation (33) becomes

@ |(H-E)S3|¥)=0, (36)

which has just the same form as the generalized Bril-
louin theorem. In contrast to the CI equation (35), this
similarity may be attributed to the inclusion of the
higher-order and self -consistency effects in the SAC
wavefunction. The analysis similar to Eq. (25) shows
that the effect of the projection operator in the SAC
equation (33) begins from the third order in the coeffi-~
cients: i.e., up to the second order, Eq. (33) is identi-
cal with Eq. (36). '

A. Linearization of the SAC equation

Although the CI equation is linear in the coefficients,
the SAC equation includes higher-order terms, How-
ever, when the reference wavefunction &, is already a
reasonably good wavefunction, the coefficients C, would
be small so that we may neglect the second- and higher-
order terms in Eq. (33). This approximation corre-
sponds to applying the variational principle to an energy
expression which is correct to the second order in the
coefficients. In this approximation the effect of the
projector does not appear and Egs. (33) and (36) are the
same, Thus, we obtain from Eq. (33) the linear equa-
tion

O]HS}|0Y+ Y. C,(0]S,HS}|0)

+{0|HS%S%|0) - E6,,)=0, (37)

for all I included in the SAC wavefunction (27). Here,
we have assumed the coefficients to be real. This equa-
tion is similar to the CI equation (35) except that it in-
cludes an additional term (0| HS};S%10) which has arisen
from the inclusion of the self-consistency effect, Since
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our Hamiltonian is real, we can assume all the integrals
to be real without loss of generality so that both of the
integrals, {0/1S,;HS;10) and {01HS;S}10), are symmetric
for the interchange between I and J. Then, Eq. (37)

can be solved by a single diagonalization as the CT equa-
tion. In going from Eq. (33) to Eq. (37), we did not
modify the energy E. However, in order to make Eq.
(37) completely linear for the coefficients, we may re-
place it with E;,. In such approximation, we obtain

LA ; ¢, ({0]S,HS%]0)

+(0|HS%S%|0) - E;5,,)=0 . (38)

It is possible to write the solutions of Egs. (37) and
(38) in a sum-over-state form familiar in the perturba-
tion theory. We introduce the following matrices of
integrals:

A=(0|8HB"|0) , (39a)
B=(0|H(8")78*|0), (39b)
where §*=(S},...,S},...). Since these matrices are

symmetric, we can introduce an orthogonal transforma-~
tion U by

UT(A+B)U=D, (40)

where D is a diagonal matrix with diagonal elements D,.
Using this transformation, we define a new set of ex-
citation operators R* and a new set of coefficients C’ by

R'=S"U, (41)

¢’ =U"C, (42)
where C is a column vector composed of C,. With the
use of these transformations, Eq. (38) is solved at once
as

C=(0|HR}| 0)/(E, - D) . (43)
For Eq. (37), E, in the denominator of Eq. (43) is re-
placed with E. For Eq. (38), the energy of the system
is calculated from Eq. (25) as

E=E,+ ) (0|HR}|0)(0|RH|0)/(E, - D) , (44)
I

which is correct to the second order in the coefficients.

The wavefunction at this level of approximation may be

written as

I, J

., 1 v ar
w=(1+Zc,s,+§ > c,c,os,s,><1>0
I .

1
=<1+ZI:C',R}+-2— I}_; c’,c',OR;R*,>4>0 (45)
and the normalization factor 3 is given by
M=1-2 Cl=1-) C}. (46)
7 T

The above set of equations is essentiaily the same as
that given previously for rewriting the coupled-per-
turbed HF theory in a sum-over-state form, !”
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In this linear approximation, the solution requires
only a single diagonalization as in the CI procedure
[for Eq. (38), it is given by Eq. (40)] and at the same
time it includes the self-consistency effect through the
B matrix, which is a merit of the cluster expansion
theory. However, when we neglect the single-excita-
tion operator S, in Eq. (15}, the B matrix vanishes
identically since it becomes an integral between ®, and
more-than-four electron excited configurations. In
such case, the solution of Eq. (37) [not Eq. (38)] be-
comes identical with that of the CI procedure, There-
fore, the above linear approximation is meaningful in
the cluster expansion theory only when we include S,
in the linked term.

-
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Lastly, we note that the matrices A and B defined by
Eq. (39) are similar to those which appear in the the-
ories for the random-phase approximationt?3® and for the
instability of the HF solution.'”3! Some connections be-
tween the present and these theories will be discussed
in a separate paper. !t

B. Higher-order variational equations

When we consider the higher-order effects of more-
than-double excitation operators (S, ¢>2), we have to
solve the higher-order variational equation. Up to the
third order in the coefficients, we obtain from Eq. (33)
the equation

©|HS}10)+ 3. C,(0]S,(H - E)S3|0) + (0| HS, 5% |0)) + D C,;Cr (0]S,(H - E)S%S%|0)
J I K

1

+3 (0], Sc(H ~E)S7[0) + 5
JoKy L

where in the third-order term we need the projection
operator. When we limit ourselves only to the two-
particle excitation operators, Eq. (47) becomes a bit
simpler as

(olas;loy+ 3 c,00(s,(H - B)SY|0)
J

+ D €, Cl0]S, HSYSL|0)+ 50| S, S HSY|0)

T K

1
+3 > C; C CL{0|S; Sy o(H - E)S4S%,]0)=0 .
J K, L (48)

The second~ and third-order terms represent the higher -
order effects of the excitation operators. These equa-
tions are the third-order simultaneous equations and
may be solved through iterative procedure. In a simi-
lar way, it is easy to derive the higher-order equa-
tions from Eq. (33). So long as we start from a rea-
sonably good wavefunction, the coefficients C, would be
small, so that such a procedure would terminate at
some order within the desired accuracy.

V. ANALYSIS AND EXTENSION OF OPEN-SHELL
ORBITAL THEORIES

As remarked in the previous section, the cluster
expansion formalism is very suitable to the analysis of
orbital theories. This is because the cluster expan-
sion includes completely the self-consistency effect of
orbitals as the Thouless theorem!? implies. In this
section, we first analyze some open-shell orbital the-
ories, the UHF, SEHF, and RHF theories, expressing
them eguivalently in the conventional cluster expan-
sion formulas. We will show that the types of the ex-
citation operators included in these formulas are well
related with the Brillouin theorems satisfied by these
theories. Based on these analyses, we then give some
extensions of open-shell orbital theory in the SAC ex-
pansion formulas. The resultant extended theory, called

S €y Cr CLKO|S,H - E)S% S35 8% 0)+(0]S,S, o(H ~ E)S%S%|0) =0,

(47)

pseduo-orbital theory, will be applied in the subsequent
paper® to the calculations of spin density of open-shell
systems.

A. Analysis of open-shell orbital theories
1. UHF theory

The UHF theory is most naturally expressed by the
original cluster expansion given by Eq. (2). As re-

marked in the Introduction, the cluster expansion in-
cluding T alone, i.e.,

é:ﬂlexp(; C“a';a;> &, , (49)
is just a transformation of a single determinant &,

By =gy -0yl , (50)
into another single determinant &,

B=llgpgere oyl (51)

In Eq. (49) the indices ¢ and j represent the occupied
and unoccupied spin orbitals ¢, and ¢;, respectively,
and the operator b} in Eq. (2b) is expanded as

b;:); Cy .

The proof for the above statement is given by Thouless!?
and is straightforward, as follows. We can rewrite Eq.
(49) as

d=m H(1+EC,,a§a;> II b
i J 1
:Sln(a;%—z C,,a;)\) ]
i )

where we have used the fermion anticommutation rela-
tion and especially a;a,=0. Introducing a new set of
spin orbitals

1pi=(¢i+ ; CM‘P;) <1+ jElC“lz)-m ,

(52)

(53)

(54)
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we see that Eq. (53) is just idential with the single de-
terminant given by Eq. (51). This proof can also be
done by introducing the operator k} as given by Eq. (9)
and using the procedure given in Footnote 13. The
operator %) generates a new set of spin orbitals given
by Eq. (54). The condition given by Eq. (11) corre-
sponds to the orthonormality condition for ¢,. Thus,
when the coefficients C;; in Eq. (49) are determined
variationally the cluster wavefunction (49) becomes
identical with the UHF wavefunction.

In order to rewrite Eq. (49) in a form similar to the
SAC expansion, we choose as a reference wavefunction
the single determinant given by Eq. (16) and introduce
the following excitation operators

o tn=(Gha Qo + L5 ay) V2, (55a)
St tn = (G} o Bho — A1s 38) V2, (55b)
Ot =toOma 5 (55¢)
S mk = g Tg (55d)

where we have replaced the index for the spin orbital
with the set of indices for the space orbital and spin.
The index f indicates the unoccupied space orbital. Ac-
cording to the transformation given by Eq. (55), we
transform the coefficients as

Co, 2= V2 (Ciapa + Cisns)

CT, k= ﬁ(ctaka - CtBkB) s

Co,tn=Ctama »

(56)

Then, the UHF wavefunction given by Eq. (49) is rewrit
ten as

q’UHF:mexp<§: Co,ta S0, e2 + ; Cr, xS, 18

Co,me = Crugas -

+ t; CO.thT).tm"}' Zk CO,mk‘S;.mk> ¢0 .
m

(57)
Although this expression resembles the SAC expan-
sion, it is different from the SAC expansion, It belongs
to the class of the wavefunctions represented by Eq.
(2). Athough the operators St x> Sy,m» and Sy ., are
spin adapted and produce the singlet excitations on ap-
plying ®,, the operator S‘T' +» is not spin adapted (the
suffix T abbreviates triplet-type). It produces a mixed
spin state on applying &,. The existence of this opera-
tor is a main origin of the spin contamination included
in the UHF wavefunction.3? Since Eq. (57) expresses
the UHF wavefunction in a compact closed form, the
present formalism based on the cluster expansion is
more convenient than the previous one®”3% based on the
CI expansion. Lastly we note that the types of the ex-
citation operators included in Eq. (57) are related with
the fact that the UHF wavefunction satisfies the Bril-
louin theorem for these four types of excitations.

2. Open-shell SEHF theory (GF theory)

The spin-extended HF (SEHF) wavefunction? is ob-
tained by spin projecting the spin-polarized single de-
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terminant, which has the same form as the UHF wave-
function, and subsequently applying the variational
principle (Goddard® has referred to it as the GF wave-
function). Then, from Eq. (57), the SEHF wavefunction
is written equivalently in the cluster expansion form as

?
q)SEHFzmoseXp(%: CoitrSoent ; Coryex S,

! + F 4 +*
+ Z CotmSo,tm+ Z;, Co,mkso,mk>‘1’o s
tm m

(58a)
where 0O, is the spin-projection operator given by Eq.
(19). From Eq. (49), this wavefurction is also written
as

(58b)

Although this wavefunction has a desired symmetry be-
cause of the existence of 0, it is different from the

SAC expansion since S¥ , is not spin adapted. The
SEHF wavefunction belongs to the class of the wave-
functions represented by Eq. (24). Then, the self-con-
sistency term included in the SEHF wavefunction is un-
physical (for open-shell systems) since it is a higher-
order term of the unphysical operator S%,,,. This is

an origin®"?" of the results that the SEHF theory was
poor for both spin density?® and correlation energy?® of open-
shell systems, We will later consider an extension of
the UHF and SEHF theories in the SAC expansionformula
by replacing S%, ;, in Eq. (58a) with the spin-polarization
excitation operator S} ,, given by Eq. (18).

Bgprr =0, exp(T () .

3. Open-shell RHF theory

Although the RHF wavefunction is used in the present
formalism as a reference wavefunction ®;, we investi-
gate here its cluster expansion form since it gives a
prototype for studying the nature of the “restricted”
condition in the cluster expansion formalism. A basic
assumption of the restricted condition is that the orbit-
als can be classified into blocks (e.g., closed block
and open block) and within each block a unitary trans-
formation among orbitals keeps the total wavefunction
invariant, !%3%3¢ Because of this restriction the clus-
ter expansion form for the RHF wavefunction becomes

Paur =NAxy eXP(ZK: Cx S}) ‘f‘o.xexl)(; Cy SL) Do, 5

(59)
where &, , and &, , are arbitrary single determinants
for the closed and open blocks, respectively,

&y, x=lloyapB---0,00,8-..0, ag, Bl , (60)

o, u=l Pory+ - @pa---guall . (61)

Here, &, , accommodates the first 2¢ electrons and

®,, 4 the last p—q electrons. The operators S} represent
the singlet-type excitation operators for the excitations
from the closed block to all other blocks

S0, 00 = (1o Gy + a3 a)/V2 (62a)

Ss.mk=(a:ua Qpo + Qg Apg )/‘/5, (62b)

and Sy represent the singlet-type excitation operators
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for the excitations from the open block to all other
blocks

{(63a)
(63b)

@y, denotes the antisymmetrizer for the interchange of
electrons between the closed and open blocks, The rea-
son that we have used different exponential operators for
different blocks is that the excitation operators belong-
ing to the different blocks do not necessarily commute
with each other. [If they commute, Eq. (59) can be re-
written in a single exponential form.] In the present
case, the commutation relations are given by

+* +
0y tm =CtaCma »

* +
sO.km =8pa Ay -

j

®rur = NGy €XP (; CO.tkSB,tk+ Zk C().mks‘(;,mk)éo.l(exp(z Co, tm s?).tm+ Z Covtm SB.m) Q4,4 -
m tm km
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[Ss.tk’ sa.t‘m]zo ’
[S*, tho Ss,k’m] = 6kk’ a;a ama/ﬁ »

[Sa.mk’ Sa.tm']: - 5mm’ a;aaka /‘/é—’ (64)

[Ss,mk ) SB,k’m’] = (Gkk'émm' - 5mm' a;'a Ay
+ Gkk,a;aam,a)/‘/i .

The appearance of these noncommuting excitation opera-
tors originates from the restricted condition. Of
course, these excitation operators commute each other
within each block. From Egs. (62) and (63), the RHF
wavefunction is written more explicitly as

(65)

The proof for the equivalence between the cluster wavefunction (65) and the RHF wavefunction proceeds straight-

forwardly. Using relations like

+* 1 9 + 1
exp(%: CO,tkSO,tk) = I;I (1+ Nl Z CO.tkalaaka) (1+ 7z Zt:vco,tkazﬂakﬂ>:

we can rewrite Eq. (65) as

q
Prur = NAgy IkI [(a;w + Z

’ L] ’ +*
: 0yt Qta Z Co.mk“ma)
m

X(“Ze*”z Ch,ea s + Z C',mka:n5>] DK

t

=l papyB-- P oy B+ - Pt BPpra -« V- --Ypall,

where Cy, ;p=Cy, ¢/ V2, etc., and |) and |), denote the vacuum states for closed and open blocks, respectively,

and a new set of orbitals ¥, and 9, is defined by

-1/2
t= (0 2 Chnot T Chmen) (14 D lchal+ Tichml) ",
™m m

-1/2
Y= (¢m+ Z%,m%ﬂ“?%,m ‘Pk) (1+; ICo.:m|2+zk: Ico.m[2)

Since each orbital given by Eq. (68) is defined completely
freely (the mixing within each block is attained through
the unitary ambiguity within each block), the variational
determination of the coefficients in Eq. (65) leads to the
RHF wavefunction. We note that the RHF wavefunction
satisfies the Brillouin theorem for the excitations given
by Eqgs. (62) and (63).

For closed-shell systems, we have only the closed
block and the excitation operators S7, ., o ¢m» 2and

o,mz do not appear. Therefore, the RHF wavefunction
for closed-shell systems is written simply as

‘I’RHF=WGXP<%: Co, ta S?).tk) %, (69)
where &, is identical with &, , given by Eq. (60). This
wavefunction is the simplest example of the SAC wave-
function. (In other words, in the closed-shell limit the
pseudo-orbital theory given below reduces to the con-

ventional Hartree—Fock theory.) Here, the projection
operator O is unnecessary since the higher-order un-

{(66)
»
n (a:na +Z Co, tm Qo + Z Co, 1m aTw) ‘>M
m=q+1 t []
(67)
(68)

—

linked terms of Eq. (69) automatically belong to the de-
sired singlet state,

B. Pseudo-orbital theory

The preceding analysis of the conventional orbital
theories has clarified the types of the excitation opera-
tors included in the equivalent cluster expansion for-
mulas. They are shown to be limited to only those
types which are related to the types of the Brillouin
theorems satisfied by the respective orbital theories.
Many other excitation operators remain excluded es-
pecially for open-shell systems, The UHF and SEHF
theories belong to the conventional cluster expansions
given by Eqs. (2) and (24), respectively, so that their
self-consistency terms are unphysical. Since in the
open-shell systems, 3(1) is not necessarily small even
if we start from the RHF wavefunction, it is suggested
that the open-shell orbital theory can be extended in
several ways in the SAC expansion formulas. Here we
consider such extensions of the open-shell orbital the-
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ory, restricting ourselves to only the single excitation
operator 3(1,. The resultant theory is called pseudo-
orbital theory, '8

The wavefunction considered in this section (the
pseudo -orbital wavefunction) is written as

®po=0exp(Syy) &y

N 14 1
=[1+S(I)+O(§S§i)+§.!_S‘?i)+"'>]¢0’ (70)
where 3(1) represents the sum of the symmetry-adapted
single excitation operators

£q

S3=3 3 CopiSs = le CrS%.

01 {
The reference wavefunction &, is given by Eq. (16).
The system has s unpaired spins [see Eq. (17)].

(71)

For such systems we have in general the following
spin-adapted single-excitation operators. For ex-
citations from the doubly occupied orbital & to unoc-
cupied orbital ¢, we have s+1 excitation operators. 2
The first two are given by

SO, t= (a}a Qo + ais )/ ‘/E-, (72)
th:s;’.tk
oS\ V2
=6+ 2"((3) " (o= ls @)
2\1/2 . 4 .
+(;> o Oys m;” amﬂam] , (73)

which have been referred to in the text as the singlet-
type and spin-polarization excitation operators, respec-
tively, The last s -1 operators are given by

S:, th = ["'('V" 1)]-“20;01 Apg
4
X[ Z a:nsama_(r—l)a’(rﬁl)ﬂa(p—rﬂ)a] 2srs<s

m=p=r+2

(74)
which represent the spin—flip excitation from % to ¢
accompanied by the spin flips on the same open orbitals
m. For all the excitations given by Egs. (72)~(74), the
energies required are of the order of the single excita-
tion energy, i.e., ~(¢, — ¢, —Jy), since for all of them
the “real” excitation is only from % to £. The spin flips
among open orbitals modify the energy by the order of the
exchange integral. Then, these excitation operators are
included here in 3(1,. On the other hand, in the original
expansion givenby Eq. (2), the operator Sp, :xbelongs to f‘l,

the operator Sg ,, belongs to a special combination of T, and

T,, and the operator Sy, belongsto T,. For the excitation
from the singly occupied orbital » to the unoccupied or-
bital ¢, we have

6, tm Za;a Cma » (75)
and for the excitation from % to m, we have
S5y me = s Gas - (76)

These operators have also been referred to as the singlet-
type excitation operators. All of the operators given by
Egs. (72)-~(76) satisfy the commutation relation given by
Eq. (20). When the orbitals concerning an excitation
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are degenerate, we have sometimes to take into account
further the space symmetry, Such spin- and space-
symmetry-adapted excitation operators are constructed
by modifying the above spin-adapted operators as re-
quired from space symmetry.

When all of the excitation operators given above are
included in the pseudo-orbital wavefunction (70), we ab-
tain the most general extension of orbital theory within
the extent of this section, i.e.,

8
‘I’PolzoeXp(Zo A\‘.:; Co, 2 S, 12
o=

+Z Co, tm B.:m'*z; Co,mksr),mk)(bo' (77)
m m

However, since the excitation operators S} ;2 <7<s)
given by Eq. (74) are composed of the two simultaneous
elementary excitations (real excitation and spin flip)
and do not contribute to the first-order corrections to
the orbitals, we may omit them from the above wave-
function and obtain

‘I’pozzoexf’(; Co,tx S0, tnt ; Cp, xS, e

+ tz Cotm Sty em+ Zk CO,mksa.mk> P, . (78)
m m

This wavefunction constitutes an extension of the UHF
and SEHF wavefunctions given by Eqs. (57) and (58).
The excitation operator S7, ,, which are not spin adapted
are replaced with the spin-adapted spin-polarization
operator Sy, ,,. Further, when the reference wavefunc-
tion &, in Eq. (78) is restricted to the RHF wavefunc -
tion, the effects of the singlet-type operators S}, ,,,
St.em» and S§ . would be small® since the RHF wave-
function satisfies the Brillouin theorem for these ex-
citations, Then, we obtain another simpler extension of
the orbital theory, i.e.,

Ppoy=0 exp(; Cpe, S;:. tk) Ppur - (79)
In contrast to the wavefunction given by Eq. (78), this
wavefunction does not include the coupling effect between
the spin-polarization and singlet-type excitation opera-
tors. The variables Cp, ¢, etc., in the pseudo-orbital
wavefunctions (77)~(79) are determined by the varia-
tional equation (33) or by its approximate variants given
in Sec. 1V. All of the wavefunctions (77)-(79) belong to
the pure symmetry under consideration.

The main difference between the pseudo-orbital wave-
functions given by Eqs. (78) and (79) and the SEHF
wavefunction given by Eq. (58) lies in the self-consis-
tency terms.?® This difference originates from the
difference found in general between the SAC expansion
and the expansion given by Eq. (24). Although the self-
consistency terms of the SEHF theory includes unphysi-
cal contributions arising from the spin-non-adapted
operator S, ;, they are improved in the present theory
by replacing it with the spin-adapted operator Sp, .

We will show in the subsequent paper® that because of
this improvement the pseudo-orbital wavefunctions given
by Egs. (77)-(79) are free from the defect found pre-
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viously27 for the SEHF and UHF wavefunctions. Since
the present wavefunctions correctly include the spin-po-
larization effect and its self-consistency effect, it is
interesting to apply the present theory for investigating
the spin-dependent properties of open-shell systems.

In the following paper, %0 we will apply the present the-
ory to the calculations of spin density.

Lastly, we note that the angular correlation effect is
easily accommodated in the pseudo-orbital theory. For
example, for the first-row atoms, the effect of d orbit-
als is included in the pseudo-orbital theory by consider-
ing the spin- and space-symmetry-adapted excitation
operators. In the conventional orbital theory, however,
it can be done only after the removal of the symmetry
constraint to the orbitals and the subsequent symmetry
projection in each iteration process. % In the subse-
quent paper, we will show that the angular correlation
is very important for both spin density and energy. 2

VI. SUMMARY

In this paper, we have considered the symmetry-
adapted-cluster (SAC) expansion of an exact wavefunc-
tion. It is composed of the symmetry-adapted excita-
tion operators belonging to the symmetry under con-
sideration and includes their higher-order effect and
self -consistency effect. It is different from the con-
ventional cluster expansions given by Eqs. (2) and (24)
in several important points (see Table I), These merits
of the SAC expansion make it suitable for the study of
open-shell systems as well as closed-shell systems.
We have considered the variational determination of the
SAC wavefunction. Based on the cluster expansion
analyses of some conventional open-shell orbital the-
ories, we have given some extensions of open-shell
orbital theories in the SAC expansion formula (pseudo-
orbital theory). The results of the present study may
be summarized as follows.

(1) The SAC expansion is complete so that it can de-
scribe an exact wavefunction. It belongs to the pure
symmetry under consideration.

(2) The number of the independent variables included
in the SAC expansion is just the same as that required
for the system under consideration. The conventional
cluster expansions given by Eqs. (2) and (24) includes
unnecessarily larger number of variables arising from
the various symmetries, and this can cause a difficulty
in the solution. In the SAC expansion, such difficulty
can never occur.

(3) In contrast to the expansion (2), any choice in the
SAC generator S (e. g., S(l) for orbital theoretic ap-
proach, S(z, for the calculation of correlation energy,
etc.) do not contradict with the symmetry requirement
for the wavefunction. This is important especially for
open-shell systems. [For example, the UHF ' theory
which is equivalent to the expansion (2) with T1 alone
breaks the symmetry requirement. ]

(4) In contrast to the expansion (2) and (24), the higher
order and self ~consistency terms of the SAC expansion
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are physically correct. The unphysical natures of the
self-consistency terms of the expansions (2) and (24)
are seen, for example, in the failures of the UHF and
SEHF theories in the descritpions of open-shell systems.

(5) The effect of the symmetry projection operator is
small in the SAC expansion in contrast to the expansion
(24). This is favorable for the physical visuality of the
theory.

(6) The construction of the SAC expansion is analogous
to that of the ordinary symmetry-adapted CI expansion,
and yet it includes the higher-order and self -consistency
effects of the excitation operators, which are important
for the rapid convergence of the expansion with a
smaller number of variables. The SAC expansion then
enables us to combine the intuitions based on the CI
theory with the merit of the cluster expansion theory
(i.e., the rapid convergence).

(7) The variational equation for the SAC wavefunction
resembles the generalized Brillouin theorem in accor-
dance with the inclusion of the higher-order and self-
consistency effects. In the linear approximation, the
equation is solved only by a single diagonalization,
though such approximation is useful only when the opera-
tor S includes 3(1,.

(8) When combined with the variational principle, the
cluster expansion method is suitable for analyzing vari-
ous variational theories based on the model wavefunc-
tions, As an example, the UHF, SEHF, and RHF
theories are expressed equivalently in the conventional
cluster expansion formulas,

(9) The pseudo-orbital theory, which is an extension
of open-shell orbital theory in the SAC expansion formu-
la, do not have the defects found previously for the UHF
and SEHF theories (see Ref. 20). It would be suitable
especially for the calculations of the spin-dependent
properties. In the subsequent paper, it will be applied
to the calculations of the spin density.
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