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Almost twenty years ago, light was slowed down to less than 1077 of its vacuum speed in a cloud
of ultracold atoms of sodium. Upon a sudden turn-off of the coupling laser, a slow light pulse can be
imprinted on cold atoms such that it can be read out and converted into a photon again. In this process,
the light is stopped by absorbing it and storing its shape within the atomic ensemble. Alternatively,
the light can be stopped at the band edge in photonic-crystal waveguides, where the group speed vanishes.
Here, we extend the phenomenon of stopped light to the new field of parity-time (P7T’) symmetric systems.
We show that zero group speed in P7 symmetric optical waveguides can be achieved if the system is
prepared at an exceptional point, where two optical modes coalesce. This effect can be tuned for optical
pulses in a wide range of frequencies and bandwidths, as we demonstrate in a system of coupled

waveguides with gain and loss.
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Electromagnetically induced transparency and other
techniques for controlling atom-light interactions devel-
oped in the last decades [1,2] drastically affect the form of
light propagation [3.4], e.g., by reducing a group speed to
just several meters per second [5]. Turning off a control
field, one dissipates the optical energy but stores a signature
of the slow light pulse in the atomic system [6,7].
Alternatively, with two counter-propagating control fields,
one can preserve some optical energy during the storage in
a form reminiscent of a standing wave [8]. However, the
resonant mechanism of this phenomenon imposes sub-
stantial limitations on the operation frequencies and signal
bandwidth. Another mechanism of stopped light was
proposed in photonic crystals (materials with periodic
dielectric constants [9]) at the photonic band edge [2,10].

In this work, we disclose the relation of the stopped light
effect with the phenomenon of an exceptional point (EP).
The latter characterizes a system in which two propagating
modes coalesce both in their frequencies and eigenvectors.
The appearance of the EP is only possible in non-Hermitian
systems [11], and it triggers a number of exciting phenom-
ena discovered recently across different areas of physics
[12,13]. We show that the group velocity vanishes; i.e., a
light pulse is fully stopped, if the waveguide (WG) is
designed exactly at the EP. This result opens conceptually
new possibilities for designing slow light devices, which
exploit generic properties of the EP and, therefore, may
offer much greater freedom for technical implementation
and operational capability.

With the described EP mechanism, we extend the
stopped-light phenomenon to the new field of parity-time
(PT)-symmetric systems. We show that the controllable
full-stop of a light pulse is possible in a PT-symmetric WG,
which is characterized by the loss accurately balanced with
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the gain. The fundamental symmetries of parity and time
have recently been exploited to enable the spatial guiding
and selection of propagating radiation that could ultimately
underpin a new generation of sophisticated, integrated
photonic devices [14]. PT-symmetric WGs are known to
have constant-amplitude propagating modes (real spectra)
when the gain-loss parameter does not exceed a problem
dependent critical value [15]. We focus on a conceptual
design for an experiment, where a signal can be fully
stopped by changing the gain-loss parameter adiabatically
to the value at EP.

First, let us consider a two-dimensional WG with the
propagation axis z. Transverse electric modes are described
by scalar complex states ¢ = y(x)e’*" satisfying
the Helmholtz equation (derived from the full Maxwell
equations) as [16]

0> n2w?
gt (o Je=o W

where w is the frequency, f is the propagation constant,
n(x, w) is the refractive index and c is the light speed. In the
media with gain and loss, the refractive index is complex: a
positive imaginary part of n indicates the region with loss,
while the negative imaginary part describes the gain. In PT-
symmetric WGs, the gain and loss are balanced and satisfy
the condition [15]: n(x) = n*(—x), where the complex
conjugation (star) corresponds to the time reversal that
interchanges the gain and loss. Equation (1) is equivalent to
the one-dimensional stationary Schrodinger equation for
the complex (non-Hermitian) potential, with the propagat-
ing modes corresponding to bound states [11].

As soon as the strength of gain and loss is below a
problem dependent critical value [15], nondecaying modes

© 2018 American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.120.013901&domain=pdf&date_stamp=2018-01-03
https://doi.org/10.1103/PhysRevLett.120.013901
https://doi.org/10.1103/PhysRevLett.120.013901
https://doi.org/10.1103/PhysRevLett.120.013901
https://doi.org/10.1103/PhysRevLett.120.013901

PHYSICAL REVIEW LETTERS 120, 013901 (2018)

exist with real propagating constants f and complex
PT-symmetric eigenfunctions, w(x) = w*(—x). Thus, the
phase speed of each mode is defined as v, = w/f, while
the group speed is v, = (dff/dw)". For a nondegenerate
bound-state solution, differentiating Eq. (1) with respect
to w yields

o n*e* \Oy [(0(nPe?/c*) Op?
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Following the classical perturbation theory [11,17], one
multiplies this expression by w(x) and integrates with
respect to x. The terms with Oy /Jw cancel in the resulting
expression after integrating by parts and using (1). The
remaining terms yield the expression for the group speed as

B o 2¢°B [ydx
vy = (dp/dw)™" = [[0(n*@?)/dwly?dx’ (3)

In the perturbation theory for non-Hermitian operators,
one must distinguish between the right and left complex
eigenfunctions which, in our case, are given by y and y*,
respectively. Thus, the nominator in Eq. (3) represents the
so-called ¢ product, (y*|y) = [w*dx, with no complex
conjugation, while the P7 symmetry ensures that the full
integral is real but not necessarily positive. Hence, as
follows from equation (3), the group speed vanishes if and
only if [y?dx =0, provided that the integral in the
denominator is nonzero. The latter condition is generic
and can be easily verified in each specific problem. The
c-product self-orthogonality of the propagating mode is the
well-known condition for the EP, which is a branch point
singularity [11]. At the EP, two propagating modes coa-
lesce both in propagation constants  and corresponding
functions (x). This proves the main result of our work
demonstrating that the group speed in a PT-symmetric WG
vanishes at (and only at) an exceptional point.

At the EP, the local expansion of eigenvalues starts with a
square root term [11,18], f — fgp & (/@ — wgp, which
implies that df/dw = oo and v, = (df/dw)™" = 0 at the
EP. This provides a simple explanation of our phenomenon,
because any system having a divergence in the dispersion
curve (large derivative df/dw) will exhibit slowing in the
group velocity. This argument relies exclusively on the
presence of the EP, with no reference of the PT symmetry.
The problem is that, in conventional systems, this effect
will also lead to losses. The balance between gain and loss
in a PT-symmetric system eliminates this problem: the
light intensity remains constant before reaching the EP.
Also, the real spectrum of the P7-symmetric system
simplifies a definition of the group speed, which is a
nontrivial issue for a general system with gain and loss. The
direct link between the EP and zero group speed makes
the proposed effect robust to various imperfections, as the

proximity to the EP can be effectively controlled by tuning
two arbitrarily chosen parameters of the system [11,18].

A specific device with desired properties can be con-
structed by attaching layers of materials with different
indices of refraction. The refractive index can be engi-
neered, e.g., via the photorefractive nonlinearity or effective
index as in metamaterials, while the spectrum of gain and
loss can be engineered by using quantum well structures.
The PT symmetry is achieved if one gain guided mode
(negative Imn) couples with an exactly balanced loss
guided mode (positive Imn) [15,19] with a profile of the
refractive index shown in Fig. 1. Describing the effective
light intensities of these modes by two complex variables
(w1, w»,), one obtains a simple model in the form of a2 x 2
PT-symmetric non-Hermitian system
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Here, f,, = n,,k is the real propagation constant of each
separate WG with the effective index of refraction n,, and
k= w/c, 6 describes the coupling, and «a determines
the gain in one WG and the loss in the other. The system
with no gain or loss (@ = 0) has one symmetric and one
antisymmetric mode, with > =2 +6 and (y,y,) =
(+1,1). When gain and loss are taken into account, one
finds f* = B2 + V&* — a®k*. With increasing a, the real
propagating constants come closer and coalesce at the EP
given by agp = §/k. The corresponding two eigenvectors
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FIG. 1. Coupling between the gain guided mode and the loss
guided mode provides a PT-symmetric system with the refractive
index profile such that n(x) = n*(—x). A control parameter a
defines the gain and loss strength in the WGs as Imn = +a/k
with k = @/ c. In simulations of Figs. 3(a) and 4, we use the WGs
of width W=1.25um and the distance between them
D = 1.25 ym. Analogous setup [15] with different parameters
has been used in the first experiment [8], which demonstrated the
PT symmetry in optics.
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coalesce, too, with the resulting vector (w,w,) = (1,i)
satisfying the self-orthogonality condition w7 + w3 = 0.

The full-stop of a Gaussian pulse can be accomplished by
an adiabatic increase of the gain-loss parameter to the value
agp, as it was also proposed in the context of photonic-
crystal waveguides [10,20]. Varying the gain-loss parameter
in our non-Hermitian system would be best done via
parametric nonlinear gain, which separates the variation in
the gain from affecting the real part of the refractive index,
avoiding restrictions imposed by the Kramers-Kronig rela-
tions. Nonlinear parametric interactions operating at ultrafast
rates [21] can be engineered using synchronously pumped
optical parametric oscillators, where the nonlinear medium is
in a cavity and pumped with a pulse at repetition rate
matched to cavity, or optical parametric amplifiers pumped
without a cavity by a femtosecond pulse. Usually, these
utilize y® crystals, which are commercial technologies.
Another choice is y®) materials, through nondegenerate
four-wave-mixing interactions, where the pumps serve as
gain for the signal beams [22].

Time-dependent solutions for the simplified model (4)
can be found using the system of coupled wave equations
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It is straightforward to check that this system is equivalent
to Eq. (4) for a single-mode solution (¢,¢,) =
(w1, y,)e~i! Furthermore, it is easy to see that the
model is PT symmetric under the transformation:
1(z,1) > ¢pr(—z,—1) and ¢,(z,t) > ¢p;(—z,—1). System
(5) was simulated numerically using the pseudospectral
method in a large periodic domain. The initial condition at
t = 0 was taken in the form of a Gaussian pulse corre-
sponding to the antisymmetric mode of the system with
no gain and loss, (¢1.¢2)=(-1.1)A [exp{~[(8—F,)*/
20°] + iz }dp, for the mean propagation constant 3, = 0.8,
standard deviation ¢ = 0.01 and arbitrary prefactor A. This
value f, = 0.8 corresponds to the EP at the final time when
agp = 1, see Fig. 2(a). In simulations, we used a finite
window 0.75 < f# < 0.85 to avoid instabilities, which occur
for some propagation constants outside this interval. In
practical applications, such instabilities (if they appear)
must be suppressed for efficient operation of the system.

Numerical simulation of such time-dependent dynamics
with model (5) is presented in Fig. 2, where a Gaussian
pulse is prepared initially in the antisymmetric mode of the
system with no gain and loss. In full agreement with our
theoretical prediction, with the increase of the gain-loss
parameter in time, the pulse slows down and stops at the
EP (graphs at latest times collapsed to a single curve). A
backward change of the gain-loss parameter brings the
signal to its original mobile form.

(a) (b)
1
08 600
06 400
3 Ny
0.4
200
0.2
0 0
0 500 1000 1500 2000 0 500 1000 1500 2000
ct ct

z

FIG. 2. (a) Adiabatic change of the gain-loss parameter from
a=0att=0toagp = 1 at final time r = 2000/ ¢ (c is the light
speed in vacuum) in a system with representative parameters
k=0.5, n, =1.6, and 6 = 0.5 (arb. uints). (b) Temporal evo-
lution of the center z. of the Gaussian pulse, stopping when «a
reaches the value agp = 1 at EP. The pulse is prepared initially in
antisymmetric mode of the system with no gain or loss with the
mean propagation number S = 0.8 and standard deviation
6 =0.01. (c) Pulse envelope |w| in the first WG at times
ct = 0,250, ...,2000, which correspond to squares in the upper
figures. At the three latest times, the group speed vanishes and the
corresponding graphs collapse to a single curve demonstrating
the full-stop of a pulse. A backward change of the gain-loss
parameter brings the optical signal to its original mobile form.

Conclusions based on the effective model (4) are further
confirmed with the numerical computation for the full
equation (1). Here, the propagation constants f and
eigenfunctions w(x) are calculated numerically for a
given frequency @ by diagonalizing the non-Hermitian
Hamiltonian in a matrix representation using a particle in a
box basis set. The two modes coalesce at the EP for specific
values of k and f in the presence of gain and loss, and
one can see from Fig. 3(a) that the derivative df/dk
becomes infinite at the EP providing the vanishing group
velocity v, = c(df/dk)™". The corresponding self-
orthogonal eigenfunction is given in panel (b).

Finally, Fig. 4 shows the propagation of Gaussian
wave packets, comparing the power spectrum |¢(x,z,1)|*
at the initial time ¢ = 0 vs the final time of 10 picoseconds.
Here, the Gaussian solution for a constant gain-loss
parameter a is written as ¢(x,z,7) =A [exp{-[(f—po)*/
26°] +ifz —iwt }y(x)dp, where both @ and y(x) should be
expressed as functions of . Note that the Gaussian pulse at
the EP contains the contributions from both sides of fgp,
which correspond to two different modes coalescing at
the EP in Fig. 3(a). In numerical computations, we used
o = 0.851 yum~!, 6 = 0.002 yum~! and the overall interval
0.845 < # < 0.857 um~!. In Fig. 4(a), the pulse parameters
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FIG. 3. (a) The propagation constant 3 as a function of k = w/c at
two different values of the gain-loss parameter: Hermitian
system with @ = 0 (dashed black lines: upper symmetric and
lower antisymmetric modes) and non-Hermitian P7T-symmetric
system with @ = 0.15 ym~! (solid blue line). Two modes of the
PT-symmetric system coalesce at the EP marked with a red circle.
Inset shows enlarged vicinity of the EP at kgp = 0.6414 um~' and
Pep = 0.851 um~!. The infinite derivative d3/dk at the EP yields
the vanishing group velocity v, = ¢(df/dk)™". (b) Real and
imaginary parts of the complex eigenfunction for the PT-symmetric
system at the EP. This mode satisfies the self-orthogonality
condition f w?dx = 0. Grey vertical regions in the background
show positions of the two coupled WGs.

are chosen exactly at the EP, while figure 4(b) corresponds
to a similar pulse but for the system far from the EP (no
gain or loss, @ = 0). The latter pulse has the large group
speed v,/c =0.47 and the phase speed v,/c = 0.82,
demonstrating a considerable dislocation of about
1.4 mm in 10 ps, while the full stop is confirmed for
the pulse designed at the EP. We used illustrative values of
physical parameters in these simulations, which provide a
larger frequency window near the EP than those studied
experimentally in [8]. Note that the dispersion curve in
Fig. 3(a) exhibits a round shape also including a point with
infinite group velocity [3,23], where df3/dk = 0. This point
is outside the operation window for our protocol.

The stopped signal in our system has the phase velocity
v,/c = 0.75, which is only weakly affected as the group
velocity is reduced to zero under the EP mechanism.
Furthermore, the phase speed demonstrates a slight
decrease compared to the system with no gain or loss,
contrary, e.g., to the well-known relation v, « 1/v, in
special relativity or in optics at the mode opening.

The major advantages of the proposed protocol is its
nonresonant nature, in which the EP can be adjusted to any
frequency by tuning the coupling or gain-loss parameters.
There is also a benefit of using the time-dependent variation
of parameters. In this case, an optical pulse is expanded in
spatial Fourier modes with the frequency evolving adia-
batically along the real dispersion curve in Fig. 3(a). In this
way, our protocol avoids the instability related to complex

(a) PT-symmetric at EP

t=0 t=10ps
2500 2500
2000 2000
1500 1500
/é\ 1000 1000
3 A
w500 A 500 I~
] Al
0 || o {([o)) (o)
| /\l (PN
-500 {1 -500
-1000 1000
-5 0 5 -5 0 5
x (pm) @ (pm)
(b) Hermitian: no gain/loss
t=20 t=10ps
2500 2500
2000 2000 a f
1500 1500 @ @
= 1000 1000 k
g I\
w500 F’N f 500
0 @ @ 0
-500 -500
J N
-1000 -1000
5 0 5 -5 0 5
@ (jm) @ (jm)

FIG. 4. Contour plot of the light power |¢(x,z,)[> for the
Gaussian wave packets at the initial time # = 0 and the final time
t = 10 ps. In both plots, the pulse has the mean propagating
constant #=0.851 um~! with standard deviation ¢ =0.002 yum~".
Grey regions in the background show positions of the two
coupled WGs. (a) Fully stopped pulse centered exactly at the
EP in the PT-symmetric system for a = 0.15 yum~'. (b) The
antisymmetric mode in the Hermitian case with no gain and loss
(a = 0). One can see that the pulse dislocates for about 1.4 mm in
the Hermitian case, while it does not move at all when prepared at
the EP in the PT-symmetric system.

modes at frequencies above the EP, as confirmed by our
numerical tests in Fig. 2.

We showed that the full stop of a light pulse is possible at
the exceptional point in PT-symmetric coupled waveguides
by varying the gain-loss parameter in time. This allows us
to “freeze” and then release the light pulse preserving
the carried coherent information. The use of PT symmetry
has practical advantages of keeping a constant intensity of
propagating modes and providing a robust protocol that
brings the system to the EP. The nonresonant mechanism
of the proposed phenomenon, due to the large flexibility of
controlling the EP position, is an important technological
advantage, with potential applications for short optical
pulses. Specifically, one can engineer this effect in a
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PT-symmetric system of two waveguide channels. This
approach is not limited only to light but can be extended,
e.g., to acoustic waves or other fields in physics related to
the PT symmetry.
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