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1. Introduction

The Hartree-Fock (HF) theory is the most basic approximation for fermion
many-body systems that is based on the independent particle picture for motion
of fermions. At an early stage of its development, it was considered indispensable
to impose a symmetry restriction on its orbitals and total wave function, a Slater
determinant, in order to make the theory consistent to the symmetry principle
of quantum mechanics; namely, only the orbitals and the Slater determinants
which are irreducible representations of the symmetry group were considered
physically allowable. The HF theory with this symmetry restriction is called the
restricted HF (RHF) theory. The HF theory which does not impose the symmetry
restriction and allows broken symmetry orbitals and Slater determinants is called
the unrestricted HF (UHF) theory. We use the term UHF when a broken symmetry
is involved and the term HF in the wide sense including both the RHF and UHF
cases.

The HF equation is a nonlinear equation owing to its self-consistent field
(scF) character and its solution may not be unique. It has been rather slowly
recognized that the HF equation without the symmetry restriction may have
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solutions with energies lower than the RHF ground state and the broken symmetry
wave functions of such solutions are able to well describe physical properties
which arise from correlation effects beyond the RHF approximation. Existence
and importance of such broken symmetry solutions were firstly suggested by
Mott (1949) and Slater (1951). Mott pointed out for a linear array of hydrogen
atoms that the state of electrons moving in delocalized Bloch orbitals is of the
lowest energy and the system is a conductor when the interatomic distances are
small, while the state with each electron bound to an atom is lower in energy
and the system becomes an insulator when the interatomic distances become
large. Based on this argument he predicted the existence of conductor—insulator
phase transitions due to changes of interatomic distances. Slater pointed out
that for the hydrogen molecule when the interatomic distance is large, the state
in which the two electrons of different spins are localized toward different atoms
is lower in energy than the RHF state with the two electrons occupying the same
symmetric orbital because such localization of electrons decreases the Coulombic
repulsion between them. He suggested that such spin polarized localization of
electrons due to their Coulombic repulsion may be the origin of antiferromagnet-
ism. Slater’s idea was substantiated by the Matsubara—Yokota (1954) split band
model for antiferromagnets.

The fact that a large part of correlation effects in molecules can be described
by a single determinantal wave function with broken symmetry orbitals and
projection to an eigenstate of total spin was pointed out first by Coulson and
Fisher (1949) and Kotani (1951) in the semilocalized molecular orbital theory
for hydrogen molecule. Their idea was generalized as the alternant orbital theory
by Lowdin (1954, 1955), Yoshizumi and Itoh (1955), and Itoh and Yoshizumi
(1955). The alternant orbitals in alternant hydrocarbons are of the same character
as the split band orbitals in antiferromagnets. Léwdin (1963) called the puzzling
situation in the HF theory, in which introduction of broken symmetry orbitals
may bring about lowering of the variational energy, the symmetry dilemma. His
proposal for the projection of broken symmetry UHF wave functions, Lowdin
(1955), opened later developments of the extended HF theory (for a review see
Pauncz, 1967).

Concerning the problem whether the broken symmetry components of a UHF
wave function are a mere mathematical artifact to be eliminated or have a
physical significance, Peierls and Yoccoz (1957) proposed an ingenious idea.
The ground state of deformed nuclei can be described by a UHF wave function
breaking the rotational symmetry. They pointed out that making the symmetry
operation of rotation on the UHF wave function is equivalent to rotating all
nucleons retaining their relative positions unchanged, namely, making rigid
rotation of a deformed nucleus. They showed that the projection of the UHF
wave function to eigenstates of angular momentum is just equivalent to selecting
out eigenstates of rigid rotation. Based on these facts they concluded that the
components with different angular momenta in the UBF wave function represent
a series of rotational excited states of a deformed nucleus. The microscopic
foundation of the Peierls—Yoccoz theory has not been established for long, but
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we shall show that it has a universal foundation on the group theoretical structure
of fermion many-body systems that arises from the canonical anticommutation
relation.

A demonstration for the ability of broken symmetry wave functions in
describing important physical phenomena was also provided by the BCs theory
of superconductivity (Bardeen et al., 1957). The breaking of electron number
conservation in the Bcs wave function was shown to arise from the essence of
superconductivity, the coherence in the phases of superconducting electrons.
The formalism by Bogoliubov (1958) indicated that the Bcs wave function has
the character of an extension of the HF approximation. Bogoliubov’s formalism
is now called the Hartree—-Bogoliubov theory. The Hartree-Bogoliubov theory
was also applied successfully to the description of superconducting nuclei
(Belyaev, 1959).

The finding of Overhauser (1960) that the HF equation of one dimensional
electron gas always has solutions with helical spin arrangements, the helical spin
density waves (spw), which are lower in energy than the RHF ground state,
stimulated many studies on the nature and origin of antiferromagnetism from
the itinerant picture of electrons. In the same year, Thouless (1960) gave the
mathematical condition for instability of a HF state which is nothing but the
condition for the appearance of a new solution of the HF equation. His condition
was applied to studies on antiferromagnetic states including the helical sSow in
three dimensional electron gases (for a review, see Herring, 1966). HF instabilities
and UHF solutions in solids, in particular the charge density wave (CDW) solutions
which have modulations of the electron charge density, were also studied in
connection with Mott’s conductor—insulator phase transition and Wigner’s crys-
talized electron gas (for a review, see Halperin and Rice, 1968).

Early applications of the UHF theory to molecules were made for open shell
systems without consideration for HF instabilities. Studies of molecules with
strong enough electronic correlation to yield instabilities of the HF ground state
were first undertaken by Misurkin and Ovchinnikov (1967), Cizek—Paldus
(1967), and Fukutome (1968) for long polyenes. Misurkin and Ovchinnikov
showed that the HF ground state of infinite nonbond alternated polyene is a SDwW
with alternating modulation of the spin density. Cizek and Paldus showed
that the RHF ground state of long polyenes is unstable but the instabilities
considered by them were not the ones leading to the UHF ground state. The
author showed that the instability leading to the sDw ground state occurs first
with an increase in the chain length. The sbw ground state leads to a finite
energy gap in electronic excitations-even in the absence of bond alternation
which is of the same nature as the band gap in antiferromagnets. It was pointed
out that the energy gap of the electronic origin may contribute to the finite
energy gap observed in absorption spectra of long polyenes as well as the gap
due to bond alternation proposed by Longuet-Higgins and Salem (1959). After
these works, many UHF theoretical studies were made about conjugated
molecules by Paldus-Cizek (1969, 1970a, 1970b, 1970c, 1971), Cizek and
Paldus (1970, 1971), Harris and Falicov (1969), Tric (1970), Cazes et al. (1970),
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Andre and Leroy (1971), Laidlaw (1973), Laforgue et al. (1973), Paldus and
Veillard (1978), Bénard and Paldus (1980), and the Russian group (for reviews
of the works of the Russian group and related works, see Ovchinnikov et al.
(1973) and Misurkin and Ovchinnikov (1977)).

Application of the UHF theory to chemical reactions was first made by Salotto
and Burnelle (1970) in the calculation of the ground state potentials of the
diatomic molecules H,, HF, and LiH. Significance of HF instabilities and the
UHF ground state of SDW types in chemical reactions were first recognized by
the author (Fukutome, 1972, 1973a, 1973b). The author pointed out that the
UHF wave functions of sDw type well represent states of the diradical nature in
chemical reactions and the instability of the RHF ground state leading to the
spw ground state can be used as a theoretical criterion for the diradical character
of chemical reactions. The author also developed a theory for complete
classification and characterization of HF wave functions and their instabilities
(Fukutome, 1974a, 1974b). Using this theory, the author and his collaborators
showed that surprisingly plentiful instabilities occur in the HF ground state of
chemical reactions and the resultant UHF ground state represents states of a
multiradical nature with beautiful spin structures of many varieties including
alternating, helical, and three dimensionally modulated ones. The UHF theory
opened a new viewpoint about previously unknown aspects of chemical reactions
with strong correlation of electrons.

In this paper, we review works of the author and his collaborators and
intimately related works about the UHF theory and its applications to molecules
and chemical reactions. The review consists of three additional sections. In
Section 2 we review mathematical aspects of the UHF theory. The HF approxima-
tion has a deep group theoretical foundation that is intimately connected with
the group theoretical structure of fermion many-body systems that arises from
the canonical anticommutation relation of annihilation—creation operators of
fermions and the spin, time reversal, and spatial symmetries. Emphasis is on
clarifying the group theoretical foundation of the UHF theory. Construction of
HF wave functions and their orbitals is made on the U(N) (N dimensional
unitary) group generated by particle-hole type pair operators of fermions.
Classification and characterization of HF wave functions and their instabilities
are made on the subgroup structure of the symmetry group consisting of spin
rotation, time reversal and a spatial point symmetry group. We also discuss the
bifurcation structures of HF adiabatic potential surfaces in the vicinity of instabil-
ity thresholds and on a direct optimization algorism for a HF calculation that
has secured and efficient convergence in the scr procedure. Finally, we discuss
the relation of HF wave functions to exact ones and the physical significance of
broken symmetry components in UHF wave functions.

In Section 3 we review applications of the UHF theory to molecules and
chemical reactions. Emphasis is on demonstrating chemical significance of HF
instabilities and UHF wave functions and discussing the new concepts about
electronic structures of molecules and electronic mechanisms of chemical reac-
tions with strong electronic correlation revealed by the UHF theory using concrete



UHF THEORY AND ITS APPLICATIONS 959

examples. We also compare results of UHF calculations with those of configuration
interaction (cr) calculations to demonstrate the ability of the UHF theory in
incorporating important correlation effects.

In Section 4 we discuss some basic problems related to the UHF theory. The
topics discussed are the relation of UHF spin and charge structures to exact
correlation structures, the problem of how to describe excited states in systems
with the HF ground state of UHF type, and the presence of systems whose ground
state cannot be approximated by a UHF wave function.

2. Mathematical Theory
A. U(N) Group Formulation of the HF Theory

There are various ways to formulate the HF theory. Usually it is formulated
by the variational method to minimize the energy expectation value by a Slater
determinant (the HF energy functional) and to obtain the variational equation
for the orbitals in the Slater determinant (the HF equation). We consider here
the U(N) group formulation of the HF theory in order to clarify the group
theoretical foundation of the HF theory. The U(N) group governs not only the
structure of HF wave functions, but also the structure of exact wave functions
as we shall discuss in Section 2.E, so that the U(N) group formulation is the
most suitable in elucidating the relation of the HF approximation to the exact
theory.

i. Preliminaries. In this paper we use the second quantization formalism for
electrons. Let a(i)=a(x; s;) and a'(i) = a'(x;, 5;) be the annihilation and creation
operators of electron in the coordinate representation. The variable i denotes
the coordinate x; and the spin s; of electron and the dagger (1) represents the
Hermitian conjugate. They satisfy the canonical anticommutation relation

{a(1), a" (2} =5(1,2),{a(1), a2} ={a’(1), a2} =0, 1)

where the curly brackets represent the anticommutator and &(1,2)=
8(x1—x2)8s,,5,. We consider a molecular system with the nonrelativistic spin
independent Hamiltonian

2
H=V+ I a'(MhDa()d(1)+3 I J a'Ma’(2) f— a)a(1)d(1)d(2), (2)
12

where h(1) is the single particle Hamiltonian of the electron, V is the Coulombic
potential between nuclei, and the integration for the variable i/ includes both
the integration for x; and the summation for s..

We introduce a finite and given basisset ¢,(1),¢ =1, 2, ..., N for spin orbitals
satisfying the orthonormal condition

W) = j G O (Dd(1) =80, 3)
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where the asterisk represents a complex conjugate. We do not specify ¢,’s here.
We restrict the Hilbert space of spin orbitals to the N dimensional space spanned
by ¢;’s. The number N must be an even number 2M for the subspaces of up
and down spins to be of the same dimension M. The annihilation and creation
operators of the electron in the ¢, basis are given by

ar=[ awraw,  ai=[aWumda). @)

They satisfy the anticommutation relation
{apant=8pm  agast={ajan}=0. (5)
The Hamiltonian in the ¢, basis is
H=V+hgaia,+ilinlxlaala.a, (6)

where h,, is the matrix element of the single particle Hamiltonian and [{7]u]
is the antisymmetrized Coulomb repulsion integral

hgn = Wl Bl),
[l ] = {{nlw)—{Lx|em), (7)

2
(frlen) = “ 761—2 Y (D (DY (2)4(2)d(1)d (2).

We use in the following formulas the dummy index convention to sum up
repeated indices.

We introduce a reference Slater determinant with n electrons occupying the
spin orbitals ¢,, « =1,2,...,n,

|¥y=aj - - - a,|0)=det [y ()], (8)

where |0) is the vacuum satisfying
a;0)=0, )

and det represents determinant. We denote the occupied spin orbitals in the
reference Slater determinant by the indices «, 8, ¥, . . . and the unoccupied ones
by the indices w, », &, . ... We use the indices £, 7, ¢, &, . . . to denote spin orbitals
without specification of occupancy. The Slater determinants with single, double
and multiple excitations of electrons are given by

|\I,u.a> = a::.aal‘y); l\puvaB> = alaaa j’aﬁqu)’ . (10)
The Slater determinants [V, ....5...), a <8 <---, and u <w <::- constitute
an orthonormal complete set of the space with n electrons.
Let ¢, £=1,2,..., N be another set of orthonormal spin orbitals
<¢£|¢n>=5{n- (11)

@&;’s can be expanded by ¢,’s as
(b{ = wnu'r){, Un = <'//nl¢£> (12)
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The N dimensional matrix u = (u,,) is unitary and belongs to the U(N) group

Wu=uu"=1. (13)
The creation operator of the electron in the spin orbital ¢, is given by
[ &' Woe0aW) = ajun = (@'u, (14)
where a’ is the row vector (a}). The Slater determinant with »n electrons
occupying the spin orbitals ¢,, « = 1,2, ..., n is therefore given by
|©)=(a"u)1 - - (a"u)n|0)=det [, (i)]. (15)

ii. U(N) Lie Algebra and U (N) Canonical Transformation. We define the
pair operators of particle-hole type by

Ei{=aja, (16)

They satisfy the relations
EY{ =Ej}, (17)
[Efn E;]=5ntEi_6§K I'-m (18)

where the term in square brackets represents the commutator. Equation (18) is
an important consequence of the canonical anticommutation relation (5) and
shows that the set of the pair operators E, is closed under the Lie multiplication
forming a basis of a Lie algebra. The Lie algebra spanned by E%’s is the Lie
algebra of the U(N) group. This fact was utilized in many-body theories of
nuclei (for review see Moshinsky, 1968) and molecules (for review see Paldus,
1976).

The U(N) Lie algebra of the pair operators generates a set of canonical
transformations which forms a representation of the U (N) group. We call it the
U(N) canonical transformation. It was introduced firstly by Thouless (1960)
and sometimes is called the Thouless transformation. Let I' be an anti-Hermitian
operator in the U(N) Lie algebra

I'=y0a180 Y ="Yne (19)
Using the relations
[T a]=anym [T ad=anwn (20)
and the operator identity
e¥Ae ¥ = A+[X, Al+(1/20[X, [X, ATl+- -, (21)
we obtain
efale T =alu,, e ae " =aul, (22)

where u = (u,y) is the U(N) matrix given by

u=e’, v =¥en)s wu=uu'=1. (23)
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Thus, the U(N) canonical transformation e induces a linear transformation of
the creation operators by a U (N) matrix u. Hence, we denote it by u as

Uu)=e". (24)
The U(u) satisfies the group property
| U)U (') = Uun), (25)

and is a representation of the U(N) group. Operating U(u) on the Slater
determinant |¥), we obtain

U)¥)y=(a"u); - - (a'u),|0)=|D). (26)

Thus, the U(N) canonical transformation transforms a Slater determinant to
another Slater determinant and any Slater determinant is obtained by a U(N)
canonical transformation of a given Slater determinant. This was proved first by
Thouless (1960) and is known as the Thouless theorem. It is the group theoretical
basis to construct the HF theory. A U(N) group formulation of the HF theory
was given by Matsen and Nelin (1979). In the following, we shall derive a
particle-hole formalism of the HF theory using the Thouless theorem, which is
equivalent to the density matrix formalism given by the author (Fukutome, 1971).

iii. Particle-Hole Formalism. The pair operators E. annihilate an electron
in an occupied orbital and create an electron in an unoccupied orbital, namely,
they are the creation operators of a particle—hole pair. Their Hermitian conju-
gates E;, annihilate a particle-hole pair. On the other hand, the operators Ep
and E% transform an electron within occupied orbitals and within unoccupied
ones, respectively. Hence, they do not change the number of particle-hole pairs.
The operators E and E%, respectively, are closed under the Lie multiplication
and form U(n) and U(N —n) subalgebras of the U(N) Lie algebra.

We decompose the generator of the U (N) canonical transformation into the
components unchanging and changing the number of particle-hole pairs

E=£apduap +£,.0,a,, £ap = —Epas & =—¢&,, 27)
A=A pal 00 —AEata,.
By the same way as the derivation of Eq. (22), we obtain
eSale == a;wﬁa, eEaLefE =a,w s (28)

where w = (w,g) and w =(Ww,,) are the U(n) and U (N — n) matrices given by
w=ef,  £=(ta), w=ef E=(.) (29)

As seen from Eq. (14), the transformation (28) is equivalent to the following
transformation of the orbitals ¢, which does not mix the occupied and unoccupied
ones:

l//t,x = djﬂwﬁaa ‘/IIL = dlvwvu- (30)
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Using the relations
[A,ac]=airu.,  [A ap]l=—alrk, (31)
and Eq. (21), we obtain

eAa:;e‘A = a;[c(/\)]ﬁa + aL[S(A )]uay

- 32
eAa:e~A=aI[C(A)]vu—al[S*(A)]aw e

The transformation (32) is equivalent to the following transformation of the
orbitals ¢, to mix the occupied and unoccupied ones:

= 'I’B [C(/\ )]Ba + dlﬂ- [S(/\ )]ua,

. ! (33)
¢u = ‘//v[c()‘)]vu_‘//a[s (’\)]au

The S(A), C(A), and C(A) are the (N—n)xn, nxn, and (N—n)x(N—n)
matrices defined from the (N —n) X n matrix A = (A ,,) by

siy= 5 D"y
=02k +1)! ’
R,
C=1,+ T o A" (34)
X o (1)
CW =1t T (G 01,

where 1, is the unit matrix of n dimension. They are matrix functions having
properties similar to the triangular functions. A A and AA " are positive definite
Hermitian matrices and there are U(n) and U(N —n) matrices v =(v,4) and
6 =(V ,4) to diagonalize them

k
(A*/\)mﬁz Z vaAAiv§A7
A=1
(35)
(A/\ )p.v z vp.AAAva,
=1

where A4’s are real and K =min(n,N —n). Since the maximal rank of A is K|
we can put A4 = Ofor A > K. From Eq. (35), we have the following diagonalization
of A:

>
ek

Suatavia. (36)
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Substituting Eq. (36) into Eq. (34), we have

k
[S(A )]ua = Z 6;1.A Sin AAv:::A,
A=1

[CM)]as= AZ_l Vaa COSAafA, (37)

N-n

[é(A)]uv= Y .4 cOSAaTTA.
A=1

From Eq. (37), the following relations are satisfied:

C*AD+S" WS ) =1, (38a)
CP)+SM)STW) = 1n0, (38b)
SACA)=CA)SQA). (38¢)

We define the U (N) matrices u, and u; by

uA:[C(/\), —S*()\)], _[w,O].

s(A), C(A) ““=lo,w (39)

The U(N) character of u, follows from Eq. (38). The above arguments show
that a U(N) matrix u and a U(N) canonical transformation U(u) can be
decomposed as

U = UrUg, U)=Uu)U (u) = ete=. (40)

We next determine the structure of the U (N) transformed Slater determinant
U (u)|¥). Since the transformation U(u,) induces a unitary transformation of
the orbitals ¢, restricted within the space of occupied orbitals, it leaves the
Slater determinant |¥) unchanged, while U(u,) which mixes the occupied and
unoccupied orbitals produces a nontrivial change:

Ulug)|¥)=(a'w)i - - - (a'w),|0) = det (w)|¥), (41a)

U= T1 {a5[C]put LS A)]ual{0) =|®). (41b)
The Slater determinant |®) has the occupied orbitals ¢, given by Eq. (33). It
can be expressed as

)= U G)I) [T (@l +alpu)lo), (42a)

k

pp.cx = [S(A )C_l(/\ )]p.ot = Az_l 5u.A tan AAU:‘;A, (42b)

(U ()| W) =det [C(A)]. (42¢)



UHF THEORY AND ITS APPLICATIONS 965

We can express (¥|U (u,)|¥) also in terms of the matrix p = (p..). Multiplying
C*l(/\) to Eq. (38a) from both the left- and right-hand sides, we obtain

1n+p1p = C—Z(A),

(43)
(WU ()W) =[det (1+p"p)]2.
Expanding the product in Eq. (42a), we can rewrite |®) as
|®) =(P|U (u)|¥)
< (9 +Pual ¥+ T APuaua W)+ o), (40
u<wv
where o is the antisymmetrizer for the indices u, v, ..., which brings about
simultaneous antisymmetrization for the indices «, B, . ... By using the relation
+ t 1 t m
<BZ . d(puapvﬂ o ')auaﬂa Jag - - =; (pu-aauam) s (45)
w<p<le. )
Equation (44) can be rewritten
[0 = (W|U ()W) €7 ). (46)

This expression of a Slater determinant was obtained by Thouless (1960).

The Thouless theorem indicates that the Slater determinant of a UHF solution
can be obtained by a U(N) canonical transformation of the Slater determinant
of the RHF solution. Let us identify |®) and |¥) with the Slater determinants of
a UHF and the RHF soutions, respectively. Then, Eq. (46) shows that when the
Slater determinant of a UHF solution is expanded by the RHF orbitals it contains
RHF configurations with from one to n particle-hole pairs. All the particle~hole

pairs, however, are in the same pair state specified by p/|p|, where p = (p,..) and
" |pP*=p¥.p o Therefore, a UHF wave function represents a Bose condensation
of RHF particle-hole pairs into a pair state. The Bose condensation of RHF
particle—hole pairs in a UHF wave function endows a collective character of the
electronic correlation incorporated into a UHF wave function and produces an
ordered spin and charge structure as we shall show later.

iv. HF Density Matrix and Energy Functional. The density matrix of an HF
solution with occupied orbitals ¢, is given in the i, orbital basis by

Q(‘n = (wll‘ba >(¢a |¢11) = uk.{au:\k,naa

47)
Uria = <¢(1uAll//a>-
Let i, be the N X n matrix
C(A
=) = [ o0 | (48)
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The density matrix Q = (Q,) can be expressed

2 +
C° (1), CA)S (A) ] (49)

Q= ity = [smcu), SM)ST(A)

Using the following formulas analogous to twice-angle formulas of triangular
functions

2C*(A)—1,=C(2A),
2S(A)C(A) =S(2A), (50)
In-n—25()S" M) =C2N),

we obtain
+
Q= % [51(2: )C;if)—s c%j)] Gb
The HF energy functional is given in terms of Q by
En(®) =(RH|®) = V +h,Q +3[¢{n|ic]Q Q. (52)
Equation (52) can be rewritten
Ep(®) = Ex(¥) + F 1 (Q = P)ye+3(¢n )ik )(Q = P)of Q = P).c, 53)

F{n zh{ﬂ+[§n|aa]’ EH(‘I’)= V+haa+%[aa|3ﬂ]’

where P =1, is the density matrix composed of the occupied reference orbitals
Yo, and F, and Ey (V) are the Fock operator and the HF energy functional for
the reference Slater determinant |¥). The HF energy functional changes its value
only for transformations of orbitals to mix occupied and unoccupied ones. Hence,
the parameters A ,, are the independent parameters to affect the value of the
HF energy functional and the variational space of the HF energy functional can
be identified with the space of A ,,’s. Formula (53) with (51) is very useful in
analysis of the energy functional since it gives a clear cut dependence of the
energy functional on the independent variational parameters.

We can introduce the representation of orbitals to diagonalize the matrix A.
We define

¢A = (bav aAs ¢A = ¢u.6y.Ay

. . (54)
Ya=Yalaa, Ya= (!/I-LUHA'
The orbitals defined in Eq. (54) satisfy
(Walwe) = (dalds) = 6as, (Yalds)=0,
(55)

(daldB)=(Palds) =645,  (dalds)=0.
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We obtain, from Eqs. (33) and (55),
Ga=tha cOS A+ sinda,
Ga=acOSAa—ihasin g,

da=ths forn>M and n=A>N=n,
q§A=¢1;A forn<M and N-n=A>n.

A=1,...,k
(56)

The density matrix (51) in this representation becomes

kK 10,0 cos2A.—1,sin 244707, 0
P 230 sl lsmann 1 na 0,51 O
(Q=Pen A§12|:0,U alsin2is, 1—-cos2A4 0,51 4, 57)

Substitution of Eq. (57) into Eq. (53) yields
k
Eu(®)=Eg(¥)+3 ¥ {ka(l—cos2A,)+1,4sin2A4}
A=1

k -~ o~ ~ -~
+3 Y {[AA-AA|BB—AA]1-cos2A4)(1—cos2Ap)
A,B=1

c e s (58)
+[AA+ AA|BB +BB]sin 24 sin 215

+2[AA + AA|BB — BB]sin 2A4(1—cos 2Ap)},

ka=F i —Faa, la=Fia +Faa,

where the indices A and A represent the orbitals ¢, and Pa, respectively.
Expressions (58) are useful in direct optimization of the energy functional as we
shall show later.

B. Group Theoretical Classification and Characterization of HF Wave Functions

The HF equation may have many solutions owing to its nonlinear character.
In fact, many solutions of the UHF type with different characters in the manner
breaking the symmetry have been found as mentioned in Section 1. However,
there is a rather simple group theoretical rule to determine possible types of
broken symmetry in HF wave functions. We consider here the group theoretical
classification and characterization of HF wave functions according to Fukutome
(1974a) and Ozaki and Fukutome (1978).

i. Subgroups of the Symmetry Group Consisting of Spin Rotation and Time
Reversal. Hamiltonian (2) or (6) of molecules is always invariant to the symmetry
group consisting of spin rotation and time reversal. We consider here the structure
of the symmetry group. The case of systems with a spatial point symmetry will
be considered in Section 2.B.iv. Spin orbitals ¢, are in general two component
spinors and can be represented in terms of the up and down spin eigenfunctions
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71 and 7 as

br(x, 5) = x1.00)m1(8) + x2:(x)m2(s) = [’m],

X2¢
m= 0 ’ = 1 .

Spin rotation and time reversal are defined on the space of two component
spinor orbitals as follows.

(59)

(a). Spin rotation: Let o;, i =1, 2, 3 be the Pauli spin matrices
o S N S PR S
They satisfy
{a}, oj} =26, gio;=io, for cyclic i, j, k. (61)
The spin vector on the space of two component spinors is given by
S =zho, (62)

where & = (01, o2, 03). The spin rotation around an axis e by an angle 6 is defined
by the following 2 X 2 matrix operating on two component spinors

s(e, 8)=exp [i(6/2)(e - o)) =cos (0/2)+i sin (8/2)e - o), (63)

where e = (e, €3, e3) is a unit vector, e’ = 1. The matrix s(e, #) induces a rotation
of the spin vector:

s(e, 0)(e- o)s '(e,0)=(e- o),
s(e, 8)(e' - &)s (e, #) =cos H(e' - @) +sin 8(e" - @), 64)
s(e, 8)(e" - &)s (e, §) =cos f(e" - &) —sin 6(e’ - ),

where e, €', and e” are orthogonal unit vectors forming a right-hand coordinate
system and we have used Eq. (61) and

s (e, 6) =s(e, —0). (65)
We denote the three dimensional rotation (64) of the spin vector as
s(e, 0)as (e, ) = R(e, ). (66)

All the spin rotations (63) form a group S that is identical with the SU(2)
(two dimensional special unitary) group. The range of the angle § must be taken
to be 0=6=<4x7 because s(e, ) and —s(e, 8)=s(e, # +27) induce the same
rotation of the spin vector that is the well known double value correspondence
of the SO(3) (three dimensional special orthogonal) group to the SU(2) group.
We denote the operation of spin rotation on spin orbitals as

b= s, (67)
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(b). Time reversal: The operation of time reversal ¢ on spin orbitals is defined
by

b3
¢ _ * _ —X2¢ i 0 _1]
b:=pd; [ xi“;]’ p=—io, [1 o) (68)

The twice operation of ¢ leads to inversion of the phase of spin orbitals
@) =~d, 1*=-1. (69)
The group T generated by time reversal ¢ therefore consists of four elements,

T={1,-1,¢ —t}.
The operation of ¢ on the spin vector is given by

U't=PO'*P_1=0'2(0'1, —03, 03)0; = —C, (70)

namely, time reversal inverts the direction of the spin vector. Time reversal does
not affect spin rotation

s'(e, 8) = ps*(e, 0)p ' =s(e, 6), (71)

and the group T is commutable with the group S. Therefore, we can write the
symmetry group consisting of spin rotation and time reversal in the direct product
form S x T.

(c). Subgroups of the symmetry group S X T: The set A(e)={s(e, 8), 0=<6<
47} of all the spin rotations around a fixed axis e forms a continuous subgroup
of S. No other continuous subgroup of S exists except the subgroups of this type.

The presence of a discrete element ¢ yields the following subgroups in § x 7.
The product of ¢ and a spin rotation s(e’, 7) by the angle 7 is a twofold element

[ts(e’, ;) =1, (72)

because t* = —1 and s*(¢’, w) = s(€’, 27) = —1. So that the set M (e') ={1, s(e’, m)}
consisting of two elements is a subgroup of § X T.

In connection with this subgroup, we define a symmetry operation m, called
the magnetic operation by

me=ts(e, m)=i(e- o), mg =1,
#7=ile: o)po?.

The operation of m. on the spin vector does not affect its component parallel
to e but inverts its component orthogonal to e,

(73)

a"=(e-o)patp (e o),
(74)
(e-o™)=(e- o), (e o™)=—(e" o).

We note that when e=y = (0, 1, 0) the magnetic operation m, is identical with
complex conjugation

d =% (75)
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The product A(e)M(e')={s(e, ), ts{e', m)s(e, 8); 0=8 <47} of the two
subgroups A(e) and M (e') with orthogonal e and €' is also a subgroup of Sx T
owing to the relation

s(e’, m)s(e, 8) =s(e, —0)s(e', m), e-e=0. (76)

It is evident that S, T, A(e)x T, and E ={1, —1} are subgroups of § X T. The
groups listed above exhaust all the subgroups of § X T. We show in Figure 1 the
structure of the symmetry group § X T, namely, its subgroups and their inclusion
relations. The group structure of $ X T determines group theoretically distin-
guishable classes of HF wave functions and their interconnection relation via
instabilities as we shall show in the Section 2.B.ii and in Section 2.C.

Sx T S
A{e)x T Ale)- M{e)—— A(e)
|
T M (e E
Figure 1. Subgroups of S x T. Arrows indicate the inclusion relation of the sub-
groups.

ii. Classification of HF Wave Functions by Their Invariance Groups. Let g
be an element of the symmetry group S X T to leave a Slater determinant |®)
invariant except for a change in the phase of |®),

|D#) = e |D). (77)

It is easy to see that all the g’s used to satisfy condition (77) form a subgroup
G of S x T. We call group G the invariance group of |®). This fact provides the
basis for group theoretical classification of HF wave functions. Since the groups
of eight kinds given in Figure 1 exhaust all the subgroups of § X T, the invariance
group G of an HF wave function must be either one of them. Therefore, HF
wave functions are classified into eight classes with distinct responses to spin
rotation and time reversal according to the type of their invariance groups. We
show in Table I the names of the eight classes of HF wave functions, which have
the invariance groups at the corresponding positions of Figure 1, proposed by
the author (Fukutome, 1974a).

The eight classes of HF wave functions listed in Table I exhaust all the group
theoretically possible ways to break spin and time reversal symmetries forming
a hierarchy of broken symmetry. The classes invariant to all spin rotations are
called § invariant. The classes invariant only to the spin rotations in the subgroup
A(e) are called S, axial. The classes not invariant to any spin rotation are called
S torsional. These namings are due to the spin structures of the classes as we
shall discuss below. The S invariant, S axial, and S torsional classes have wave
functions of closed shell type, of different orbitals for different spins (poDSs)
type, and with general spin orbitals (Gso), respectively, as we shall show in
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TABLE 1. Classification of HF wave functions.

T invariant M invariant TM noninvariant

§ invariant Time reversal invariant Charge current
(closed shell) closed shell . wave
(TICS) (ccw)

S axial Axial spin Axial spin Axial spin

(DODS) current wave density wave wave
(Ascw) (ASDW) (Asw)

S torsional Torsional spin Torsional spin Torsional spin
(GsO) current wave density wave wave
(Tscw) (TSDW) (Tsw)

Section 2.B.iii. The classes invariant to time reversal are called T invariant. The
classes invariant to the magnetic operation m. are called M. invariant. The
classes invariant neither to ¢ nor m, are called TM noninvariant. The names of
the eight classes also are due to their spin and charge structures.

The first concrete example of AsDW wave function was Slater’s (1951)
“antiferromagnetic’ solution in the hydrogen molecule. The Matsubara—Yokota
(1954) split band model for antiferromagnets and the Léwdin (1954) and Itoh-
Yoshizumi (1955) alternant orbitals also belong to this class. Overhauser’s
(1960, 1962) helical spw was the first example of TSDW. UHF solutions belonging
to ccw and Ascw classes were obtained first by Cizek and Paldus (1967) in
polyenes and also by Halperin and Rice (1968) in solid. ccw and Ascw solutions
in two electron system were obtained by Pople (1971), Ostlund (1972), Fukutome
(1973b), and Jordan and Silbey (1973). First examples of the HF ground state
of Tsw and Aasw types in molecular systems were obtained by Fukutome et al.
(1975) and Takahashi and Fukutome (1978). The five classes TICS, ASDW, TSDW,
ASW, and Tsw have been known to appear as the HF ground state in molecules
and chemical reactions. Examples of those UHF ground states will be discussed
in Section 3.

The physical properties characterizing the eight classes of HF wave functions
can be obtained from the structure of the density matrix. Here, we use the spin
orbital basis ¢, separable to spatial orbitals ¢; and spin eigenfunctions 7,,

U, =y¢m,, i=1,2,...,M, r=1,2. (78)

Then, the density matrix Q = (Q,) = (Qx,s) can be decomposed into the number
density matrix N = (N;) and the spin density matrix S = (S;) as

Qu Or
= = N i
Q [021 022} *§- o,
N =3Q11+ Q2), S1=3(Q21+ Q12), (79)

Sz=(1/2i)(021—012), SB=%(011—022)7
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where Q, is the M XM matrix (Q, ;). We may use real spatial orbital basis ¢,
without loss of generality. The electron density N(x), the spin densitity S(x),
the electron current density j(x) and the spin current density J.(x), k=1,2,3
in an HF state |®) are given by

N(x) = i (x)¢; (x )N,

S(x) = ¢i(x)4;(x)84

i) = (B/im)(Vigi(x) - &;(x) = i (x) Vi (x) Ny,
Je(x) = (h/im)(Vipi(x) - ;(x) — g (x)Vef;(x)) Sk 5.

Hence, the symmetric parts of N and S contribute to the electron and spin
densities, respectively, but their antisymmetric parts to the electron and spin
current densities. Since N and § are hermitian their symmetric parts are real
and the antisymmetric ones are imaginary.

The density matrix is transformed by spin rotation, time reversal and magnetic
operation as follows:

spin rotation:

Q' =sQs '=N+S:sos '=N+S-Re=N+R'S o,
N°=N, §'=R'-S.

(80)

(81)

time reversal:
Q'=pQ* '=N*+8* . o¢'=N*-§* - g,
N'=N*, S =—-§* 82
magnetic operation:
Q"™ =(e - 0)Q(e - d)=N*-8*- (e o)o(e- o),
=N*-8*.e(e-0)+8*  (c—e(e- 0)), (83)
Si'e =-8ff, STe=87%,

where S and S, are the components of the vector § parallel and transverse to
e, respectively. From Egs. (81) and (83), we see that invariance requirements
impose the following restrictions on N and S:

invariance to §: S=0;
invariance to A(e): S,=0;
(84)
invariance to t: N*=N, §*=-8§;
invariance to m.: N*=N, $¥=§,, §jf=-§,.

Combining the conditions in Eqs. (84), we have the structures of the density
matrix in the eight classes as summarized in Table II. We use in Table II the
following notation for real and imaginary parts of N and S,

N =n+in, S=s+is. (85)
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TABLE II. Density matrix in the eight classes of HF wave functions.”

T invariant M, invariant TM noninvariant
§ invariant n N
S. axial n+ise o) n+s(e-o) N+S(e: o)
S torsional n+is-o n+isfe-o)+s, ‘o N+S: o

® n, 5, s.: real symmetric; s, : orthogonal to €', €'s; = 0; §, §: real antisymmetric; N, S, S: complex
Hermitian; e - ¢’ = 0.

The real parts n and s contribute to the electron and spin densities, while
the imaginary parts 77 and § to the electron and spin current densities. Only the
TM noninvariant classes have an electron current density. The S invariant classes
have neither spin nor spin current densities. The T invariant classes, ASCW and
TSCW, have a spin current density but have no spin density. The ASDw class has
a spin density but has no spin current density. The three classes, Asw, TSDW,
and Tsw, have both spin and spin current densities.

We show in Figure 2 schematically the ways of spin modulation in the §
axial and S torsional classes. The S axial classes have one dimensional modulation
of spin vector in the direction of the vector e. The Tscw class has thrge
dimensional modulation of spin current density vector. The TSw class has three
dimensional modulations of spin density and spin current density vectors. In
TSDW class, the spin density vector is modulated two dimensionally in the
directions orthogonal to the vector e’, while the spin current density vector is
modulated one dimensionally in the direction of the vector €. We summarize
in Table III the properties of the eight classes.

iii. Structure of the Orbitals. The condition (77) for invariance of a Slater
determinant |®) means that |®) spans a one dimensional irreducible representa-
tion of the invariance group G. This condition implies that the occupied spin
orbitals ¢, span g, in general reducible, representation of G, namely, there is a
unitary matrix W(g) within the space of occupied orbitals for every g in G such

e e e
[ i
S-axial l !
! {
ASCW ASDW ASW
o
S-torsional @ @
TSCW TSDW TSW

Figure 2. Modes of spin modulation in the six UHF classes. Arrow and dashed
arrow represent spin density and spin current density vectors, respectively. Circle
and sphere represent two and three dimensional modulations, respectively.
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TABLE III. Spin and charge properties of the eight classes of HF wave func-

tions.*
Charge current Spin density Spin current

TICS X X

ccw o X X
ASCW X X o
ASDW X o X

ASW o o 0
TSCW X X o
TSDW X o o

TSW o o o

®0 and x represent the presence and absence of the relevant property,
respectively.

that
Pi=0sWsa(g), |®%)=det{W(g)]®). (86)

Therefore, the set of occupied orbitals, after a suitable unitary transformation,
consists of irreducible representations of G. This fact enable us to determine
the structure of orbitals in the eight classes of HF wave functions.

Determination of irreducible representations for the four groups S, 7, A(z)
and M(y) is sufficient for determining the structure of orbitals in all the eight
classes.

S: It is well known that n; and 7, are the bases of the irreducible two
dimensional spinor representation of S. Hence, a pair of spin orbitals

‘pilz(binp Li, =¢in2’ (87)

with a common spatial orbital ¢, forms an irreducible two dimensional representa-
tion of S. No other kind of irreducible representation of S can be constructed
in the space of spin orbitals with 3 spin. Therefore, Slater determinants of S
invariant classes have to be of closed shell type. The spatial orbitals ¢; are in
general complex.

A(z) is an Abelian group, all its irreducible representations are one
dimensional. n; and 7,, respectively, are the bases of one dimensional irreducible
representations of A(z). The representations on 7, and n, are inequivalent.
Hence, each spin orbital with up (+) and down (—) spin

®i1 =¢i+711, Q2= 12, (88)

belongs to a one dimensional irreducible representation of A(z). Because of
the inequivalence of the representations on 7; and 7, the spatial orbitals ¢;
and ¢; for up and down spins can be chosen independently and the numbers
of up and down spin orbitals in a Slater determinant may be different. Therefore,
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Slater determinants of the S axial classes are of DODs type. The spatial orbitals
¢ are in general complex.

T: We note that there is no spin orbital belonging to one dimensional
irreducible representation of T because if such a ¢ exists then it must satisfy
o' =e’pbut—¢ =(p) =(e”p) = e”¢' = ¢ sothat ¢ = 0. The spin eigenfunctions
11 and 7, are transformed by ¢ as

NL=7My  M2=—7 (89)

so that they span a two dimensional irreducible representation of 7. Con-
sequently, a pair of spin orbitals in the form

P =xmi+xine,  @=xim—xim, (90)

span a two dimensional irreducible representation of T because ¢;; and ¢;, are
transformed by ¢ in the same manner as 77 and 7,

fP;1 = @iz, ¢;2 = —@i1. 91
The orthonormal conditions

(@urles) = Calxid + i lx ) = 8y,
(@idl@iz) = Qailxad + xilx;) = 85, 92)

<¢i1|<Pi2> = —(Xi|X1")+(XilX§> =0,

must be satisfied by the spatial functions y; and y;. Slater determinants of the
T-invariant classes therefore consist of pairs of spin orbitals in the form (90)
and the number of electrons » must be even.

M(y): Since the magnetic operation My is identical with complex conjuga-
tion, Eq. (75), a real spin orbital spans a one dimensional irreducible representa-
tion of M (y). No irreducible representation of other type exists as can be easily
verified. Hence, Slater determinants of the My-invariant classes consist of real
spin orbitals.

Irreducible representations of A(e) and M(e') are obtained from those of
A(z) and M(y) by making a spin rotation to bring z and y axes to e and e’ axes.

Combining the above results, we obtain the characterization for the structure
of orbitals in the eight classes as shown in Table [V. We note that Ascw is the
complex pODs whose up and down spin spatial orbitals are complex conjugate
of each other.

We next derive standard forms of orbitals which are useful in later applica-
tions.

Gso: The spatial functions of GSO’s have to satisfy the normalization condition

@ =x1em+ {22, 93)

(@clen) = relxin) + (x2elxzn) = 8.
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TABLE IV. Structure of orbitals in the eight classes of HF wave functions.®

Closed shell TICS real n =even
CCW complex =even

DODS ASCW complex n =even ¢ = d),f*
ASDW  real n =even, odd
ASW complex n =even, odd

GSO TSCW complex n =even Eq. (98)
TSDW real n = even, odd
TSW complex n =even, odd

? n is the electron number, Real and complex mean that the orbitals can be
and cannot be brought into real ones by a unitary transformation within occupied
orbitals, respectively. The last column shows the constraint for Ascw and TSCW
orbitals.

The matrix ((x1.|x15)) composed of the occupied orbitals is hermitian and positive
definite, so that there is a U(n) matrix V = (V ) such that

Via <X17|X18>V8[3 = 50‘3 COSzxa, (94)
V¥ (X2v|x26) Vsg = 8ap Sin°k,.

Then we obtain the spatial orbitals ¢, which are orthonormal within + and —
families, respectively,

X18Vga = b COS Ko,
X28Vga = P sin k,. 95)
(balds)=bap.
Making the unitary transformation by V, we obtain the standard form of GsO’s
Co = P o COS KaM1+ P SIN Kaa. (96)

In the Tsw and TSDW classes, ¢, are complex and real, respectively.
In the Tscw class, orbitals are in the form of (90) and the orbital indices a’s

are in pairs of al and a2,a =1, - - -, n/2. Substitution of Eq. (96) into Eq. (90)
and use of Eq. (92) shows
bar=das  Kaz=Ka1+I. (97)

We then obtain the standard form of Tscw orbitals

®a1 = Ba1 COS KoM + P iz SiN ka2, (98)
®a2= G a1 COS KaN2 — Paz SIN K1,

where k, = ko1 and ¢o, = P
DODS: In DODS cases, the numbers #; and n; of occupied up and down spin
orbitals may be different and we denote the occupied up and down spin spatial
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orbitals by the indices al=1,...,n; and a2=1,..., n;. The n;xXn; matrix
({(¢pa2|®21)) can be diagonalized in the same manner as Eq. (36),
k -~

(bazldpar)= AZ_I Waz.a c0s 2kaWii 4, (99)
where k = min(ny, n,). We define

da=da1Waia, ba =¢;2Wa2,A- (100)
These orbitals satisfy

(dpaldB)="584s, (Paldp)=258an cos 2ka. (101)

Equation (101) shows that the following orbitals are orthonormal:

da=(da+da)/2coska,

_ _ (102)
da=(Pa—cba)/2sinka,
(baldp) = (balds) =845,  (dalds)=0.
Then we get the standard form for DODs spatial orbitals
ba=¢acoskatdasinka, A=1,...,k
da=¢a forni>n, and ni>A>n,, (103)

¢>,}=q§A forni<n, and n,>A>n;.

This representation for pODS orbitals was obtained by Amos and Hall (1961).
The orbital pair ¢34 is called the corresponding orbitals and the orthonormal
orbitals ¢4 and ¢4 the DODs natural orbitals (NO). In the Asw and AsDw classes,
DODS NO’s are complex and real, respectively. In the Ascw class, ny=n, and
¢4 and ¢4 are complex conjugate to each other, so that ¢4’s are real but <5A’s
are imaginary.

We note that a closed shell RHF wave function belongs to either of TiCS or
ccw class and an open shell one to ASDW or Asw,

iv. Classification of HF Wave Functions in a System with a Spatial Point
Symmetry. Here we consider classification of HF wave functions in a system
with a spatial point symmetry group P. The symmetry group of such a system
is § X T' X P. According to the principle mentioned in Section 2.B.ii, classification
of all possible types of HF wave functions with distinct broken symmetries can
be achieved by listing up all subgroups of the symmetry group § X T X P. The
problem was solved by Ozaki and Fukutome (1978). To list up all subgroups of
S X T x P is not so simple as the case of § X T and we give here only an outline.

Ozaki and Fukutome’s listing up procedure bases on the fact that the O(3)
(three dimensional orthogonal) group is isomorphic in a double valued manner
to the group S X T because a proper rotation R in O(3) can be corresponded
to spin rotations s and —s and inversion in O(3) to time reversal ¢t which inverts
the spin vector. Since P is a discrete subgroup of O(3), it can be homomorphically
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embedded into S X T. Let s, be a double valued homomorphism of P into S X T’
and g(h.(p)) be the element in § X T which is the image of an element p in
P by the homomorphism h... Note that g(h_(p)) =—g(h.(p)). The set

Py ={pg(h.(p)); pe P}, (104)

obviously forms a subgroup of § X T X P. In the group P, the spin vector is
rotated jointly with spatial rotations P in a manner homomorphic to P. Let P’
be a subgroup of P. The set

uPh=1{p'q(h.(p")); p'e P’} (105)

constructed from P’ with the same manner as P, is also a subgroup of § X T' X P.
The subgroups in the forms of (104) and (105) exhaust all the subgroups of
S X T x P which do not contain elements consisting only of spin rotation and
time reversal. We call these subgroup the subgroups of Tsw type because the
HF wave functions having the invariance groups of this type belong to the Tsw
class. The subgroups of Tsw type include as special cases the double groups and
magnetic groups constructed fromi P or P’ (for double groups and magnetic
groups see, Bradley and Cracknell, 1972) and may be called generalized magnetic
double groups. The left-hand side index II denotes the double group nature of
the groups.
The well known homomorphism theorem shows that the set N of p’s,

N ={p; ho(p)= %1}, (106)

whose homomorphic image in § X T is the subgroup E = {1, —1} with no rotation
of the spin vector, is a normal subgroup of P and the homomorphism k. for P
becomes an isomorphism I. of the factor group F = P/N into § X T. Therefore,
the group 1P, can be specified by a normal subgroup N of P, the factor group
F=P/N and an isomorphism I of F,

uPr ={pn, fgI:(f)); pn €N, fe F}=uP(N, F, I). (107)

Isomorphisms I” and I of F are physically equivalent if there is an element
g' € § X T such that

gL (M =ggU(MNg", (108)

because an HF wave function with the invariance group P(N, F,I') can be
transformed by the symmetry operation g’ to the one with the invariance group
uP(N, F, I). Therefore, listing up of all invariance groups in the form of P, is
achieved by listing up all normal subgroups N of P and all inequivalent isomorph-
isms of the factor groups F = P/N. Inequivalent isomorphisms of a point group
F consist of outer automorphisms of F and isomorphic mappings of F to the
other point group F with isomorphic structure to F, for instance, the point groups
Comy, Sam, and C,,, have isomorphic structures. The same situation holds also
for the group P}, and it is specified by a normal subgroup N’ of P', the factor
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group F' = P'/N' and an isomorphism I’ of F’,
uPh={pn fg:(f); pneN', f e F}=uyP'(N',F', I'). (109)

It is to be noted that a normal subgroup N’ of P’ may not be a normal subgroup
of P. Complete listing up of normal subgroups and outer automorphisms of all
point groups were given by Ozaki and Fukutome (1978).

All subgroups of $ X T X P are obtained as the intersections of the eight
subgroups of ST listed in Figure 1 with the groups yP(N, F,I) and
uP'(N', F', I'). For an intersection to be a group, an admissibility condition must
be satisfied, but we do not enter into the problem here.

An HF wave function with the invariance group pP(N, F, I) is invariant to
the spatial rotations in the normal subgroup N but not invariant to the ones not
included in N. However, it becomes invariant if the spin rotation by g(I £ (f))
is made simultaneously with the spatial rotations in the form of pnf, px €N,
fe F,and #1. This shows that the HF wave function has an ordered spin structure
determined by N, F, and I

The spin structure can be visualized as follows. Put a spin vector $ on an
atomic orbital y. The Ao which is obtained from x by a spatial rotation pec P is
denoted py. Put the same spin vector 8§ on the AO’s pny, px € N, while put the
spin vector 8% rotated by g = g(I.(f)) on the AO’s pxfx, pn €N, feF, and #1.
Select another A0 x' which is not contained in the set of A0’s {px; p € P}, put
a spin vector §' on x’ and repeat the same procedure as the above. The spin
arrangement on the A0’s which are transformed by spatial rotations in P to each
others is completely determined by the invariance group P(N, F, I), while the
magnitudes and relative orientations of the reference spin vectors S, §',... on
the A0’s which are not connected by spatial rotations in P are not determined
by the invariance group. In the classes other than TSw, a restriction is imposed
on the possible spin structures and relative orientations of the reference spin
vectors S, §', . .., but we do not mention about the restriction here. We illustrate
in Figures 3 and 4 the possible inequivalent HF spin structures in the systems
with C¢ and Cs symmetries determined by the above rule.

A HF wave function with the invariance group nP’'(N’, F', I') is invariant to
the spatial rotations in N' and has an ordered spin structure among the AO’s
pnf'x, pneN', feF', and #1. The range of the A0’s with the ordered spin
structure is narrower than the systems with the invariance group pP(N, F, I).
Furthermore, in this case, the HF wave function is not invariant to the spatial
rotations not contained in P’ and has no spin order among the AO’s px, pg P,
and € P. The charge densities on the AO’s p'y, p' € P', are the same because the
densities of up and down spin electrons on these AO’s are transformed to each
others by a spatial rotation p’ and spin rotation g(h% (p')). On the other hand,
no such symmetry operation exists among the set of A0’s {px; pg P', and < P}.
Therefore, there is a difference in the charge densities on these AO’s and
consequently a charge density modulation exists among the AO’s py, p € P, which
are originally equivalent with respect to the spatial symmetry group P. The HF
wave functions with the invariance group in the type of pP'(N',F',I') are



980 FUKUTOME

=~ ASOW,
TSDW, f:[ !

ASDW,
(c)

TSOWs T~
() z y z y
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(@) x
X

Figure 3. Possible UHF spin structures in a Cg symmetry system. Spin vectors
drawn by heavy and dotted arrows are inclined to up and down directions, respec-
tively, against the paper plane. Those drawn by light arrow are in the paper plane.
© and ® represent vertical spin vectors with up and down directions, respectively.

classified as the charge density wave (CDWw) category. If N'=P’, then there is
no spin modulation and the cpw is called a pure cbw. If N'# P’, then there is
a spin modulation as well as the charge density modulation and the cpw is called
a mixed CDW.

Structure of orbitals in a system with the symmetry group $ X T X P can be
determined by the principle mentioned in the preceding section, namely, occupied
orbitals must consist of irreducible representations of the invariance group
uP(N, F,I) or WP'(N', F', I'). Determination of all double valued irreducible
representations of a generalized magnetic double group was carried out by Ozaki
(1979). The mathematical procedures involved, however, are rather complicated
and readers who have interest in the subject should refer to the original paper.

TSW, TSW, TSWs

Figure 4. Possible UHF spin structures in a Cs symmetry system.
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C. Instabilities of HF Wave Functions

A solution of the HF equation guarantees the condition that it represents an
extremum point of the HF energy functional. However, it does not necessarily
represent the minimum of the HF energy functional. The condition for a HF
solution to be a local minimum was given by Thouless (1960). If this condition
is violated, the solution is not a local minimum and unstable and another solution
with lower energy exists. There is also a simple group theoretical rule for possible
type of HF instabilities and interconnection relation of HF wave functions via
instabilities. We consider here the problem according to works of the author
(Fukutome, 1974b, 1975).

i. Instability Criterion. We now let the reference spin orbitals ¢, be a solution
of the HF equation. Then, from Egs. (53), (51), and (34) we can calculate the
variation of the HF energy functional around the solution ¥ up to any desired
order. For small A, Eq. (34), up to the second order of A, becomes

SA)=A, CA)=L-3"2, CA)=Iyn—3r" (110)
and the variation of the HF energy functional up to the second order is given by
Ept(®) — Ex (W) =F uok o + F ok i + A (e T|9B)A 16 + 24 Ko | T1Bv)A g

+ A wa{pat T |BY YA s, (111)
where
(pall|vB)=F 8.0 — Fgabus +[ua|Br],
(ual|l|By)=[palvB].
Since ¥ is a HF solution, the first order variation 8Ey (V) is zero for any A,
SE(W)=F ok pa +Foud e =0,

(112)

(113)
F,.,=F,, =0.
The second order variation can be written in the form
8 Ex (W) =31"01, (114)

where X and Q are the 2(N — n)n dimensional vector and matrix defined by

v [(Aa) _[ CualllvB), (ual|l|Br))
)\_[(Aﬁa)]’ o [((uaII 1Bv)*), ((uaIIIVB)*)]'

The matrix () is called the instability matrix of the HF solution ¥.

If the instability matrix () has no negative eigenvalue, then the second order
variation 8°Eg (V) is positive definite. This means that the solution ¥ is a local
minimum in the variation space, but not necessarily the absolute minimum, of
the HF energy functional and is stable for any small variation. On the other
hand, if the instability matrix has negative eigenvalues

Qi, = wpxp, w, <0, (116)

(115)
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then the second order variation 8 Ey (V) is negative and consequently the value
of the HF energy functional decreases for the variations of A in the directions

A=Y LA, (117)
P

where A,’s are the A’s contained in the eigenvectors i, and /,’s are small
parameters. This means that the solution ¥ is a saddle point or a maximum and
is unstable and there must be at least a solution with lower energy than W.

A point in the space of adiabatic parameters where an eigenvalue of the
instability matrix becomes zero and changes its sign from positive to negative is
called an instability threshold. If only an eigenvalue of the instability matrix
becomes zero at an instability threshold, then the instability is called nondegener-
ate. If two or more eigenvalues become zero simultaneously at an instability
threshold, then the instability is called degenerate.

If a HF solution ¥ is unstable, then there is at least one other solution &.
There are three different situations for the relation of the two solutions. An
instability is called interconnecting if a new solution ® which connects con-
tinuously with the original solution ® appears from the instability threshold.
Interconnecting instabilities are of a character similar to second order phase
transitions and are the ones most frequently met in molecules and chemical
reactions as shown in Section 3. There are also instabilities which are not
interconnecting but represent a crossing of two HF states, called crossing
instabilities. An example of crossing instability will be shown in Section 3. The
last type of HF instability is neither interconnecting nor crossing but represents
the situation that a lower energy solution & separated by a finite energy gap
exists below ¥ even at the instability threshold. This case is similar to first order
phase transitions but in finite systems like molecules the occurrence of such an
instability in the HF ground state appears to be an indication for a breakdown
of the HF approximation.

ii. Classification of HF Instabilities and Interconnection Relation of HF Wave
Functions via Instabilities. Let us consider a nondegenerate interconnecting
instability of a HF solution W. Then, there is another HF solution ® which connects
with ¥ at the instability threshold. Let the invariance group of ¥ be G. The
problem we consider here is the kind of invariance group the solution ® can
have. The orbitals ¢, of ® can be expressed in terms of the orbitals ¢, of ¥ in
the form of Eq. (33). As we shall show in the next section, in the vicinity of the
instability threshold, the matrix A to connect the orbitals ¢, with ¢, is proportional
to the matrix A, that is the components of the eigenvector i, of the instability
matrix corresponding to the instability

Qo = !/’B[C(A )]Ba + wu[s(A )]uas

- - (118)
A =l/\1, Q)\1=w1)\1, w1<0,

where / is a small parameter to become zero at the instability threshold.



UHF THEORY AND ITS APPLICATIONS 983

An eigenvector of the instability matrix behaves as a second order tensor
for the invariance group G of ¥ because it depends on two spin orbital indices
u and a. Owing to the invariance of ¥ to G, the instability matrix can be
decomposed into a direct sum of smaller matrices which are irreducible to G
and an eigenvector of it belongs to an irreducible representation of G. The same
situation holds also for the matrix A derived from an eigenvector X, as given in
Eq. (118). In the region of the adiabatic parameter space not close to the
instability threshold, the matrix A is in general no more proportional to Aj.
However, the symmetry of A with respect to G is preserved unless the solution
& passes another interconnecting instability threshold. The HF equation to
determine A is covariant to G, so that the symmetry of a solution is retained
until it meets an interconnecting instability threshold that is a singular point
where bifurcation of HF solutions takes place.

We call the symmetry of an eigenvector of the instability matrix of an HF
solution ¥, which has a negative eigenvalue and produces an instability of ¥,
the symmetry of the instability. Eigenvectors of instability matrix depend on
occupied and unoccupied orbitals ¢, and ¢, of ¥, namely on transitions from
. to i, or equivalently particle-hole pairs ¢,%. The symmetry of an instability
represents the symmetry of the transitions or particle-hole pairs to cause the
instability. The Slater determinant |®) of the new solution ® appearing from an
interconnecting instability of ¥ has the form of Eq. (46). All the particle-hole
pairs involved in |®) has the same symmetry as the symmetry of the instability.
This coherence in the symmetry of particle-hole pairs in |®) leads to a collective
and ordered character of the correlation incorporated into |®).

The group theoretical principle to determine the invariance group G' of
the new solution @ is very simple. If the symmetry of the instability to
produce ®, or equivalently that of the matrix A, belongs to identity repre-
sentation of G, then ® is invariant to G. If the symmetry of A belongs to a
nonidentity representation of G, then ® is invariant to the subgroup G’ of G
which leaves A invariant. Thus, the invariance group G' of ® must be
either G or a subgroup of G. Therefore, we get the interconnection
relation for the eight classes of HF wave functions as shown in Figure 5
that shows HF wave functions of what classes may be produced as new
solutions appearing via nondegenerate interconnecting instabilities of an
HF solution. The interconnection relation shown in Figure 5 is identical
with the subgroup structure of the symmetry group S X T except for the
presence of the arrows connecting the same classes. Nondegenerate interconnect-
ing instabilities give rise to new solutions with the invariance groups which are
either G or maximal subgroups G’ of G as proved below.

Next, we determine instabilities with what symmetry correspond to each
interconnecting line in Figure 5. In order to do this, we need to know the
generators of each invariance group. The generators of the continuous group S
are o, 02, and o3 as seen in Eq. (63). The generator of the group A(z) is o3.
The discrete groups T and M (y) are generated by ¢ and m» (=m,), respectively.
Combining these generators, we get the generators of each invariance group as
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Figure 5. Interconnection relation of the eight HF classes via nondegenerate inter-
connecting instabilities. Possible interconnections are indicated by arrows. The type
of instabilities is indicated beside arrows.

shown in Table V. Twofold elements which are not generators of an invariance
group are also listed in Table V.
Spin rotation transforms the matrix A as

_ (7] (/] o
s(e, O)As ' (e, 0)=c052§)t +1i cosising[(e Ca), A ]

]
+sin’ 5 (e-a)A(e- o). (119)
Equation (119) shows that A is invariant to the spin rotation s(e, 8) if, and only
if,
(e-o)r(e-a)=A, (120)

because [(e - &), A]=0 follows from Eq. (120). We define the operation A”' for
A by

AHT = A, (121)

ai
AT = (T,'AU',',

TABLE V. Generators and twofold elements in the subgroups of

SxT.
Group Generators Other twofold elements
SxT oy, 03, Oa, t my, mp, ms
S 01, 02,03
A(z)xT o, t ms
A(z)  M(y) a3, My m,
A(z) a3
My) my
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The operation A”* is twofold because o? = 1. Time reversal and magnetic oper-
ation for A are given by

A=pa*e”,  (A)'=1,

. - (122)
Amxza_iAro_i, (/\mt)mle.

The time reversal for the matrix A becomes a twofold operation because A is a
second order tensor having two spinor indices u and «. Since these operations
are twofold the matrix A irreducible to the group generated by them must satisfy

A% =2, "=, A™==zA. (123)
The following relations hold
(AUi)Ui=Aak, /\miz(At)ai’ (124)

so that the following restrictions are imposed for possible combinations of the
sign factors &,;, £, and ¢,,; in Eq. (123):

Eaifaj = Eals Emi = E1Eqi. (125)

The above discussion shows that all possible kinds of A irreducible to an’
invariance group G can be listed by assigning plus or minus signs to the generators
and the twofold elements of G listed in Table V under the restriction of Eq.
(125). The symmetry operations which have plus sign leave the matrix A invariant
and form the invariance group G’ of the new solution ®. We show the result in
Table V1. We see in Table VI that the invariance group G’ of the new solution

pearing from a nondegenerate interconnecting instability is either G or a
maximal subgroup of G. The notation for the instabilities given in Table VI
represents the followings: 'S and S represent the instabilities caused by spin
singlet and triplet excitations, respectively. A, and A_ represent conservation
and violation of the axial spin invariance of DODs wave functions. A, and A_
instabilities are caused by spin unflipping and flipping excitations, respectively.
T. and T_ (M, and M_) represent conservation and violation of the time reversal
invariance (magnetic invariance). In 3§ and A_M instabilities the different
combinations of signs shown in Table VI lead to different UHF wave functions
but those wave functions are transformed to each other by a spin rotation and
physically equivalent so that further distinction is unnecessary.

The fact that instabilities of a TICS wave function can be subdivided into four
different types leading to UHF wave functions of different kinds was pointed out
first by Paldus and Cizek (1970a-1970c).

In the case of a doubly degenerate interconnecting instability with two
eigenvalues w; and w; of the instability matrix to become negative at the same
time over an instability threshold, at least three different solutions with the A
matrices in the forms of '

A=11A1, A’=12A2, A”=11A1+12A2,

97\1:0)1)‘\1, QX2=602X2, w1, 02=0

(126)
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TABLE VI. Symmetry of nondegenerate instabilities and the type of UHF solutions appearing from
them.

(a) TICS:
(8] g} a3 t my my ms
ST, + + + + + + + TICS
ST + + + - - - - ccw
+ - - + + - -
38T, - + - + - + - ASCW
- - + + - — +
+ - - — — + +
38T - + - - + - + ASDW
- - + - + + -
(b) ccw: (c) AsCw:
(8 [ep) o3 o3 t ms
s + + + ccw  ALT, + + + ASCW
+ - - A.T_ + — - ASW
35 - + - ASW  A_T, - + - TSCW
— - + A_T_ - — + TSDW
(d) Aspw: (e) ASW:
g3 my my a3
A .M, + + + ASDW A, + ASW
A.M_ + - - ASW A_ - TSW
AM - + -
- - + TSDW
(f) Tscw: (g) TSDW:
t msz
T, + TSCW M, + TSDW
T - TSW M_ - TSW

appear simultaneously from the instability threshold as we shall show in the next
section. In order for a degenerate instability to occur, the symmetries of A, and
A, either in spin, time reversal, or spatial point group must be different. The
new solutions ®; and @, with A and A’, respectively, obey the interconnection
rule same as nondegenerate instabilities. On the other hand, the matrix A" breaks
symmetry more than A and A’. It is invariant only for symmetry operations in
order to leave both A and A’ invariant, so that the solution ®,, with A" has the
invariance group G, that is the intersection of the invariance groups G and
G of the solutions ®; and ®;,

Gi,=GiNGh. (1z7
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Therefore, the solution ®;, obeys an interconnection rule different from the one
of nondegenerate cases. We show in Figure 6 the interconnection relation of a
HF wave functions realizable via doubly degenerate instabilities.

ccw

TSW

Figure 6. Interconnection relation realizable via doubly degenerate instabilities.

The degenerate instabilities leading to the interconnections shown this figure are

(1) OST., ST.); (2) (ST-, >ST_) and (ST, >ST.); (3) CST,,>ST.), (ST,

38T,), and ('ST_, 3ST.); (4) (°S,>S); (5) (A_T., A_T.), (A,T_,A_T.), and
(A T_,A_T.);(6)(A_M, A_M) and (A_M, A, M_).

The instability matrix of a HF solution ¥ can be decomposed into submatrices
which are irreducible to the invariance group G of ¥ and correspond to the
instabilities of different symmetries listed in Table VI and Figure 5. The explicit
forms of all the irreducible submatrices were given in Fukutome (1974b). We
quote here only the results for TICs and ASDW cases which are the most important
in application to molecules.

A TICs solution is a closed shell with real orbitals. We denote its occupied
and unoccupied orbitals by the indices a, b, ... and m, n, . . ., respectively. An
irreducible A matrix is separable into the spatial and spin parts and is a spin
scalar or a spin vector. Its spatial part is either real or pure imaginary. The
assignment of irreducible A matrices to the four kinds of TICS instability is

‘/’{ = ¢inr, Au.a =A mr,ass

s {real,
“* limaginary,

ST,
IsT.

38T,
38T

} A mr.as = A maBrsy (128)

AT { imaginary,

} Amr,as = A r]r—m (Ui)rs,
real.

We note that the spin scalar and spin vector A’s arise from singlet and triplet
excitations, respectively. The irreducible instability matrices () corresponding to
the four kinds of TICs instability are

Q = ({(ma|Q|nb)),
1ST‘+: = (ansab _Fbasmn +4(ma|nb)—<mn|ab)_<mb|na)),

1ST_}
ST,

3ST_: = (FnBab — Foabmn — (mnl|ab)— (mb|na)).

(129)
t = (Fnbab — FoaBmn —{mn|ab)+{(mb|na)),
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Note that the 'ST_ and ’ST. instability matrices are identical and these
instabilities occur always simultaneously. Furthermore, the ccw and Ascw
solutions appear simultaneously and are always degenerate in energy as can
be proved from the identity of their energy functional.

An AsDW solution is a DODs with real orbitals. We denote its occupied and
unoccupied orbitals by the indices a,, b,, ... and m,, n,, ..., respectively, which
have the spin subscripts 7, s, . .. because the orbitals for up and down spins are
different. The irreducible A matrices for the A, and A_ type instabilities are a
scalar and a two dimensional vector for, say, A(z) rotation. The spatial com-
ponents in the irreducible A(z) scalar A is either real or pure imaginary while
those in the irreducible A(z) vector A may be complex. The assignment of
irreducible A’s to the three kinds of ASbw instability is

dll = ¢arnr, Ay.a =A mr,ass

A+M+ A]l O ] {real,
A= , Awiy, ) 130
A+M_} [ 0 Ax imaginary, (130)
0 2
AM:. A= [/\21 62], Ars: complex,

where A, = (Anmrqs). We note that the A(z) scalar and vector A’s arise from spin
unflipping and flipping excitations, respectively. The irreducible instability
matrices () for the three kinds of AspDw instability are

AM,: ﬁ = ((mrar|Ilnsbs>t<mrar'1|bsns>),

[((mlazlllnlbz» ((m1a2|1lb1n2))]
((mzaﬂflbznl)) (<m2alllln2b1>) ’

<mraslllnubv> = 6ru55v (Fm,n,aa,b, _Fbsasa men, (mrmrlbsas» + 6!58u0<mrar|bunu>’
bu”u) - 8r065u<mrbr|nsas>-

AM: O

(131)

(m,a|I|b,n,) = 8,8..(ma,

iii. Bifurcation Structures of HF Potential Surfaces. At an interconnecting
instability threshold, a new solution (or solutions) of the HF equation appears
and a bifurcation occurs in the HF potential surface. All the possible bifurcation
structures arising from nondegenerate and doubly degenerate instabilities were
obtained by Fukutome (1975). We outline here the theory of bifurcations of HF
potential surfaces.

The HF equation contains nuclear coordinates as adiabatic parameters. Let
W(R) be a HF solution at a nuclear conformation R and ® be the HF solution(s)
at the nuclear conformation R +8R with a small displacement R of nuclear
coordinates which connects with W(R) in the limit SR = 0. Let (R +8R) be
the Slater determinant which is obtained from W(R) by the continuation of the
AO bases from R to R+8R but with the LcAo MO coefficients unchanged.
W’(R +6R) is not a HF solution at R +8R but is an approximation of ®. Let
Q(R) be the instability matrix of ¥(R). We can expand the A matrix to connect
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the orbitals of & with those of ¥°(R + 8R) by the eigenvectors of Q(R),
A=Y ’—;L’ Aw QR =wpks, (132)
14

with small real parameters x,. Expanding Eq. (53) with (51) into the power series
of A up to the fourth order and substituting Eq. (132), we obtain the expansion
of the HF energy of ® in terms of the parameters x,,

AEy = Ex(®)~ En(W(R)) = 8E5 +3 Y 8F,x, + X (wp 8pq + 6 Qpq) XX,
8 Y CoarkpXaXe +8 Y pgrsXpXeXe Xs. (133)
The quantities
8E% = Ey (¥'(R +8R)) - En(¥(R)),
8F, =2 Re[{F2, (R +8R)—F 4 (R)}A pual, (134)
5Q,, = X1 {Q°(R +8R) — QR)}H,,

which are constructed from the differences of the HF energy, Fock operator and
instability matrix of YOR +6R) and W(R), are small in the order of SR while
the quantities cp, and d,,, are of zeroth order in R and not small. From the
variation of Eq. (133), we get the algebraic equation to determine x,’s,

8F, +3 Y (0,850 +8WNpq)Xg + ¥ CoarXgXe + Y d parsXaXeXs =0 (135)
q ar qrs
If R is not an instability threshold, i.e., w, #0 for all p, Eq. (135) can be
solved perturbationally and has only one solution which is the continuation
W(R +68R) of ¥(R) to R+8R. If R is an instability threshold, i.e., w, =0 for
some p’s, then Eq. (135) has more than one solution. We quote here only the
results for nondegenerate and doubly degenerate instabilities that occur in the
HF ground state. Let w; =0 and w, # 0 for p # 1 in the nondegenerate case and
w1, w2 =0 and w, #0 for p #1, 2 in the doubly degenerate case. We denote the
p’s with w, =0 by the indices i, j,.... The x,’s with w, # 0 can be eliminated
from Eq. (133) by using Eq. (135) for the x,’s. By also using symmetry properties
that are to be satisfied by ground state instabilities, AEy becomes a function
depending only on the x;’s with w; =0,
2
AEy=-3Y @F) AE',

p Wp

AE' =4l(2 SVixl +3% aiix?xl?>’
; i

SF (136)
sVi=160,; -4y Z2%e
14

Wp

CiipCijj

- » CiipLiip

aj=dy; —4Y —,
P Wy
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where Y’ is the summation over the p’s with w, #0. Then Eq. (135) for x;’s
becomes

(av,- +Y a,-,-sz)xi =0. (137)
i

Equation (137) always has the solution x; = 0 that represents the continuation
¥(R +6R) of ¥(R). In the nondegenerate case i, j = 1, and the inequality a;; >0
must be satisfied in order for AE’ to have a lower bound. Equation {(137) has
another doubly degenerate solution @,

x1=%(=8Vn/an)'’?, AE'=—(8V11)*/8au, (138)
with lower energy than the solution W(R + 8R) in the region of R determined
by the inequality

—8V11>0. (139)

We show in Figure 7(a) the x; dependence of AE’ which is nothing but the
profile of the HF energy functional in a direction of the variation space and in
Figure 7(b) the bifurcation behavior of the adiabatic potentials of the solutions
V¥ and &.

aE' at’
3%
¥ X x
b4 P
3V >0 §v< 0
(a)
AE
Y

0 -5V

(b)
Figure 7. Ground state bifurcation by a nondegenerate instability. (a) and (a’)
Structures of the HF energy functional before and after instability, respectively. (b)
Bifurcation of HF potential.
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In the doubly degenerate case, i, j = 1, 2 and the inequalities a11, @22, a12>0
and auazz—afz >0 must be satisfied in order for AE' to have a lower bound.
Equation (137) has the following three solutions:

q)ll X2=0, xf =_8V11/a11=801>0’

@ x1=0, x3=-8Vy/an=580,>0,

5 ) (140)

P10 x1=—(3220V11—a126V22)/(@a11822~ a712) = 6021 >0,
2
2

x5 =—(a118Vaz—a126Vi1)/(a11a2:— alz2) = 8v12>0,

with lower energies than ¥ (R + 8R). Their existence domains are given by the
inequalities in Eq. (140). We show in Figure 8(a) their existence domains and
in Figure 8(b) the bifurcation behavior of their adiabatic potentials in the vicinity
of the degenerate instability threshold. We see in Figure 8 that the degenerate
instability threshold R is a crossing point of the boundaries of two nondegenerate
instabilities and the solution ®,, that is produced only by a degenerate instability
has a wedge-shaped existence domain with the vertex at R. The solution ®,,
smoothly interconnects solutions ®; and ®,.

AE’/E]

§v;

(a)

(b)

Figure 8. Ground state bifurcation in the vicinity of a doubly degenerate instability
threshold. (a) Boundaries of the existence domains of the solutions ®,, (1), ®,,
(2), and &5, (12), and (21). (b) Bifurcation of the potentials of ®,, ®,, and ®,,.

D. Direct Minimization Algorism for HF Calculation

The HF equation in the conventional form is a nonlinear eigenvalue equation.
It has been customary to solve the equation iteratively. However, as has been
widely experienced, the iterative eigenvalue procedure frequently meets trouble
in convergence, the iteration being trapped in an oscillatory cycle. To avoid the
trouble of nonconvergence, various direct minimization algorisms were proposed
by McWeeny (1956), Hinze and Roothaan (1967), Fletcher (1970), and Bonaci¢
and Koutecky (1972). However, these methods are not entirely satisfactory in
convergence or in computational speed. Igawa and Fukutome (1975) developed
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a direct minimization method with secured convergence and good computational
speed.

The method is based on the formalism given in Sections 2.A.iii and 2.A.iv.
The parameters A,, are independent variables of the HF energy functional. If
we determine A,, SO as to minimize the quadratic approximation [Eq. (111)] of
the HF energy functional, we get the Hinze~-Roothaan (1967) method. However,
the direct determination of A,,’s requires a huge computational time because
of the large dimension, in general 2(N —n)n, of the equation for A ..’s and the
use of the quadratic approximation leads to the trouble of nonconvergence.
Hence, we used the representation (36) to diagonalize the matrix A and expression
(58) for the HF energy functional. The use of the representation (36) brings
about a drastic decrease in the dimension of the equations to be solved to the
order of k =min(N —n, n). Formula (58) involves the Coulomb repulsion inte-
grals depending only on two MO indices, also leading to a huge reduction in the
time for the computation of the energy functional. It also yields easy computation
of the energy functional up to any desired order of A, leading to secured
covergence of the iteration in the method.

Let ¥ and ® be the Slater determinants in the iteration cycles / and i+ 1.
Their orbitals are related by by a matrix A =(A%)) in the manner of Eq. (33).
We first determine the matrices v and 5% to diagonalize A . Since the off
diagonal matrix elements F ua Of the Fock operator must satisfy F wa =0 in the
scF limit, we determine v and 5 so as to diagonalize the Fock operator F,, @
at the iteration cycle |,

F(i) — i ~(t) F(l) (l)* (141)
e A=1
Then, in the MO basis of the orbitals defined in Eq. (54),
W=, B = e, (142)

the number of nonzero matrix elements of the off diagonal Fock operator is
minimized. In order to optimize convergence efficiency, we introduce the
Fletcher-Reeves (1964) conjugate gradient technique in the determination of
0" and 5. Instead of Eq. (141), they are determined to diagonalize the matrix
R =(R{).) defined by

R =FL=B""RL", R=Fu,
BV =L IFLl/ L IFLT, (143)
O] u @ p ) )
f o d 04 i t
RMO,:AZ_I U“ARAU,I/;k.

Next, we determine the A4’s to minimize the quadratic approximation of Eq.
(58) at the iteration cycle

k - . . e
E(z) Z (l(')/\A*‘zk(')Ai)"'% y [AA+AA|BB+BB]“)/\AAB (144)

AB=1
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and put
A9 =14, (145)

By substituting Eq. (145) into Eq. (58), the energy functional becomes a function
of I. We determine [/ so as to minimize the energy functional using the power
series expansion in / up to the fourth or sixth order. The use of the fourth order
approximation sufficed in most cases to get a good convergence but in some
cases the sixth order approximation was necessary.

Summarizing, our direct minimization procedure consists of the following
iteration cycle:

—calculate F ., ;

N
determine v, © by Eq. (143);
)
calculate k4, 14, etc., using the orbitals (142);
!
determine A4 to minimize (144);
l
determine !/ to minimize Eq. (58);
d
calculate new trial orbitals by Eq. (56) with A 4 @,
convergence condition.

no yes
end

In the case of UHF calculations, search for new solutions is made by calculating
irreducible instability matrices and their eigenvalues and eigenvectors. If an
eigenvalue w; of an instability matrix is negative, the trial orbitals for the new
solution appearing from the instability is put in the form of Eq. (118) using the
eigenvector A, of the instability. The parameter ! is determined so as to minimize
the energy functional using the fourth order power series approximation in I
Then, the above iteration starts using the trial UHF orbitals.

The computer program based on the algorism and using the cNDO/ 2 INDO,
and MINDO/2 approximations was written by Igawa for the RHF case and by
Takahashi for the UHF case. It has secured and fast convergence and is capable
of obtaining any desired solution. Its convergence speed is comparable to the
iterative eigenvalue method in systems where the latter method exhibits best
convergence and remains almost constant even in systems where the latter
method fails to converge. Our experience shows that the iterative eigenvalue
method frequently fails to converge in regions of nuclear conformation where
an instability of the HF ground state is taking place. Therefore, it seems indispen-
sable to use a calculation technique with secured convergence in studies of UHF
states in molecules and chemical reactions.
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Our method can be used in the study of the structure of the HF energy
functional in the variation space. The variation space is the 2(N — n)n dimensional
space of the parameters A ,,. Our method restricts the variation space to the k
dimensional subspace of the parameters A4 at each iteration. However, by
changing the matrices v and ¢ at each iteration the subspace sweeps over the
whole variation space. Thus, our method is a kind of relaxation technique but
the subspace with an efficient sweeping is chosen. Formula (58) reveals that the
HF energy functional is constructed from cosine and sine functions of A4’s, so
that it has always at least two extrema with respect to A 4 and consequently may
have a lot of extrema in the whole space of A4’s. The RHF energy functional of
carbon mono-oxide constructed on valence A0 bases has only two independent
AA’s, so that its A4 dependence can be written in a two dimensional map. We
illustrate in Figure 9 the A4 dependence of the RHF energy functional of carbon
mono-oxide with varying interatomic distance at the first iteration cycle starting
from Hiickel type trial orbitals. We see in Figure 9 that even the RHF energy
functional has many extrema and its structure changes very much with increase
of the interatomic distance accompanying increase of the number of extrema.
The complicated structure of the energy functional is the origin of the nonconver-
gence trouble. The quadratic approximation in A may fail to correctly approxi-
mate even a local structure of the energy functional and in fact the direct
minimization using the quadratic approximation frequently meets the nonconver-
gence trouble.

E. Relation of the HF Approximation to the Exact Theory

The HF approximation has its group theoretical foundation on the U(N)
group generated by the particle—hole type pair operators as we have shown in
Section 2.A. The U(N) group whose origin is in the canonical anticommutation
relation of annihilation—creation operators imposes a universal group theoretical
structure on fermion many-body systems. The HF approximation has an intimate
connection with this U(N) group structure of Fermion many-body systems and
is not a mere technical approximation. We consider here about the relation of
HF wave functions to exact ones from the U(N) group point of view.

i. Generator Coordinate Representation of Fermion State Vectors on the
U(N) Group. Let U(u) be a canonical transformation on the Hilbert space of
a fermion many-body system that depends on an element u of a compact Lie
group and forms a representation of the group. If state vectors [f), |g),...are
in a space irreducible to U(u), then by the well known orthogonality theorem
for matrix elements of an irreducible representation the following orthogonality
relation holds:

[ (Fro@lexelU @i du =D rIfXele), (146)

where the integration is the group integration on the Lie group with the total
volume normalized to 1 and D is the dimension of the irreducible space. Equation
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(O] (d

Figure 9. Structure of the RHF energy functional surface of CO at R =1.0 (a), 1.5
(b), 2.0 (c), and 3.0 A (d). Capital letters A, B, ... represent positions of extrema.

(146) shows that any state vector |f) in the irreducible space can be represented
in the form

0= [ UwleXelt () d (147)

where |g) is an arbitrarily chosen reference state in the irreducible space. The
representation of fermion state vectors of this kind was introduced firstly by Hill
and Wheeler (1953) in their generator coordinate method without consideration
for the group theoretical aspect of the representation. The group theoretical
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derivation of the representation on a Lie group was first made by Perlemov
(1972, 1977) and the representation was called the generalized coherent state
representation because it is a generalization of the coherent state representation
for photons introduced by Glauber (1963).

We apply the representation (146) to the U (N) group. A space irreducible
to the U(N) canonical transformation U(u) is the space with a definite fermion
number n because the number operator n commutes with all the U(N) Lie
operators a}a,, but there is no other operator except for functions of n commut-
able with all of aa, The dimension of the space with n fermions is nC,.
Therefore, any state vector |f) in the space with n fermions can be represented
as

1f>=~cnj UWIYXY|U )| f) du, (148)

where the integration is made over the U (N) group and |¥) is an arbitrary Slater
determinant with n fermions. We stress that the representation (148) is exact
and the generating wave function U (u)|¥) is a Slater determinant by the Thouless
theorem. The representation (148) provides a key to elucidate the relation of
HF wave functions to exact ones. The generator coordinate representation in the
form of Eq. (148) was introduced first by Jancovici and Schiff (1964) without
recognition of its group theoretical character. The first group theoretical deriva-
tion was made by Linderberg and Ohrn (1977). A similar representation on a
wider Lie group was introduced by Fukutome et al. (1977).

We next determine the structure of the generator coordinate (Gc) wave
function (¥|U ()| f). The Gc wave functions corresponding to the Slater deter-
minants |V, ....g...) are given from Egs. (44) and Eq. (41a) as

(VU @Y s ap ) = L(Phap s NEIU ()W),

(WU )@y =[det (1+p"p)]""* det (w*).

From Eq. (149), we see that the Gc wave function (¥|U" (u)|f) has the form
WU W) = X (p* K ¥|U () ¥), (150)

(149)

where X;(p*) is an antisymmetric polynomial of p¥,’s.

The Schrédinger equation (H — Ey)| f) can be converted to an integral equation
on the U(N) group. Substituting Eq. (148) into 8(f|(H — Ey)|f) = 0 and making
variation with respect to the Gc wave function, we obtain the Schrodinger
equation on the U(N) group

J {H(u, u")—EfS(u, u")}¥e(u') du' =0,
Yo(u') = (WU ()| f),
H(u, u') = (¥|U" (u)HU (u")|¥),
S(u, u') = (VU () U W"I¥) = (WU ' u)|¥).

(151)
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Note that H(u, u') and S(u, u') are the matrix element of H and the overlap
integral between two Slater determinants [®(u)) = U(«)|¥) and |®(u')), respec-
tively.

The overlap integral S(u, u') is just identical with the G¢ wave function of
the Slater determinant |®(u’)),

(WU ()| @) =S (u, u'). (152)
It has the following special property. Multiplying (¥|U (1) to Eq. (148), we obtain
WU @IF) = wC [ St w XUV @) 1) i (153)

By putting | f) = U (u")|¥), Eq. (153) gives
S(u, u") = NC",[ Su, u)SWw', u") du'. (154)

Equations (153) and (154) show that ~C,S(u, u') is the projection operator to
the space of all Gc wave functions with the fermion number n.

it. Generator coordinate representation of symmetry adapted state vectors
in terms of projected HF wave functions. An eigenstate of the Hamiltonian (6)
belongs to an irreducible representation of the group § of spin rotation and is
specified by the total spin j, the spin magnetic quantum number m, and the other
quantum numbers q. A spin rotation s is an element of the U(N) group and
there is a U(N) canonical transformation U(s) corresponding to s. A spin
symmetry adapted state vector |j, m, q) is transformed by U (s) as

UG)j,m q) =X 1j,m', )Dlwm(s), (155)

where D’,.,.(s)’s are the so called D functions which are the matrix elements
of the representation matrix of the irreducible representation j of the group S
(for the D functions see Wigner, 1959). By the orthogonality theorem for
irreducible representation matrices, the D functions satisfy the orthogonality
relation

j D (s)DE(s) ds = oS ks (156)

2],1—+1 8,8
where the integration is made over the group S.
From Eq. (148), we have
UG\ ks @)= nCo | U XU ), &, 0) d (157)
Multiplying Eq. (157) by D% (s), integrating over S, and using Egs. (155) and

(156), we obtain a generator coordinate representation of spin symmetry adapted
state vectors

@)= 2+ 1) XCo [ @l XU G0, K, 43 (158)
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where

|Dhi(u)) = I D ($)U (sw)|¥) ds (159)
is the Peierls—Yoccoz (1957) spin projected HF wave function. A generator
coordinate representation of symmetry adapted state vectors with a similar form
to Eq. (158) was derived by the author (Fukutome, 1977) on a wider Lie group

universal for fermion systems.
The projected HF wave functions respond to spin rotation as

U ()| Dhi(u)) = j D%(sYU (ss'w)| W) ds’
= J Di¥ (s 'sHU(s'w)¥) ds’

=Y, Db (s™) J D (s U(s'u)| W) ds'

=2 @)D e (s), (160)
where we have used

Dinic(s5") = ¥ D ($)Dhric(s),
. " (161)
D (s') = Dl (5),
which are nothing but the relations to be satisfied by a representation matrix.
Equation (160) shows that the projected HF wave function |®.,,(x)) has the spin
symmetry (j, m).
On the other hand, the quantum number k responds to spin rotation of the
argument u:

| D i(su)) = J DX (shU(s'su)|¥) ds'
= j DX (s's HU(s'u)|¥) ds’'
~% Dls™) [ Dl UG 0N a5

=§Df;kr(s)ld>’;nkr(u)>. (162)

The representation (158) has been derived by using only the orthogonality
relations of representation matrices of the U(N) and spin rotation groups. The
U(N) group is a universal group in fermion many-body systems because it has
the origin in the canonical anticommutation relation of annihilation—creation
operators. Therefore, the representation in terms of projected HF wave functions
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can be obtained in any fermion system with a symmetry group. When the spin
rotation U(s) is applied to a Slater determinant |®(u)), all the spin orbitals ¢,
in |®(u)) are simultaneously transformed to ¢, namely, spins of all electrons
are rotated coherently without changing their relative orientations. It is well
known that the eigenstates of a spherical rigid rotator are the D functions of
rotation group. Therefore, the Peierls—Yoccoz projection by the D functions is
equivalent to selecting out the eigenstates of coherent rotation of spin vectors.
The representation (158) gives us a microscopic justification of the Peierls—
Yoccoz theory mentioned in Section 1. In the case of nonrelativistic molecular
systems now being considered, it can be stated as follows. If the ground state is
well approximated by a UHF wave function, then its components with different
spin angular momenta represent a series of excited states produced by coherent
rotation of spin vectors. The Peierls—Yoccoz theory can be generalized to any
fermion system with a symmetry group as noted above. Its microscopic foundation
is on the universal U(N) group structure and the symmetry group structure of
a fermion many-body system. Thus, the broken symmetry components in a UHF
wave function are not mere mathematical artifacts but may have an important
physical significance.

We note that the quantum number k& in the projected HF wave function (159)
has the same significance as the quantum number k in a rigid rotator. The
quantum number k represents the component of angular momentum in a direc-
tion fixed to the rigid rotator. The quantum number k similarly represents the
component of total spin angular momentum in a direction fixed to the assembly
of spins which is performing coherent rotation.

Ozaki (1980) proved that the Peierls—Yoccoz projection for a UHF wave
function in a aystem with a spatial point symmetry simultaneously recovers
spatial symmetry. This fact is due to the structure of the invariance group G
that has been discussed in Section 2.B.iv. A UHF wave function with the invariance
group in the form of Eq. (104) is invariant to joint operation of a spatial point
rotation p and a spin rotation g(k(p)) homomorphic to p. Since the proof for
the case of invariance groups involving time reversal, that produces inversion
of spin, is somewhat complicated, we restrict discussion in the case of invariance
groups

uPn ={ps(h+(p)), p € P}, (163)

where s(h.(p)) is a proper spin rotation homomorphic to p. A spatial point
rotation p belongs to the U (N) group and there is a U(N) canonical transforma-
tion U(p) corresponding to p. Let |®(u)) be a Slater determinant with the
invariance group (163),

U(p)U (s(ho(p))|®(u)) = | (), (164)
we then obtain
U(p)l®(u)) =®(pu)) = U (s(h=(p))|®(u)) e
=|d(s (h=(p)Iu)) e”. (165)
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From Eqs. (165) and (162), we have
U(p)|@hi(u)) = |®(s 7 (halpu)) ”

‘=§DLkr(s‘l(hi(p)))ldm(u)) e®. (166)

Equation (166) shows that the spin projected UHF wave functions |’ (1)) span
an in general reducible representation of P with the representation matrix
[eist;kr(s_l(hi(p)))] which operates on the k quantum number of I@fnk(u)).
In the case of a cobw wave function with the invariance group in the form of
Eq. (105), the spatial symmetry simultaneously recovered is restricted to the
subgroup P’

iii. Bose Quantized Time Dependent HF theory as an Exact Representation
of a Fermion Many-Body System. Dynamics of a fermion system can be
expressed in terms of the U(N) Lie operators E f, = aZa,,. Hamiltonian (6) can
be expressed as

H=V+K,E5+iin|icELEL,
Ko =he, +%[{17|“]-

We obtain from Egs. (18) and (167) the Heisenberg equation of motion for the
U(N) Lie operators

(167)

0
ih o E} =[E}, Hl=F,E} ~E;% ..,

1 L (168)
‘%{n = hCn +5[§7IILK]EK-

The expectation values of the U (N) Lie operators by a Slater determinant |®(u))
are the density matrix Q of |®(u)),

(D) EF|D(u)) = (¥|U (u)a na U (u)|¥)
= (W]a!ubau ol V) = tttha = Qo (169)
We also have
(PW)|ELET|®(u)) = Q.Qrn — QnQh.. (170)

By using Eqgs. (169) and (170), the expectation value of the Heisenberg equation
of motion (168) by |®(u)) gives us the time dependent HF (TDHF) equation for
the density matrix

0
iha Qnm=Fu(Q)Qx,—QuF\,(Q),
(171)
F{W(O)=h§ﬂ+[£n‘LK]QKu

where F,(Q) is the Fock operator for |®(u)).
We can construct a boson system with the same dynamics as the U(N)
expression of fermion dynamics. We introduce the bosons with the annihilation
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and creation operators b, and b}, which correspond to the U(N) amplitudes as

‘/Eu{a _)bla: Jz—u?ﬂ _)bz‘a’ (172)
and satisfy the commutation relation
[brw bre)=6inBapy  [Bras bupl=[ba, b7e]1=0. (173)

The operators defined by
EY=blb.., EY=E} (174)
satisfy the commutation relation of U(N) Lie operators
(B, Ex]=8,E%-8,.E" (175)
Hence, we call the bosons U (N). We define the Hamiltonian of the U (N) bosons
in the same form as Eq. (167) with the boson U(N) Lie operators
H =V +KoE} +i{inlc]ESE. (176)

Then, the Heisenberg equation of motion for E ., becomes of the same form as
Eq. (168),

ih 7 = FoBl-Eif,,

N L . 177)
Fia=hpm+alinlk]E..

Thus, the dynamics of the U(N) bosons are identical with the fermion dynamics

as long as the U(N) Lie operators are concerned.

The Hilbert space of the U(N) bosons is wider than the Hilbert space of
fermions because it contains spaces with any permutation symmetry for permuta-
tions of spin orbital indices ¢, 7, .... However, it contains a subspace which is
isomorphic to the Hilbert space of fermions. The totally antisymmetric subspace
with n bosons spanned by the state vectors

Abbhn - bl)0)s, (178)

where |0)5 is the boson vacuum satisfying b,,|0)s = 0, is isomorphic to the space
of n fermions. Hamiltonian (176) has no matrix element to connect this subspace
with the outside. Therefore, the UU(N) boson gives an exact representation of
a fermion system in the totally antisymmetric subspace. In the classical c-number
limit of the U (N) bosons

bra>V2Upa,  bi>2uk, (179)

the Lie operator E} and the operator %, reduce to the HF density matrix and
the Fock operator, respectively,

so that the equation of motion (177) reduces to the TDHF equation (171) for
the density matrix. Thus, the TDHF theory is the classical limit of the U(N)
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boson system which is an exact boson representation of a fermion system. This
result indicates the special and basic position of the HF approximation and
explains why it can be a so powerful approximation. We should stress that this
result holds for the HF approximation in the wide sense to yield broken sym-
metries since the U (N) amplitudes u,,, in general lead to broken symmetry spin
orbitals. Similar result was obtained for the Hartree-Bogoliubov theory by
Malshalek and Holzwarth (1972) and Yamamura and Nishiyama (1976).

The above results provide a TDHF view for U(N) GC wave functions and the
Peierls—Yoccoz theory. A Slater determinant |®(u)) is transformed by a spin
rotation s to U(s)|®(u)) = |®(su)). |®(su)) has the same energy as |P(u)), but
|®(su)) # |®(u)) if s is not included in the invariance group G of |®(u)). Hence,
a Slater determinant of broken spin symmetry is always in a family {®(su); s¢ G}
continuously degenerated in energy. Therefore, if the RHF ground state is unstable
and the HF ground state becomes of UHF type with a broken spin symmetry,
then the profile of the HF energy functional on the U (N) group must look like
Figure 10. The HF energy surface on the U(N) group must have a valley around
the point representing the RHF ground state which is cyclic and equienergetic
with respect to spin rotation su of u. The cyclic and equienergetic line at the
bottom of the valley represents the continuously degenerated family {®(su);
s G} of the UHF ground state.

Ey
RHF /™
I N\
UHF
—
=

Figure 10. Structure of the HF energy functional surface on the U(N') group around

the unstable RHF point. s represents the direction of spin rotation. The dashed

line represents the profile of the ground state wave function of quantized TDHF
motion.

In the TDHF theory, the representative point u of a Slater determinant |®(u))
moves on the HF energy functional surface according to Eq. (171). The structure
of the surface yields two modes of different natures in TDHF motion, the rotational
motions on a cyclic and equienergetic trajectory {su; s € S} along the valley and
the vibrational motions traversing the valley. The rotational mode corresponds
to coherent rotation of spin vectors.

If TDHF motions are quantized, then we get the exact theory for fermion

dynamics. GC wave functions on the U(N) group are nothing but the wave
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functions for quantized TDHF motions of the representative point u. The ground
state probability distribution of quantized TDHF motion must have a profile as
depicted in Figure 10. It must have the same value on a line {su; s € S} and the
largest probability on the bottom line of the valley which represents the con-
tinuously degenerate UHF ground state. The deeper and steeper the valley, the
probability distribution becomes the more concentrated on the bottom line of
the valley. This is the TDHF criterion for the UHF ground state to be a good
approximation for the exact ground state. The Peierls—Yoccoz theory picks
up the rotational mode of quantized TDHF motion. Since the rotational TDHF
motion occurs on an equienergetic trajectory, the wave functions of quantized
rotational TDHF motions are solely determined by the rotational character of
the motions and are given by the D functions. Thus the present theory shows
that a system with the HF ground state of the UHF type has excitations
of two different characters, the excitations due to coherent rotation of
spins and the excitations of vibrational character. The former excitations
are related to the broken spin symmetry components of the UHF ground state
wave function. We shall discuss the nature of excited states further in Section 4.
The presence of the two different modes of excitation was pointed out by the
author (Fukutome, 1978) on the basis of a generator coordinate representation
similar to Eq. (159) on a wider Lie group and a Tamm-Dancoff expansion
derived from the representation.

3. Applications of the unr Theory to Molecules and Chemical Reactions
A. Systems with an AsDw Ground State

We consider here first some simple molecular systems in which the RHF
ground state becomes unstable and an Asbw ground state appears with a change
in nuclear conformation. The systems are a hydrogen molecule with varying
interatomic distance, internal rotation of ethylene, and methylene with a varying
bending angle. The essential points of those systems can be well described by a
simple two electron-two orbital model. The model provides a clear cut under-
standing of the mechanism causing a triplet instability of the RHF ground state
and the nature of the resultant Aspw ground state to represent a diradical. We
next generalize the concepts obtained from the model. We consider about a
classification of chemical reaction mechanisms by means of the triplet instability
and orbital phase continuity criteria. We also discuss the physical factors con-
tributing to realization or change of reaction mechanisms.

i. Triplet Instability of the RHF Ground State in the Two Electron-Two
Orbital Model of a Hydrogen Molecule, Ethylene, and Methylene. We consider
here a two electron system with an occupied RHF spatial orbital ¢, and an
unoccupied one ¢,.. The two electron-two orbital system can be used as a model
for a hydrogen molecule, ethylene in a #-electron approximation, and methylene
in an approximation that considers only two nonbonding electrons. In the
hydrogen molecule and twisted ethylene, the two RHF orbitals are the bonding
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and antibonding orbitals
Ba=b1=1/VD(x1+x2)y  Sm=b2=(1/V2)(x1~x2), (181)

where x; and x, are the orthogonalized 1s A0O’s in H, and the orthogonalized
7 AO’s on the two CH, moieties in C,H, whose 2p lobes are mutually twisted
by the twisting angle 6. In methylene, they are the o and = type nonbonding
orbitals

¢a=c¢1=s5sina+p, cos a, In=b2=p, (182)

where s, p,, and p, are the 2s, o type 2p, and 7 type 2p AO’s, respectively, and
« is the parameter of the hybridization in the o type nonbonding orbital which
is a function of the bending angle § and becomes « =0 at 8 = 7.

The two electron-two orbital model is easy to handle but retains the essential
points of those systems. We consider here the mechanism to cause a triplet
instability of the RHF ground state using the model according to Fukutome
(1972, 1973b) and Takabe et al. (1976). All the irreducible instability matrices
of the RHF ground state (d)a)2 in the two electron-two orbital model are one
dimensional and have only one eigenvalue. From Eq. (130), they are given by

ST, Em — Eq +3(ma|ma)—{(mmlaa),
'ST_,>ST,; &, —¢eq—(mmlaa)+(ma|ma), (183)
ST : Em — £qa —(mmlaa)—{ma|ma),

where ¢, = F,., and e, = F,, are the orbital energies of ¢,, and ¢,. Equation
(183) shows that the ordering of the eigenvalues of these instability matrices is

'ST.>'ST_,3ST,. >>ST_; (184)

namely, *ST_ instability occurs the easiest. The same situation holds in general
for the lowest eigenvalues of these instability matrices. Hereafter, we call the
>ST_ instability the triplet instability since it has been customary to do so. The
condition for a triplet instability to occur in the model is

Em — £a —{mmlaa)—{(ma|ma)=0. (185)

The triplet instability condition (185) is determined by three physical factors.
As shown in Figure 11, the spin flipping triplet excitation of an electron in the
RHF ground state (¢,)° to the unoccupied orbital ¢,, leads to an energy loss by
the orbital energy gap &, — &, but at the same time it produces energy gains by

dm #7
—?_— Iy
Gap : Exchange | '\ Coulomb
: Ll attraction
da —‘—§—%—

Figure 11. Factors contributing to a triplet instability.
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the Coulomb attraction energy —(mm|aa) between the excited electron and the
hole produced by the excitation and by the exchange interaction energy —(ma|ma)
between the excited electron and the electron remained on the orbital ¢,. If the
energy gain due to the particle-hole Coulomb attraction and the exchange
interaction exceeds the energy loss due to the orbital energy gap, the system
aquires a net energy gain by the triplet excitation, namely, the system is unstable
for the triplet excitation. The triplet instability condition (185) just represents
this physical situation. We note that Eq. (185) is not the condition for the triplet
excited state to be lower in energy than the RHF ground state but is the condition
for the RHF ground state to be unstable for production of virtual triplet particle—
hole pairs.

The above consideration shows that a triplet instability is realized when the
orbital energy gap becomes small. Because of the SCF character of the HF orbitals,
the condition for smallness of the HF orbital energy gap is not so obvious. However,
a clear cut condition can be obtained for the Hiickel type orbital energy gap.
The HF orbital energies in the model are given by

£q = hao +({aalaa), Em = Rpnm +2(mm|aa)—(ma|ma). (186)
Then, Eq. (185) becomes
Ronm — Moo +{ma|aa)—{aa|aa)—2{ma|ma)=<0. (187)

Because of the inequalities
(mm|aa)—{aalaa)=<0, {ma|ma)=0, (188)

the condition (187) is certainly fulfilled if the Hiickel type orbital energy gap
Amm — haa becomes zero. This condition is satisfied in all three systems we are
now considering. As shown in the orbital correlation diagrams of Figure 12, the
Hiickel orbital energy gap becomes zero at the infinite interatomic distance
R =0 in H,, at the linear conformation with the bending angle 6 = 7 in CH,,
and at the orthogonal conformation with the twisting angle 8 = 37 in the internal
rotation of C,H,. Therefore, the RHF ground state of these systems becomes
triplet unstable in a domain surrounding the nuclear conformation with zero
Hiickel orbital energy gap.

ii. HF Ground States in the Homopolar Two Electron-Two Orbital
Model. When the RHF ground state becomes triplet *ST_) unstable, an ASDW

02 _ . (Dz AN s
- \:x//
o ” g - ¢, .—4-l_/ t h t

HZ'R=R0 R =00 =0, O=m/2,608=T
CHy; , R=8y -1 Cy Hg

Figure 12. Orbital correlation diagrams for H,, CH,, and C,H,.
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ground state appears from the instability threshold as we have shown in Section
2.C.ii. The three systems considered in the preceding section are homopolar and
the orbitals ¢, = ¢, and ¢,, = ¢» have different symmetries. The solutions of the
HF equation in such a homopolar two electron-two orbital model were studied
by Falicov and Harris (1969), Pople (1971), Fukutome (1972, 1973b), Ostlund
(1972), and Jordan and Silbey (1973). We discuss here the properties of the HF
ground states in the model according to these works.

The HF equation in the model has two closed shell RHF solutions (¢1)* and
(¢2)2. It also has triplet RHF solutions (¢;¢,) and (¢1d2). We use the notation
where RHF orbitals in an open shell without and with bars represent those with
up and down spins, respectively. An ASDW solution exists below (¢ V% and (¢2)*
with the occupied spin orbitals

¢+ =[cos GA)¢1+ (e @) sin GA)d2]n=,
cos A =—a/(b+c),

(189)

where the unit vector e is arbitrary so that the Aspw solution is continuously
degenerated and

a =3(ha—h11) +3((22[22) —(11]11)),
b=511-22|11-22), (190)
c =(12|12).
The energies of these solutions are
(d1)%: E;=¢e+2a+b,
(¢2): Ey=¢e-2a+b,
(@192), ($12):  En=e—c—b,
ASDW: EH=s—c—a2/(b+c),

€ =hy+ha+5(11+22|11+22).

(191)

We note that the normalized energy
e=(Ey—¢e+c)/2c (192)

depends only on the two parameters g =—a/c and r=5b/c and Eq. (191) may
be written

()% e=31+r-gq,

(62): e=3(1+r+q, (193)
(d162), (d-’-m;z)i €= “%",
ASDW: e =—q2/2(1+r).

We show in Figure 13(a) the g dependences of the normalized energies of these
solutions.
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4 (a)

T+r

Figure 13. g Dependences of the normalized energies of the RHF, ASDW, and

exact singlet and triplet ground states in the two electron model (a) and those of

the ratio of the cI coefficients C,/C; in the exact and PASDW ground states. The

triplet to singlet ratio of the components of the ASDW state is also shown in (b)
(---). r=0.2 in these graphs.

As seen in Figure 13(a), (¢1)° and (¢2)* cross at g = 0. They are the singlet
RHF ground states in the regions g >0 and g <0, respectively. The existence
condition for the Aspw solution (189) is

—l=-a/(b+c)=1. (194)

The right-hand inequality of Eq. (194) is identical with the triplet instability
condition (185) for (¢1)> and the left-hand one with the triplet instability
condition for (¢;)>. The Aspw solution connects with (¢;)* at ¢ = 1+r and with
(¢2)* at ¢ =—(1+r). It gives a potential connecting smoothly the potentials of
the two RHF solutions. The series (¢1)*—~AsDW—(¢,)° is the singlet HF ground
state of the system.

When the condition

a’-b*—bc=<0 (195)



1008 FUKUTOME

is satisfied, the triplet RHF solution becomes lower in energy than the Aspw
solution as seen from Eq. (191). As shown in Fukutome (1973b), condition (195)
is nothing but the A_M instability condition for the Aspw solution. The two
solutions, however, do not interconnect but cross at the A_M instability threshold
q==(r+ r)!/?. Therefore, the A_M instability is a crossing instability represent-
ing the crossing of the triplet RHF solution with the Aspw solution. Condition
(195) is also the A_M stability condition for the triplet RHF solution. If it is
not satisfied, the triplet RHF solution is A_M unstable but if it is satisfied, then
the triplet solution becomes A_M stable. There is no other triplet type solution
and the triplet RHF solution is the triplet HF ground state of the system.
The exact singlet ground state of the model is given by

l‘Po} = C1“¢1<51“ - C2||¢2<I;2”,
Cy/Cr=[(4a*+cH)*+2al/c =(1+49Y)"*—¢, (196)

Eo=e+b—(4a’+cH"?,  eo=31+r—(G+g)"

The exact triplet ground state with spin magnetic quantum number +1 coincides
with the triplet RHF solution. The Slater determinant of the Aspw solution with
e = z is expanded into RHF configuration as

|DASPWy = 1(1 + cos A b1l — 1(1 - cos A)|b2bal]

o ! _ (197)
+2sin A(|201]—ld162])).

The first row of Eq. (197) is singlet but the second row is triplet. We show in
Figure 13(b) the g dependences of the ratios C,/C; in the exact singlet ground
state and (1 —cos A)/(1+cos A) in the singlet projected AsDw solution, lpASDW.
We see in Figure 13(b) that the 'PASDW wave function is a good approximation
to the exact one in the region of small q. It coincides with the exact wave functions
at ¢ =0 and q = =(r*+r)"%. The 'PAsDW wave function connects with the RHF
wave function with a discontinuity in the first order derivative as seen in Figure
13(b). This discontinuity at the instability threshold reflects the second order
phase transition like character of interconnecting HF instabilities.

We also show in Figure 13(b) the g dependence of the relative weight of the
triplet component in the Aspw wave function. It becomes large at small g and
is equal to 1 at g =0. The error of the ASpw energy due to the contamination
of the triplet state becomes maximal at g =0. The error E APV —Eo=-b at
q = 0 s solely due to the contamination of the triplet component since the singlet
component at g =0 is identical with |¥;). Therefore, the error in the AsDW
energy may become appreciable if b is not small. Such a situation is met in CH;
as we shall see in the next section. However, the error of this kind can be
eliminated by the projection to the singlet state. We note that the Aspw and
triplet solutions have the correct ordering in energy irrespective of the value of
r because they cross at the same point as the crossing point of the exact singlet
and triplet ground states.
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Figure 14. HF and CI potentials in the dissociation of H,.

iii. HF Ground State of Hydrogen Molecule, Ethylene, and Carbenes. We
apply the result of the preceding section to H,, C,H,4, and CH,.

(a). Hydrogen molecule: In H,, the RHF orbitals ¢; and ¢, are given by Eq.
(181). Hence, the parameters (190) are

a =(X1|th2)+<X1X2|X1X1),
b =(X1X2|X1)(2>, (198)
c =%((X1X1IX1X1)—<X1X1|X2X2))-

Since a =0, only region q =0 is realized. We show in Figure 14 the adiabatic
potentials against the interatomic distance R of the RHF ground state (¢;)°, the
AsDW ground state, and the full c1 singlet and triplet ground states. The RHF
ground state potential does not converge to the two dissociated hydrogen atoms
in the limit of R = 0. This well known discrepancy of the RHF potential in the
dissociation behavior is rescued by the AsDw solution appearing from the triplet
instability of the RHF ground state. The AsDW potential converges to the correct
dissociation limit of two hydrogen atoms. Since a >0 and ¥ -0 in the limit
R - o0, the ASDW energy is exact at R = 0. Thus, the HF ground state (¢1)2-—ASDW
gives a potential with correct dissociation behavior.

For e =z, the AsDW orbitals (189) are of the pDODSs type and their spatial
orbitals are in the corresponding orbital form

&7 =cos (3A)p1£sin GA )2 (199)

The AsDw orbitals (199) have the structure as depicted in Figure 15. In the
ASDW state, the up spin electron localizes toward an atom and the down spin
one toward another atom. The localization of two electrons becomes complete
in the dissociation limit because A >imw or —sm at R->o0 (there are two
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d coslz\— <1>zsin)2L

21012 Figure 15. AsDW orbitals in H,.
21013

possibilities in the sign of sin (3A) for a given cos A so that the Asbw solution is
doubly degenerated for a given e), so that

é1>x1 Orxs,
¢1>x2 Orxy, (200)

0% %) s i gall - or Ix2ill-

Thus, the Asbw wave function in the dissociation limit consists of the correct
localized atomic states though it involves the component of incorrect total spin.
It represents the diradical state H- + H-.

(b). Internal rotation of ethylene: In the case of twisted C,H, too, the RHF
orbitals and the parameters a, b, and ¢ are given in the forms of Egs. (181) and
(198), respectively. The parameter a, however, can take both positive and
negative values, a >0 for 050<%1r and a <0 for %ﬂ-<0$1r. At 6 =%1r, a=0
but b # 0. We show in Figure 16 the adiabatic potentials against  of HF solutions
and exact eigenstates of two electron—two orbital model. The potentials of all
the HF solutions and exact eigenstates not described in the preceding section are
drawn also in Figure 16. We see in Figure 16 that the potential of the HF ground

15
E
(eV)

i T
\<¢( Xp,)
SOW \\\

0 n/2 8 (radian) T

Figure 16. HF (—) and CI (- - -) potentials in the internal rotation of C,H,.
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state (¢1)°~ASDW—(¢,)? is a good approximation to the potential of the exact
singlet ground state. The parameter » is the interatomic exchange integral
between the two 2p lobes y: and x» and its value is small in the whole range
of 6, so that the error in the ASDW energy due to the contamination of the triplet
component is small. The Aspw orbitals have the form of Eq. (199) and an
electron localizes toward a carbon atom and another one toward another carbon
atom in the manner similar to the Aspw state in H,. The localization of the two
electrons becomes complete at 6 =37 and the AsDw orbitals and wave functions
become of the form of Eq. (200). The Aspw state therefore represents the
diradical state =C—C=.

The model has a ccw and an Ascw solutions which are degenerate in energy
and connect smoothly the potentials of ($1)* and (¢,)* as shown in Figure 16.
However, their energy is higher than the energy of the Aspw solution and the
potential of the series (¢;)’—ccw, Ascw—(¢,)* does not cross with the triplet
state at the correct position. Hence, they are considered to be unphysical
solutions. There is also a cDw solution

@ =[cos (301 +sin GA )21,
cosA =a/(c—b), (201)
Eu=¢e+c+a*/(c-b).

It is a closed shell solution breaking the spatial symmetry. It connects smoothly
(¢2)* and (¢1)” from the upper side as seen in Figure 16. The potential of the
series (¢2)°—~cDW—(¢1)” is a good approximation to the potential of the singlet
excited state Z. The cpw orbitals are also localized toward a carbon atom. The
localization of the cDw orbitals becomes complete at 8 = 3 @+=X1Mx OF X2Mx
(the cpw solution is doubly degenerated with sin (A )'s of different signs). Hence,
the cbw solution at @ =37 represents the zwitter ionic state =C —C"= or
=C*—C <. The singly excited configurations (¢:¢>) and (¢.¢;) also are the
HF solutions of the model. They are the equal weighted superpositions of the
triplet state T and the singly excited singlet state V. Their potential is just at
the middle of the potentials of the T and V states. The error of the potential
is constantly large, so that they cannot be regarded as a reasonable approximation
to either of the T or V state.

The Aspw potential crosses with the triplet state potential and the lowest
energy HF state at the orthogonal conformation is triplet in agreement with the
ordering of the exact singlet and triplet ground state. This ordering of the two
states in the two electron model, however, is reversed in the full valence electron
system. The ASDWw state as well as the exact singlet ground state becomes lower
than the triplet ground state. The reason for this reversal will be discussed in
Section 3.B.i.

(c). Carbenes: In the case of methylene, the two electron model does not
provide potentials that can be compared with the real bending potentials because
the relation of the hybridization angle a to the bending angle 8 is unknown and
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the bonding o electrons also are contributing to the potentials. However, the
essential feature of the state of two nonbonding electrons can be correctly
described by the two electron model. The RHF orbitals of nonbonding electrons
in the two electron model are given by Eq. (182). The Aspw orbitals [Eq. (199)]
have the structure as depicted in Figure 17. As a result of the mixing of the o

B gt
/@@
@@f%f\\ )

Figure 17. Structure of the nonbonding ASDW orbitals on the carbon atom of CH,.

and 7 type RHF orbitals, the ASDW orbitals ¢ are the hybridized 2p lobes
whose directions are tilted against the molecular plane by angles £8, tan 8 =
[tan (3A)]/cos a. The two nonbonding electrons enter into the different lobes
tilted toward different sides of the molecular plane. The ASDW corresponding
orbitals ¢7 become pure 2p lobes with the tilting angles +im, i.e., they are
orthogonal, at @ = 7. Hence, the Aspw state in CH,; represents the one center
diradical >C: in contrast to the aAspw states in H, and C,H, representing two
center diradicals.
The parameters (190) at § = 7 become

a= 0, c= <pxpz |pxpz)a
(202)

b =%<(px +pz)(17x "pz)l(px +Pz)(Px —pz»: c.

Since b is an intraatomic exchange integral, its value is not small and the
projection to the singlet component of the ASDwW state is necessary for getting
a good potential.

A full valence electron MINDO/2 UHF calculation was carried out by Takabe
et al. (1976) for the carbenes CH,, CHF, and CF,. We show in Figure 18 the
full valence electron UHF bending potentials. The singlet projected AsSpw poten-
tial is also shown. The RHF ground state of CH, and CHF is always triplet
unstable for § > 80° and the singlet HF ground state at the equilibrium geometry
is the Aspw type. On the other hand, the RHF ground state in CF; is stable in
the region # < 135° and the equilibrium geometry belongs to the region of stable
RHF ground state. The relative position of the singlet and triplet HF ground state
potentials changes sensitively upon substitution by fluorine. The triplet potential
of CH; lies much below the projected AsDW potential and the ground state of
CH,; is triplet. The projected Aspw and triplet potentials in CHF have the
equilibrium geometries with nearly same energies, indicating that CHF may be
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present in both singlet and triplet states. The triplet potential of CF, is much
higher than the singlet potential and the ground state of CF, is singlet. These
results are in agreement with the results of an ab initio SCF cI calculation by
Harrison (1971).

EleV)

~157

-159

80 120 150 180

E(eV)

-617

-619

90 120 150 180°

(b)
Figure 18. HF bending potentials of CH; (a), CHF (b), and CF; (c).
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Figure 18. (Continued from previous page.)

iv. unF Theoretical Classification of Singlet Ground State Reaction Mech-
anisms. The results in the preceding three sections indicate that the Aspw ground
state appearing from a triplet instability of the singlet RHF ground state represents
a state of diradical character. A singlet diradical, in the intuitive chemical picture,
has two electrons of opposite spins localized to different regions of a molecule.
An aspw wave function has different orbitals for electrons with opposite spins.
The pODs character of AsDw orbitals provides a natural orbital representation
for diradicals. .

Hayes and Siu (1971) and Salem and Rowland (1972) characterized a singlet
diradical, from the cI point of view, as a molecule having the ground state wave
function with a heavy mixing of a pairwise doubly excited RHF configuration.
According to their characterization, a two electron system is a singlet diradical
if the ratio C,/C, of the cI coefficients in the singlet ground state wave function
(196) is large. Our characterization of a singlet diradical as a molecule having
the HF ground state of the ASDW type is consistent with theirs. As shown in
Figure 13(b), the ratio C,/C; becomes large in the region of the Aspw ground
state and the singlet projected Aspw wave function correctly approximates the
c1 wave function with growing C,/C;. In the region of the Aspw ground state,
a correlation effect becomes of essential importance. The RHF ground state
without the correlation effect leads to qualitatively incorrect results in the region
as seen in the incorrect dissociation behavior in H, and the failure to give a
smooth potential for the internal rotation of ethylene. A triplet instability of the
RHF ground state signals the essential importance of a correlation effect. The
ASDW ground state appearing from the instability automatically incorporates the
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essential correlation as we have seen in the two electron model and shall
demonstrate for more complicated systems.

We can use a triplet instability of the RHF ground state as the UHF theoretical
criterion for the onset of a diradical character in the singlet ground state. The
result in Section 3.A.i can be generalized as a sufficient condition for a triplet
instability to occur. A triplet instability of the RHF ground state always takes
place in a reaction path with crossing of the Hiickel type occupied and unoccupied
orbitals, i.e., in a symmetry forbidden reaction path in the sense of Woodward
and Hoffmann (1969).

A diradical can be represented by an Asbw wave function. However, Aspw
wave functions may also represent tetra, hexa, etc., radicals as we shall show
later. Yamaguchi (1975a) proposed a quantitative measure for the radicalness
of an ASDW state. ASDW orbitals can be brought into the corresponding orbital
representation [Eq. (103)]. Corresponding orbitals ¢% are in general different
from the HF orbitals which are eigenstates of the Fock operator and orbital
energies cannot be associated with them. However, the ASDw natural orbitals
¢4 and ¢4 constituting them are not only the natural orbitals of the ASDw wave
function, but also coincide with the natural orbitals of the projected AsDw wave
function as proved by Harriman (1964). Hence, the number density matrices of
the unprojected and projected Aspw wave functions are diagonalized by the
ASDW natural orbitals so that they are the orbitals most suitable to see the
electron distributions in these wave functions. Each corresponding orbital pair
(¢4, ¢a) reduces to a closed shell in the RHF ground state. The parameter d,
defined by

(dalda)=cos2ka=1—-da, (203)

represents the extent of the splitting of the two corresponding orbitals; ds =0
for the closed shell ¢4 =¢a and ds =1 for the complete diradical with two
electrons entering into disjoint orbitals ¢4, (¢4 |#a)=0. Therefore, the two
electrons in a corresponding orbital pair can be regarded as a diradical if d4 has
an appreciable value. If d4 =0 except for one, two, or three corresponding
orbital pairs, then the Aspw state can be regarded as a diradical, tetraradical,
or hexaradical.

In a system with a crossing of occupied and unoccupied orbitals, a triplet
instability always occurs. The triplet instability is suppressed by introduction of
heteropolarity into the system. Introduction of a heteropolarity in general
destroys the orbital crossing and a finite energy gap is produced. The finite
energy gap is unfavorable to the triplet instability as discussed in Section 3.A.i
and suppresses the occurrence of it. An analysis of the HF solutions in the
heteropolar two electron-two center model molecule confirmed the suppressing
effect of heteropolarity to the triplet instability of the RHF ground state, Fukutome
(1973a). The AsDw ground state disappears when the heteropolarity exceeds a
certain limit and the nature of the HF ground state changes at the limit from
diradical to zwitter ionic. The effect of fluorine substituent in CH, discussed in
the preceding section provides an example of the triplet instability suppressing
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effect of heteropolarity in real molecules. Single substitution is not sufficient to
suppress completely the triplet instability in CHF, but CF; with double substitu-
tion has the stable RHF ground state at the equilibrium conformation.

Yamaguchi et al. (1973a) proposed a UHF theoretical classification of singlet
ground state reaction mechanisms by means of the triplet instability and orbital
phase continuity criteria. Radical and nonradical mechanisms can be discrimi-
nated by occurrence and nonoccurrence of a triplet instability as discussed above.
In concerted reactions of Woodward and Hoffmann (1969), symmetries of
occupied RHF orbitals are conserved. Conservation of orbital symmetries implies
conservation of signs of Mo coefficients of occupied RHF orbitals. The latter
criterion, the orbital phase continuity, is wider than the former because it can
be applied to systems without symmetry. The orbital phase continuity criterion
was utilized by Goddard III (1972) to obtain selection rules for reaction mechan-
isms from the generalized valence bond (GVvB) picture. Yamaguchi et al. (1973a)
discriminate symmetry allowed (concerted) and symmetry forbidden (nonconcer-
ted) reactions by conservation and nonconservation of the RHF orbital phases.
Thus, singlet ground state reactions are classified into the four mechanisms, the
symmetry allowed nonradical (AN), the symmetry forbidden nonradical (FN), the
symmetry allowed radical (AR), and the symmetry forbidden radical (FR) mechan-
isms. We note that the terms allowed and forbidden do not literally represent
the allowedness and forbiddenness of the reaction mechanisms except for the
AN case which is equivalent to Woodward and Hoffmann’s concerted mechanism
but represent the orbital correlation and the phase situations to characterize the
mechanisms.

We show in Figure 19 the orbital correlation and phase situations for the
four mechanisms to be realized. In the AN and FN cases, no crossing of occupied

e N V

Large N

gop

T T +HT T
AN FN
Small T ~—" R
//\\
9P T -
AR FR

Figure 19. Orbital correlation situations for realization of the four reaction mechan-
isms. Dashed lines represent that the system is derived from a prototype-system
with orbital crossing by introduction of a heteropolarity.

and unoccupied orbitals is present and the orbital energy gap is large enough
for no triplet instability to occur. The orbital phases are conserved in the AN
case but not in the FN case. In FN reactions, there is a point on the reaction path
where a MO coefficient of an occupied RHF orbital vanishes and changes sign
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beyond it. Such a point is called the transition point. In the vicinity of the
transition point, the two electrons in the orbital are repelled from the Ao with
vanishing MO coefficient so that the system has a zwitter ionic character. An FN
reaction usually has a corresponding prototype homopolar system with orbital
crossing from which it is derived by introduction of heteroatoms and substituents.
If the heteropolarity is strong enough, then a large orbital energy gap is produced
but the orbital phases remain nonconserved.

In the AR and FR cases, the orbital energy gap becomes small enough to
produce a triplet instability. The orbital phases are conserved in the AR case but
not in the FR case. A FR reaction has an orbital crossing or is derived from a
prototype system with orbital crossing by introduction of heteropolarity but the
orbital energy gap produced by the heteropolarity is not so large as deprives
the triplet instability. In order for the FrR and AR mechanisms to be realized, the
orbital energy gap at the intitial state must be small. As shown in Figure 20, in

RH\FA-H:Z RH% R%
2 RHF,
ASOW ASDW ASDW

FR large gop FR small gap
(@) (b) (b

RHF RHF
TN T U
AR small gap
(c) (c")
Figure 20. HF state correlation diagrams for an FR path with large initial gap (a),

for an FR path with small initial gap, and nonradical (b) or radical (b') initial state
and for an AR path with small initial gap and nonradical (c) or radical (c') initial state.

a FR reaction with orbital crossing, the initial and final states have different RHF
ground states, RHF; and RHF,. The two RHF states cross in the reaction path. If
the orbital energy gap at the initial state is large, the energy gap between the
two RHF states is also large and their crossing point usually has much higher
energy than the initial state so that the Aspw ground state connecting the two
RHEF state is also of high energy as depicted in Figure 20{a) and the reaction is
forbidden. This argument is the same as for Longuet-Higgins and Abrahamson
(1965) for the forbiddenness of symmetry nonconserving reaction paths. How-
ever, if the orbital energy gap at the initial state is small, then the energy gap
of the two RHF state is small and their crossing point and consequently the ASDW
state connecting them are of low energy as depicted in Figure 20(b) so that the
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reaction becomes allowed. The initial state of such a realizable FR reaction may
be triplet stable [Fig. 20(b)] or unstable [Fig. 20(b’)]. In the latter case, the initial
state is already a diradical. The above consideration shows that Fr reaction paths
may be readily realizable in diradicals.

The potential of an AR reaction looks like Figures 20(c) and 20(c’). If the
orbital energy gap at the initial state is small, the potential barrier is low and
the reaction is allowed. If the initial gap is large, then the potential may be high
and the reaction may be forbidden since the triplet instability in the reaction
requires a small energy gap in an intermediate stage which requires a shift of
the highest occupied orbital (HOMO) to high energy side or of the lowest
unoccupied orbital (LUMO) to low energy side. We note that the potentials in
FR and AR reactions are lowered by the correlation effect to be incorporated
into the Aspw ground state. In a FR reaction, the two diradical electrons attain
complete localizations at the point of orbital crossing while their localizations
remain always incomplete in an AR reaction without orbital crossing. Therefore,
the FR and AR mechanisms can be characterized as the complete and incomplete
diradical mechanisms, respectively. An extensive discussion was made by
Yamaguchi (1978) for the selection rules of chemical reactions derived from the
UHF theory and the other models.

Conversion of reaction mechanism from diradical to zwitter ionic by asym-
metric substitutions has been observed in many reaction systems. Yamaguchi et
al. (1973b) analyzed the cycloaddition reactions of singlet oxygen to olefins by
the UHF criteria:

Y
X Y (0] X 0]
LIRS
) O
They showed that the reaction has a triplet instability domain for X, Y = H but
none for X = CHj; and Y = NH,, so that the latter case is zwitter ionic. Yamaguchi

and Fueno (1973) also examined the ring opening reactions of the triangular
molecules:

CH™ CH, X
VRN VAN /N
H,C—CH, X>—Y  CHR“CHR
X,Y=CH,,CRR'orO: X=CH ,NR, O, orS.

They showed that a triplet instability occurs in the systems with weak asymmetry
and the reactions are diradical but it disappears in the systems with strong
asymmetry and the reactions become ionic.

We note that introduction of heteropolarity may convert an unrealizable FR
reaction to realizable one. Consider a reactant and a reagent with large orbital
energy gaps. If their HOMO’s and LUMO’s energies are close, then FR reaction
between them is impossible. However, when heteroatoms or substituents are
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introduced into, say, reagent, the HOMO-LUMO gap between the reactant and
reagent may become small sufficient enough to yield an FR reaction between
them. A typical example of such reactions is charge transfer reactions. They
have both ionic and diradical characters. Yamaguchi (1975b) and Takabe and
Yamaguchi (1976) showed that the UHF criteria are a good means to discriminate
the ionic and charge transfer (ionic diradical) mechanisms.

We have shown in Section 3.A.i that the Coulombic attraction between
excited electron and hole and the exchange interaction of excited electron with
electrons remaining in occupied orbitals as well as small orbital energy gap are
the factors to control a triplet instability. If the particle-hole attraction and the
exchange interaction are small, then triplet instability may not occur even for
small but finite orbital energy gap. Such a situation is realized if the differential
overlap between the relevant unoccupied and occupied orbitals is small.
Takahashi and Fukutome (unpublished) showed that such a mechanism is operat-
ing in the reaction to generate benzyne. The RHF HOMO and LUMO of benzyne
are symmetric and antisymmetric orbitals composed of the ¢ A0’s without the
partner hydrogen atom depicted in Figure 21. Since the lobes of the o AO’s are

[ o

L L
o* o

Figure 21. ASDW orbitals of benzyne.

not parallel, their overlap and consequently the HOMO-LUMO gap are small so
that the RHF ground state of benzyne is triplet unstable. The HF ground state
of benzyne is an AsDw with the structure similar to those of H, and C,H,.
Benzyne is produced most effectively by the ionic abstraction of LiH from Li

substituted benzene
Li
@ - @| r L

UHF calculation of this system showed that triplet instability does not occur even
for the distance of LiH farther than 5 A indicating that the reaction can proceed
ionically. Triplet instability occurs in the abstractions of H, and HF as soon as
the abstractions begin. The large delay of the triplet instability in the LiH
abstraction is due to the fact that the LUMO’s of benzyne and LiH have very
close energies so that the LUMO of the total system is delocalized over both
benzyne and LiH while the HOMO is localized on benzyne. This makes the
particle-hole attraction and exchange interaction in the system small and leads
to suppression of triplet instability. Thus, the strong LUMO-LUMO interaction
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controls the ionic character of the reaction. It should be noted that triplet
instability and the correlated ground state of a diradical are controlled not only
by occupied RHF orbitals but also by unoccupied ones, so that events in un-
occupied orbitals may effect them. We shall discuss in the next section, another
example of chemical reactions the nature of whose ground state is controlled
by an event in unoccupied RHF orbitals.

B. Systems with ASDW, TSDW, and Tsw Ground States

We consider here examples of chemical reaction systems whose HF ground
state change the nature between RHF, ASDW, TSDW, and TSW types via instabilities
with changes of nuclear conformation. The HF ground state of different natures
in a reaction system are called HF phases. The characteristics of the correlation
effects in UHF phases can be visualized by ‘“‘antiferromagnetic” ordered spin
structures with different modulations of the spin density vectors for different
phases. Instabilities of the HF ground state provide an HF phase map showing
the domains where different HF phases arise. The HF phase map and the spin
structure representation of UHF phases provide a clear understanding for the
electronic processes involved in a complicated correlated wave function under-
going large changes with changes of nuclear conformation.

i. H, System. As the first example of a system with plentiful instabilities in
the HF ground state, we consider here the system consisting of four hydrogen
atoms according to Fukutome et al. (1975).

(a). RHF ground states and their *ST_ instabilities: We consider the H, system
in the conformations with D, symmetry as depicted in Figure 22(a). The

(@) 2)
O ?“" /Dzh

( ;-Vz I o2

3
4 D ) & 4
K ey Sy :
3 X : D(Z)" m
O R/ 7 ol \Dan e
> y 0 R%? Ria R
{d) (b)

Figure 22. D, conformation of the H, system (a) and the conformations of higher
symmetries contained in the geometry (b). RHF ground states cross on the heavy
lines in (b).

intramolecular distances are kept constant and a D, conformation is specified
by the intermolecular distance R and the twisting angle 6. The conformations
contain three D,,, D4y, and D», conformations and a T,; one as shown in Figure
22(b). The RHF orbitals in the minimal basis approximation are
$1=32(x1+x2+ X3+ Xa), $2=3(x1+ X2~ X3~ X4), (204)
b3=3(x1— X2+ X3~ X4, ba=13(x1—x2— X3~ X4).
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Figure 23. Orbital correlation diagrams in the H, system against R on D,,, confor-
mations (a) and against  on a path in the region I (b), traversing regions II, I, and
III (c) or regions II and III (d).

We show in Figure 23 the Hiickel type correlation diagrams for the RHF orbitals.
As seen in Figure 23, the orbxtals ®> and ¢3 cross on the D“) and D“)
conformations, ¢, and ¢4 on DY} and DY), and ¢3 and ¢4 on D(3 ) and D).
The three orbitals ¢, ¢, and ¢4 cross simultaneously on the T, conformation.

Because of these orbital crossings, there are three different RHF ground states
in the system, RHF; = (61)(¢2)*, RHF; = (¢1)*(¢3)%, and RHF; = ($1)%(da)>. They
are the RHF ground state in the regions I, II, and III and cross on the D, and
D, conformations drawn by the heavy lines in Figure 22(b). The RHF ground
states become triplet unstable in the regions near the D,, lines because of the
orbital crossings in them. The transitions of each RHF ground state are divided
into the two groups with different spatial symmetries as shown in Table VII.

TABLE VII. Symmetry of transitions to cause triplet
instabilities in the Hy4 system.

CANCHE T, 154,253 B,
T, 1-3,2-4 B,
(62)%(¢3)° T} 154,352 B,
T, 12,34 B,
(62)(¢01)’ T 153,452 B,

T3 152,453 B,
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Because of the presence of the two groups of transitions with different spatial
symmetries, the triplet instability matrix of each RHF ground state is decomposed
into the two matrices which are irreducible to the D, symmetry group. Therefore,
each RHF ground state may have two kinds of triplet instability due to transitions
with different spatial symmetries. We define in Table VII the names of possible
triplet instabilities. The primed ones have the same symmetry as the correspond-
ing unprimed ones.

We show in Figure 24 the triplet instability boundaries of the RHF ground
states. RHF;, RHF,, and RHF; are stable in regions (1), (2), and (3) of Figure 24,
respectively, but become triplet unstable in the other regions. We note that both
the two kinds of the triplet instability occur in every RHF ground state and their
instability boundaries cross on the point A, B, or C as seen in Figure 24; namely,
doubly degenerate triplet instabilities occur on the points A, B, and C.

7[/2

(n
n/4

0 0 20 30 Reaun

Figure 24. Triplet instability boundaries in the H, systems. The type of the triplet
instabilities leading to the ASDW ground state is indicated beside the boundaries.
The instability leading to high energy ASDW solutions are drawn by dashed lines.
Different ASDW ground states cross on the lines connecting the degenerate triplet
instability thresholds A, B, and C to T, R, is fixed at 2.5 a.u.

(b). AsDW ground states: From the triplet instability boundaries, Aspw
ground states appear. The triplet instabilities with the same symmetry lead to
the same ASDW ground state, so that three different ASDw ground states ASDw;,
ASDW;, and ASDW; appear from the T and T, T, and T3, and T3 and T3
instabilities, respectively. The Aspw ground states have the orbitals

ASDW;: @7 =[¢1cosA1/2+ (e 0)dasin A1/2]n., (205)
@3 =[¢2cosA2/2+ (e @)ds3sin A2/2]n.;
ASDWy: @1 =[¢100s A1/2+ (€' 0)¢3sin A1/2]m.,
(206)

@7 =[P2c0s A2/2+(€' - @)¢asin A2/2]n.;
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ASDW3: @1 =[¢1c0s A1/2+(e" - @)z sin A1/2]n.,
@2 =[$3c08 A2/2+(e"* O)dasin A2/2]n..

ASDW;, ASDW,, and ASDW; are the ASDW ground states in regions (4), (5), and
(6) respectively, of Figure 24. In these ASDW orbitals, occupied and unoccupied
RHF orbitals are mixed according to the transitions to cause the relevant triplet
instability. For e, €', and e" = z, the orbital mixings in up and down spin Asbw
orbitals are made with different phases, so that they are localized toward two
different atoms. We show in Figure 25 the structures of the Aspw orbitals. As

e¥sietade.

(207)

(a)
Q g Gc— ! 3
o & g o/
Pt .'" ‘PJ* S
,/+ //+
(C)

Figure 25. Structures of ASDW,; (a), ASDW; (b), and ASDW; (c) orbitals in the H,
system. The spin structures of the ASDW states are also shown.

seen in Figure 25, the three Asbw solutions have different orbital localizations.
The narameter A, in ASDW becomes 37 on the DY) and DY) conformations,
so that the orbitals ¢3, etc., with different spins, become completely localized
on two different atoms. Because of the spin polarized localizations of the ASDW
orbitals, the AsSDw ground states have the axial spin structures as depicted in
Figure 25. Thus, the three Aspw solutlons are characterized by different axial
spin structures.

We show in Figures 26(a), 26(b), and 26(c) the adiabatic potentials of the
RHF and ASDW solutions on a path traversmg a D conformation, on D)
conformations, and on a path traversing a DS} conformation, respectively. We
see in Figures 26(a) and 26(c) that the potential of AsDw; connects smoothly
with those of RHF; and RHF;. Similarly, ASDW, connects RHF; and RHF; and
ASDW; RHF, and RHF;. On the other hand, Aspw; and ASDW, cross on D3}
conformations as seen in Figure 26(c). Similarly, AsDwW, and ASDW; cross on
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Figure 26. HF potentials in the H4 system on the DY} pathwith R, +R;3=5.0a.u.
(a), on square (Df,lh)) conformations (b), and on the path with R =2.0a.u. and
Rl?_ =25a.u. (C)
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Figure 26. (Continued from previous page.)

DY) conformations and AsDwW; and Aspw, on DY). The Aspw ground states
become A_M unstable in regions near the D5, conformations and TSDW solutions
smoothly connecting them appear in the regions as we shall show below.

We note that at the D§; conformation the singlet RHF ground state RHF; is
higher in energy than the triplet HF ground state, while the singlet UHF ground
state ASDW; is lower than it as seen in Figures 26(a) and 26(b). The stabilization
of Aspw; to reverse the ordering of the singlet and triplet HF ground states is
due to the contribution from the deeper transition 1 -4 which interferes with
the main transition 2 - 3. If the contribution from transition 1 -4 is neglected,
ASDW; remains a little higher than the triplet HF ground state though it is
stabilized compared to RHF;. The ordering of the UHF ground states is in
agreement with the result of ab initio calculations by Wilson Jr. and Goddard
III (1969) and Rubinstein and Shavitt (1969). A similar situation also occurs in
the internal rotation of ethylene as we have mentioned in Section 3.A.iii. In this
case, the stabilization of the singlet ground state compared to the triplet is
brought about by the deeper o—o™* transitions. Thus, the UHF theory is able to
automatically incorporate the effect of deep transition that may affect the ordering
of the singlet and triplet ground states.

(c). Tspw and Tsw ground states: There are three TSDW solutions, each of
which smoothly connects two of the Aspw solutions. The presence of the TsDW
ground states is indicated by the presence of the three doubly degenerate triplet
instability thresholds A, B, and C in Figure 24 as we have discussed in Section
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2.C.ii (Fig. 6). A TsDW solution has a wedgelike existence domain with the vertex
at a degenerate instability threshold and smoothly connects the two ASDW
solutions appearing from the two triplet instability boundaries which cross at
the degenerate instability threshold as we have indicated in Figure 8. We show
in Figure 27 the existence domains of the three TSDW ground states.

Figure 27. Domains of the TSDW and TSW ground state in the H, system. Black

dots represent degenerate instability thresholds. The mode of spin modulation in

each UHF phase is also shown. Dashed lines represent some instability boundaries
leading to high energy UHF solutions.

The occurrence of the degenerate triplet instabilities on the D4, conforma-
tions A, B, and C is due to the crossing of unoccupied orbitals on D,, conforma-
tions as shown in the orbital correlation diagram of Figure 23(b). The T, and
T, instabilities of RHF, involve the two transitions 23, 1>4 and 2>4, 1> 3,
respectively, as shown in Table VII. Consequently, Aspw; and ASDW, appearing
from the T, and T, instabilities incorporate only the contributions of those two
transitions. In the D, conformations not close to D5, the lowest transition 2 - 3
or 2 -4 is the most important, so that ASDW; or ASDW; can correctly approximate
the ground state. The two unoccupied orbitals ¢; and ¢4 cross on D(23d) conforma-
tions, so that both transitions 23 and 2 » 4 become equally important in the
D, conformations close to D). The energy gaps of ¢; and ¢4 to the HOMO ¢»
become small in the conformations close to DY) and T, so that the ground state
begins to have the configuration mixings due to the transitions 2> 3 and 2> 4
with equally large weights. The Aspw wave function with only the configuration
mixing due to either one of the two transitions, therefore, becomes unable to
correctly approximate the ground state. The TSDW ground state, on the other
hand, involves the contributions from both the two transitions and is able to
correctly approximate the ground state. This example shows that a crossing of
unoccupied orbitals may contribute to a change of the nature of the correlated
ground state if the orbital energy gap at the crossing point is small.
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The three orbitals ¢, ¢3, and ¢4 become nearly degenerate in the conforma-
tions close to T,. This brings about a further complication in the correlation of
the ground state near T, As a reflection of this situation, a TSw state appears
in a region near T, depicted in Figure 27 which connects smoothly the three
TSDW solutions.

The Tsw solution has the orbitals in the form

0a=(d1b1a+ 0302024+ 0203b34 +T1d4bsa) N,
(208)

b?;\biB = 6AB’ Ay B= 19 23

™ &

i=1

fl

where the coeflicients b;4 are complex. The Tsw solution reduces to the three
TSDW solutions when b,4’s satisfy the conditions

TSDW;: bzA = imaginary; b]A, b3A, b4A = real,
TSDW;: b3 = imaginary; bia, baa, bsa =real, (209)
TSDW;: by = imaginary; bia, bra, b34 =real.

TSDW;, TSDW;, and TSDW; are M,, M,, and M, invariant, respectively. TSDW,
reduces to ASDW,; with e = x and AsDW; with e =y in the limits

ASDW;! ba1, b3y, b1, baz =0,

210
ASDW3: b21, ba1, b1, b3 =0. ( )

TSDWl{
Similarly, TsDW, can reduce to Aspw; and AsDW; and TSDW3 to ASDW, and
ASDW3,
The TsDw; orbitals on the ng) conformations become

T “(¢ cos/—\i+—1—(o- ¢3tod )sin&)n
®1 1 2 \/E 293 194 5 EY
) (211)
. + A LA
—ios@s = (¢2 cos -23+7-§(01¢3 +0264) sin —23) N+

The orbitals (211) are quite analogous to the form of the helical spw of
Overhauser (1960, 1962). The Tsw orbitals at the T, conformation become

( ( ) Si]l ) 1’
(p = ¢ cos o ¢ t o4 ¢ } a ¢4 4+
1 1 \/_ 392 23 1

1 2wi
@3 =\/—§(a3¢2+w202¢3+w01¢4), w=e*""3,

The structures of the TsDw and Tsw solutions given above were determined by
the group theory for the structure of UHF wave functions described in Section
2.B.iv. Their invariance groups are such that they give the ordered spin structures
the most symmetrical under the relevant spatial symmetry group.
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The spin structures of the Tsbw and Tsw ground states can be calculated
from their spin density matrices. We show in Figure 28 their spin structures on
a path traversing a D5, conformation [Fig. 28(a)] and on the path of DY)
conformations [Fig. 28(b)]. The HF ground state passes through the three UHF
phases ASDW;-TSDW;—ASDW; and TSDW;—TSW-ASDW; on the former and latter
paths, respectively. We also show in Figure 28 how the spin structure of the

UHF ground state is transformed between those three UHF phases.

ASDW, TSOW, ASDW,
{a)

1 3 y 3 .

- — - ﬂi
2
4 2 4 2 4
\ —~—— J
TSOW, TSW ASDW,
(b)

Figure 28. Spin structures of the TSDw,; and TSWw states in the H, system. (a)
Itlustrates how TSDW, interconnects ASDW; and ASDW, on a path with constant
R. (b) Illustrates how TSW interconnects TSDW, and ASDW; on D5, conformations.

Thus, the singlet HF ground state of the H, system consists of ten phases;
three RHF, three AsDw, three TsDW, and a Tsw. The surprisingly complicated
structure of the HF ground state is due to the presence of plentiful orbital crossings
in the system. Though the HF ground state of the system is so much complicated,
the HF phase map shown in Figures 24 and 27 and the spin structures of the
UHF phases and the ways of their interconversion between the UHF phases shown
in Figures 25 and 28 clearly visualize the physical natures of the UHF phases
and the physical events underlying the transformations of the UHF phases.

The UHF pictures of diradicals discussed in the preceding paragraph are in
agreement with the intuitive chemical pictures of diradicals. The present example
shows that there are chemical reaction systems whose ground states enter into
states of a multiradical nature with more complicated electronic structures than
simple diradicals. It also shows that a reaction system may enter successively
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into multiradical states of different natures which form a hierarchy of radical
states with more and more complicated electronic structures.

The Aaspw states of the Hy system have the character of diradical in the
vicinity of the triplet instability boundaries. However, they tend to have the
character of tetraradicals in the vicinity of the D, and D,,; conformations. The
splitting of the second AsDw corresponding orbital pair ¢3, etc., becomes
complete on the conformations. The splitting of the first pair ¢7, etc., also
becomes appreciable there. When all the interatomic distances are large, it has
a large splitting. In the limit of infinite interatomic distances, the ASDW states
converge to the tetraradical of four isolated hydrogen atoms as seen in the
potential of Figure 26(b). The Tspw and Tsw states represent tetraradicals of
the other kinds. A two electron system cannot have TSDW and TSW states. For
realization of them in a singlet state, at least four electrons are necessary. The
ASDW, TSDW, and Tsw tetraradicals are characterized by more and more compli-
cated electronic correlations which produce spin structures with different modes
in spin density vector modulation. An A_M or M._ instability of an Aspw or
TSDW ground state signals the growth of a correlation effect, which is not
incorporated into the state, up to a critical point to alter the nature of spin
structure. The resultant TsDW or Tsw ground state incorporates the correlation
effect into its wave function.

(d). Configuration analysis of the ASDW and TSW wave functions: A configur-
ation analysis for the singlet projected Asbw and Tsw wave functions at the Dy,
and T, conformations, respectively, was carried out by Yoshioka et al. (preprint).
They showed that the singlet projected Aspw;, 'PASDW;, at the D3, conforma-
tion has the wave function

1 A NE) 1 A
'pPASDW,; = —=c0s* —D +— sin ADgp — —sin> =D \
V2 2 % 6 SV R
o = (1123~ 1133))
G \/—2— ’
(213)
1 — - - - _ —— _ - -
Dgp = 27/_5(”1234” +[1234)+ (11233 +|[1234] - 2[|1234]|— 2| 1234)),

1 s = o
®pg = \/—5("2244" —|[3344}).

where 1, 1, etc., in Slater determinants represent ¢, ¢, etc., and A =\,
(A, ==27/2 at the D$) conformation). The 'PAsDW; wave function contains all
the configurations contained in the full c1 wave function. It becomes identical
with the full c1 one if a numerical factor is multiplied to the spin polarization
configuration ®gp and is a good approximation to the full C1 ground state.
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The singlet projected Tsw, 'pTsw, at the T, conformation has the wave
function
1 A i 1 A
'PTSW = ——=cos’ =@ + —=0 sin AD, ——=(20 + 1) sin” =Dpy,
Vi 2 3V2 3V3 2

1 - = . - -
Dg =—=(1122]|+ w1133+ w?||1144),
V3 (214)

cnz=716-{|uz§zu+n1‘is4n+w<n12‘31||+u1‘254||> +w¥(|1334)+ 233},
Bpy = %(113343n+ wl[2343]+ w2333,

where o =1 and w =exp (£3mi). The 'pTsw wave function contains all the
configurations contained in the full c1 wave function. It becomes identical with
the full c1 one if the parameter o is not constrained to 1 and is a good
approximation to the full c1 ground state. The two 'PTSwW wave functions with
w = exp Gmi) and w = exp (—5mi) are orthogonal and belong to the irreducible
E representation of the T, group.

The full ¢c1 ground state, which has the E symmetry at the T, conformation,
has a Jahn-Teller (1937) cusp at T, On the other hand, the Tsw ground state
does not have it at T, but has a continuous potential there. The failure of the
TSW solution to give the Jahn-Teller cusp is explained as follows. The singlet
component 'pTsw of the Tsw solution has the correct E symmetry but it is an
equal weighted superposition of the real and imaginary components which have
different symmetries with respect to the D,,; symmetry group. These two com-
ponents show the Jahn-Teller behavior at 7, Because of the equal weighted
superposition of them, the Jahn-Teller cusp is smoothed out in the TSW solution.
Therefore, the projection to a spin eigenstate is not sufficient to have the correct
Jahn-Teller behavior, but the further projection to time reversal eigenstates
recovers it.

(e). Remarks on alternant hydrocarbon diradicals: Alternant hydrocarbon
diradicals have the HF ground state of ASDW type similar to the Aspw ground
states of the Hy system. Hashimoto and Fukutome (unpublished) studied the
UHF ground states of the following alternant hydrocarbon diradicals:

0 A —=O—

They found that the UHF ground states of these systems are the AsDW’s with
the alternant spin structures shown in Figure 29. If the numbers of up and down
spin vectors in the alternant spin structure are the same, then the Asbw ground
state is singlet; but if they are not equal, then the ASDW ground state is triplet.
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Figure 29. Ground state spin structures of alternant hydrocarbon diradicals.

This very simple rule for the spin multiplicity of the ground state of an alternant
hydrocarbon diradical is in agreement with experiments and the result of an ab
initio CI calculation by Borden and Davidson (1977).

ii. Dimerization of Carbenes. The second example we consider is the
dimerization reactions of the carbenes CXY, X, Y =H or F, in the planar least
motion path depicted in Figure 30(a). The system was studied by Takabe and
Fukutome (1976). The essential features of the system are similar to the H,
system discussed in the preceding section since the four nonbonding electrons
and the four nonbonding AO’s depicted in Figure 30(a) are essential in the
dimerization. The RHF orbitals concerned with the four electrons are

c=1/N2)(spi+spa),  w=1/V2)(p1+po),
o*=(1/V2)spi—sp2),  w*=(1/V2)(p:—p2).

Upon the correspondence o - ¢, o*> s, 7*> @3, and 7> ¢4, there is a
straightforward formal analogy between the two systems.

The orbital correlation diagram for the dimerization process is shown in
Figure 30(b). A crossing of the occupied and unoccupied orbitals 7 and o* is
present. Note the presence of a crossing between the unoccupied orbitals o*
and 7*. This crossing leads to a TSDW ground state as we shall see below.
Because of the crossing of the orbitals = and o*, the RHF ground states at the
final state of olefin and at the initial state of two isolated carbenes are different.
They are RHF; = (¢)*(7)* and RHF, = (o)’ (c*)?, respectively. The RHF; and RHF,
in the present system correspond to the RHF; and RHF; in the H, system,
respectively.

RHF; and RHF, become triplet unstable owing to the crossing of 7 and o*.
Both RHF; and RHF; have two groups of transitions with different spatial sym-

(215)

6‘
Py P, m*
X X p
[S] sp
Y spy  SP; Y T
O
R 8
Otefin (Carbene);
(a) (b)

Figure 30. Conformation (a) and orbital correlation diagram (b) of the dimerization
of carbenes in the least motion path. Essential AO’s are also shown in (a).



1032

metries:
RHF;: T,
T,
RHF;: T5,
T,

FUKUTOME
* *

T, o->0*-> ASDW,,
% % .

To>o¥, o> 7> ASDW,;
£ *

o-»7¥, o* > 7> ASDW,,

* *
o>, ¥ > 7% > AsDW;.

(216)

The triplet instabilities caused by transitions with different spatial symmetries
lead to different Aspw ground states. We define in Eq. (216) the names of Aspw
solutions appearing from the triplet instabilities of different symmetries. The T
and T instabilities have the same symmetry leading to the same Aspw ground
state. We show in Figures 31(a), 31(b), and 31(c) the triplet instability domains
for RHF; and RHF; in the three systems (CH.,),, (CHF),, and (CF>),, respectively.

o
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Figure 31. HF phase maps of the dimerizations of CH, (a), CHF (b), and CF, (c).
Instability boundaries leading to high energy UHF solutions are shown by dashed
lines. ASDW; and ASDW, cross on the dotted line. The TSDW ground state exists
in a zone surrounding the crossing line. The dot in (c) is a degenerate triplet

instability threshold.
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As we have shown in Section 3.A.iii, the RHF ground state in CH; and CHF is
always triplet unstable, so that the RHF; in (CH;), and (CHF), is always triplet
unstable. On the other hand, the RHF ground state of CF, has a wide stable
domain, so that the RHF; of (CF,), has a stable domain as shown in Figure 31(c).
RHF; always has a stable domain in all the three systems.

The T, instability occurs always first in the rRHF; of (CH;), and (CHF); in
the whole range of bending angle ¢ shown in Figure 31. In (CF,),, a crossing
of the T and T instability boundaries, namely, a degenerate triplet instability,
occurs at @ = 120° which is close to the equilibrium bending angle of the olefin.
The instability to occur firstly in the rRHE, of (CF,), is T5. No crossing of the
T and T instability boundaries occurs, and we do not show the latter boundary
in Figure 31. In (CH;),; and (CHF), also, the T instability matrix has always
a lower negative eigenvalue than T5.

The three Aspw solutions have the orbitals

ASDW;: o1 =[ocosAi/2+ (e a)a*sinA,/2]n,, 217
@3 =[mcos Ay/2+ (e a)m*sinA,/2]n,;

ASDW,: ¢1 =[ccos A /2+(e - o)m*sinA,/2]n,, 218)
o3 =[mcosAy/2+(e - &)o* sin A2/2]n,;
ASDW;! I =[ocosAi/2+(e" o)msinAi/2]n,,

3 er=[ 1 1 n (219)

@3 =[o*cos A/2+ (€ &)m* sin A2/2]7.,.

We show in Figure 32 the structures of the AsSDw orbitals and the spin structures
of the ASDW solutions. We see from Figures 32 and 17 that ASbw; represents
the state composed of two triplet carbenes whose spins are coupled antiparallelly
and AsDW; and ASDW; represent the states with two singlet diradical carbenes
whose spins are coupled antiparallelly and parallelly, respectively. Thus, the
ASDW states represent

AsDW; = 'CCXY +°CXY), antiparallel spin coupling;
AsDW, = {({CXY +!CXY), antiparailel spin coupling; (220)
aspw;='('CXY +'CXY), parallel spin coupling.

We show in Figure 33 the potentials against R of the RHF and ASDW states.
ASDWj is always higher in energy than Asbw, and cannot be a UHF ground state.
Aspw; in (CF;), smoothly connects RHF; and RHF,. The potentials of AspDw;
and ASDW, cross. The dotted line in Figure 31 shows where Aspw; and ASDW,
cross. ASDW; and ASDW, are the Aspw ground state in the regions above and
below the crossing line, respectively.

A 1sDW ground state exists in the vicinity of the crossing line of aAspw,; and
ASDW; which smoothly connects them. The existence of the TSDW ground state
is confirmed by the presence of a doubly degenerate triplet instability threshold
in Figure 31(c). Unfortunately, we could not calculate its existence domain since
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Figure 32. Structures of ASDW; (a), ASDW, (b), and ASDw; (c) orbitals in the
dimerizations of carbenes. Their spin structures are also shown.

we used the MINDO/2 approximation. The TsDW state is stabilized by the
interatomic exchange interaction (the same situation hold also for the TSDW
states in the H,4 system) so that its existence domain cannot be obtained by the
MINDO/2 approximation to neglect it. However, it is certain from the bifurcation
theory given Section 2.C.iii that the TSDW state exists in a stripe region surround-
ing the crossing line of Asbw; and Aspw, and with a vertex at the degenerate
triplet instability threshold.
The TSDW state has the orbitals

¢a=(0Ci1a+017Coa+io2m*Cs4+030%*Csa)7.,

. (221)
CiaCig = 8am, A,B= 1,2,
=1

1

where the coefficients C;4 are real. The M, invariant TsDW orbitals [Eq. (221)]
reduce to those of Aspw; with e = z and AsDw, with e’ = x in the limits
ASDW1; Cs1, Caq, Ci2, Cy2 =0,
TSDW—){ 1 21, C31, G2, Cq2 (222)
ASDW;,! C21, C41, C12, C32 =0.
We show in Figure 34 the spin structure of the Tspw state and how it interconnects
AsDW; and AsDw,. The triplet carbene moieties in ASDW; is converted to the
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Figure 33. HF potentials in the dimerizations of CH; (a), CHF (b), and CF; (c).
Triplet instability thresholds and crossing points of ASDW solutions are indicated
by black and white circles, respectively.
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Figure 33 (cont.)

singlet diradical carbene moieties of ASDW, via the TSDW state with a rotation
of the spin density vectors as seen in Figure 34,

As shown in Figure 18, the ground state of isolated CHj; is triplet. The HF
phase map of Figure 31(a) shows that the singlet ground state dimerization
reaction “CH, +>CH, > (CH,)» proceeds via a path with the two HF phases
ASDW;—-RHF;. The ground state of CHF can be either triplet or singlet. The HF
phase map of Figure 31(b) shows that the reaction 3CHF + *CHF - (CHF),
proceeds via the two HF phases ASDW; » RHFy, while the reaction !CHF + !CHF »
(CHF), proceeds via a path with the four HF phases traversing the TSDW region,
ASDW; - TSDW - ASDW; - RHF;. The ground state of CF; is singlet and Figure
31(c) shows that the equilibrium geometry of the final state olefin is near the
degenerate triplet instability threshold and the reaction 'CF,+'CF,- (CF,),
traverses the TSDW region or passes nearby the region, namely, it proceeds as
RHF; > ASDW, - (TSDW -> ASDW,) -» RHF;. Thus, the above analyses indicate the

Rp ot

ASDY, TSDW ASDW,

Figure 34. Spin structure of the TSDW ground state in the dimerization of carbenes
and the way of interconnection of ASDW;, ASDW, via TSDW.
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possibility of real chemical reactions to proceed via a TSDW state. These reaction
systems have complicated c1 wave functions with heavy mixings of excited
configurations as shown by Mc scF and cr studies by Basch (1971) and Kikuchi
(1972). The UHF theory clearly visualizes the electronic processes involved in
the complicated c1 wave functions.

iii. Hs System. As a typical model system for insertion and addition reactions
of free radicals, the H; system with the isosceles triangular conformations as
depicted in Figure 35(a) was studied by Yamaguchi and Fukutome (1975). The
system has the three RHF orbitals

ba = (1/Y2) cos (6/2)(x1+ x2) +sin (6/2)xs,
b5 =—(1/v2) sin (6/2)(x1 + x2) +c0s (6/2)x3, (223)
& = (1/V2)(x1—x2)s

SVANVAN

Ry

(a)

oY
¢y H————H—
(b)

Figure 35. Conformation (a) and orbital correlation diagram (b) of the H; system
with C,, symmetry.

where yx;’s are the orthogonalized 1s A0’s. The RHF orbitals ¢, and ¢, cross at
the equilateral triangular conformation as depicted in the orbital correlation
diagram of Figure 35(b). Hence, there are the two doublet RHF ground configur-
ations RHF; = (¢,)*(¢",) and RHF; = (¢.)*(¢s), which are the lowest energy ones
in the regions of acute and flat triangles, respectively, and cross at the equilateral
triangular conformation.

A RHF configuration consisting of an open shell electron and closed shells is
not in general a HF state to optimize the HF energy functional as proved by
Paldus—-Cizek (1970b), Fukutome (1974b), and Yamaguchi-Fueno (1976). It
is a HF state only under the special circumstance that the open shell orbital ¢,
satisfies, for all closed shell occupied and unoccupied orbitals ¢. and ¢., the
condition

(pebol Pod ) +{Dod. | Dido) =0, (224)
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owing to the symmetry of ¢¢. RHF; satisfies the condition (224) and is a HF state
but RHF, is not. There is an ASDW solution ASDW; below RHF, that is the HF
solution obtained by the SCF procedure starting from RHF,. ASDW; has the orbitals

@ =[(1/v2) cos (@*/2)(x1 + x2) +sin (@*/2)x3]7=,

e'=dmr, @ =0

(225)

The pair ¢™ is spin polarized but has A, symmetry for the C,, group, namely,
ASDW, is spatial symmetry adapted though it is of broken spin symmetry.

RHF; and ASDW, are stable in the regions of acute and flat triangles not close
to equilateral ones and the HF ground states in these regions, respectively. Owing
to the crossing of the RHF orbitals ¢, and ¢, they become A_M unstable in a
region near equilateral triangles for the antisymmetric spin flipping transitions

RHF;: SN >den-,  dan-—> PpN+,
(226)

ASDW3! > ¢, e >¢",

where ¢~ are the unoccupied orbitals of AsSpw, forming a corresponding orbital
pair. The A_M instabilities of RHF; and ASDW, have the same spatial symmetry
and lead to the TsDW ground state smoothly connecting RHF; and ASDW,. RHF;
also becomes A . M. unstable a little later than the A_M instability and an ASDW
solution ASDW; appears. However, ASDW; is not the HF ground state. We show
in Figure 36 the HF phase map of the H system. We show in Figures 37(a) and
37(b) the potentials of the HF solutions along a path traversing an equilateral
triangle and on equilateral triangular conformations, respectively. In Figure
37(b), the potentials of the doublet projected TsDW state and the full c1 ground
state are also shown.

1.0F

Ry(A)

2.0

P05 10 15 .20 25
Ry (&)

Figure 36. HF phase map of the Hj system. The conformations on the line G-H
has D;), symmetry.
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Figure 37. HF potentials of the H; system on the lines E-F (a) and G-H (D3,;) (b)
in Figure 36. 2p1sDW and full c1 potentials are also shown in (b).

The TsDW state has the orbitals
0= =[(1/V2)CF (x1+ x2) + CixsIn+ (1/V2)C3 (x1— x2) =
@ =[(1/NDCS (x1+ x2)+ Coxaln+ + (1 /NDCS (s —x2Im-,  (227)

3
Z CiACP =das, A B=0,+,

i=1
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where the coefficients C;* are real. The TspW orbitals at equilateral triangles
become

1
V2
@ =(1/N2)(dams— dsm-),

where cos (6/2) = (3)"? in the RHF orbitals ¢, and ¢,. We show in Figure 38
the spin structures of RHFy, TSDW, and ASDW; and how TSDW interconnects RHF;
and AsDW;.

¢i=(¢a COS';L*' (03¢;+01¢b)5in§)nt’

(228)

. -~ - A

RHF; TSDW ASDN,

Figure 38. Spin structure of the TSDW ground state in the H; system and the way
of interconnection of RHF; and ASDW; via TSDW.

We compare the doublet projected TSDW wave function *prspw with the full
C1 one at equilateral triangles. To do this, it is convenient to use the complex
RHF orbitals

b =(1/V3) 1+ x2+x3),
be =1/ +wx1 +0’x2), b =%,

where w = exp Gri). M, invariant TSDW orbitals [Eq. (228)] can be transformed
to M, invariant ones by a spin rotation

@ =a €08 (U/2)Ns+ e sin (u/2) 7=,
¢°=(1/Y2)(@ens +B_ono).
Using Eq. (230), we obtain

2PTSDW = (1 + 008 )||@ududbell+sin ulld_.d—.dall+ (1 —cos p)|p.dd—.|.
(231)

’pTsDW contains all the configurations contained in the full cI ground state wave
function and becomes identical with it if a numerical factor is multiplied to the
second configuration. >PTSDW is a good approximation to the full c1 wave function
both in energy and 1 coefficients.

’pTspw and its complex conjugate are orthogonal and span the irreducible
E' representation of the D3, group. It is an equal weighted superposition of real
and imaginary components with A; and B, symmetries with respect to the C;,

(229)

(230)
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group
2p1sDW = (1/V2)C® 41 + i*®py). (232)

Owing to this property, the TsDW potential shows no Jahn-Teller cusp as shown -
in Figure 37(a) similarly to the Tsw potential in the H, system. However, the
Jahn-Teller cusp can be recovered by the projection to time reversal eigenstates.

As we have seen above, in a doublet system, a crossing of half occupied
orbitals may lead to a TSDW ground state. A doublet TSDW state represents a
tri- or higher order radical because at least three electrons are necessary to
construct a doublet TsSDw. The TSDW state in the H; system tends to the complete
triradical consisting of three hydrogen atoms in the limit of infinite interatomic
distances as seen in the potential of Figure 37(b). A doublet ASDW state consists
of an open shell electron and spin polarized pairs, so that it has more or less
triradical character. A doublet RHF state is in general not an HF state as we have
noted above, so that a doublet system of pure monoradical character is a rather
exceptional event. The present example shows that triradical states of different
natures may arise in a doublet reaction system.

We finally add remarks about the electronic structures of odd cycle hydro-

carbon radicals

The HF ground state of the odd cyclic radicals at the D, .1, conformation must
be a TSDW. The group theory described in Section 2.B.iv eliminates the possibility
of Aspw ground state. The 7 electrons in cyclopropenyl radical (CH); must
have the triangular spin arrangement same as the TsDw state in the H; system.
Hashimoto (unpublished) showed that the HF ground state of cyclopentadienyl
radical (CH)s has the spin structure shown in the second diagram of Figure 4.
He pointed out that among the possible spin structures the one with nearest
neighbor spins having the largest extent of antiparallelness is realized as the
ground state. The ground state of odd cyclic radicals are doubly degenerate and
have a Jahn-Teller cusp at the D,,.:, conformation, so that their stable
geometries are somewhat deformed. If the Jahn-Teller distortions are small,
their ground state may remain to be a TSDW. They are known to have unusually
large hyperfine coupling constants and g values in their ESR spectra, Cirelli et
al. (1974), Silverstone et al. (1965), Liebling and McConnel (1965), Krusic and
Kochi (1968), Segal et al. (1965), and Carter and Vincow (1967). The anomaly
in their ESR spectra might be due to the TSDW nature of the ground state.

C. HF Ground State of Homopolar Diatomic and Triatomic Molecules

We consider here the HF ground state of the nitrogen molecule, oxygen
molecule, and ozone with varying interatomic distance or bending angle. The
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ground states of these molecules have complicated structures when they are
expressed in the ci form. The HF pictures for them make clear the electronic
processes underlying the complicated c1 wave functions. The UHF theory is able
to describe correctly the dissociations of the single bond of H, and the double
bond of olefin as we have discussed in Sections 3.A.iii and 3.B.ii. The theory
also describes correctly the dissociations of the triple bond of N, and the triplet
double bond of O,.

i. Nitrogen Molecule. The HF ground state of N, was studied by Igawa and
Fukutome (1980). The ground state dissociation of N is the process

NL('E5) > NES)+N(*S). (233)

Among the ten valence electrons, the six electrons occupying the highest o
bonding orbital o and the two o bonding orbitals 7, and 7, dominantly contribute
to the triple bond of N,. So, in the following, we do not explicitly write the o
electrons with mainly 2s character. The RHF ground state is (a-)z(nx)z(ﬂ-y)z. Itis
stable at the equilibrium interatomic distance but becomes triplet unstable at a
little longer distance.

The triplet transitions to cause the instability have the 2, symmetry. They
contain the 7 —* transition in the combination (7, > 7¥)+ (7, > 7¥) and the
o —o* transition. We show in Figure 39 the potentials of the RHF solution and
the ASDW solution ASDw; appearing from the triplet instability. The AsDW;
potential converges to the correct dissociation limit as seen in Figure 39. ASDW;
has the orbitals

¢ =m cos (A/2)£ 7] sin (A/2), i=x,y,

N (234)
b =0cosA'/2xa*sin(A'/2).

X 15 2.0 2.5 RiA)

Figure 39. HF and full CI potentials in the dissociation of N;.
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Figure 40. Structures of the ASDW orbitals in N5.

Owing to the £, symmetry of the transitions which imposes the equal weight
and phase for the transitions 7,—7* and m,~m¥, the mixing parameters in ¢}
and ¢} have the same value A. The parameter A’ has the same sign as A. We
show in Figure 40 the structures of the AsDw; orbitals. The three up spin
electrons localize simultaneously toward an atom, and the three down spin ones
toward another atom. The simultaneous localizations of the three electrons of
the same spin toward the same atom are due to the £, symmetry of the instability
to produce Aspw;. In the dissociation limit, the localizations become complete.
The three up spin electrons localize on an atom and the down spin ones on
another atom producing two isolated nitrogen atoms in the *S state. Thus, the
wave function of Asbw; converges to the correct atomic state, though it contains
components with incorrect total spins.

The singlet projected Aspw; wave function 'pasDW; has the correct spatial
symmetry =,. It contains ten configurations, the ground one, five closed shells
with pairwise excitations, and four configurations with two triplet excitations
coupled to the singlet state. Among the nine excited configurations, there are
four double excitation configurations, four quadruple ones and a hexaple one.
All the ten configurations have nonvanishing contributions at R = 00, 'pASDW,
becomes identical with the full c1 wave function at R = 0. The full c1 ground
state wave function considering only the excitations of the six bonding electrons
consists of 18 configurations. However, all the eight configurations not contained
in 'pPAsDW; do not involve the atomic *S state and vanish at R = co. They appear
only transiently with small weights. Their total weight in the full c1 wave function
amounts only 6.8%, 2.0%, and 0.0% at R =1.6, 2.0, and 3.0 A, respectively.
'pasDW; is a good approximation to the full c1 wave function in the region
R>2A. It is not so good in the region R <2 A, but the tendencies of the ten
c1 coefficients are in agreement with those of the full c1 wave function. This
result shows that a cI to limit the number of excitations fails to describe correctly
the dissociation process. The Aspw; ground state incorporates all the essential
configurations including those with multiple excitations. We also note the import-
ance of the configurations with two triplet excitations. The total weight of those
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configurations amounts to 50% at R =c0. The complexity of the ground state
of N; at large R is due to its hexaradical nature.

ii. Oxygen Molecule. The triplet and singlet HF ground states of O, were
studied by Takahashi and Fukutome (1978). We mention here only the triplet
ground state. The triplet RHF ground state *RHF of O, is () (7 ) (7 ) (m¥n*),
where 7. and 7% have the orbital angular momentum +1 around the molecular
axis and we do not write the o electrons of 2s character. >RHF is not an HF state
similar to the doublet RHF case but the triplet HF ground state at the equilibrium
geometry is an ASDW, *ASDW,, with a small spin polarization in the o orbitals

2asDWo = (0 3 ) (m) (T ) (m¥m ™). (235)

As shown in the HF potential of Figure 41, instability occurs twice in the triplet
HF ground state of O, in the dissociation process. *AsDW, becomes A ,M_
unstable and an Asw ground state “Asw; appears. *Asw; also becomes A_
unstable and a Tsw ground state >Tsw appears. >Tsw converges to the correct

Ev 3ASDW0\/
3ASDWZ\/

-630

-635}

Figure 41. Triplet HF potentials in the dissociation of O,.

dissociation limit O(3P) + O(3P). Thus, the triplet HF ground state of O, consists
of the three HF phases > ASDWo—"ASW{—"TSW.

The A.M_ instability of >Aspw, is caused by the spin unflipping #—#*
transition with the %, symmetry in down spin 7 orbitals which consists of the
.- transitions in the combination (7_ > #*)— (7, = 7*). No o—0o* transi-
tion of ¥, symmetry is possible and o orbitals are not involved in the instability.
In 3ASW1, only the orbitals 7_ and 7, with down spins are altered to the following
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orbitals but the other orbitals remain unchanged:
3aswy = (0 ¢ ) )(momi ) (wia®),
mi—=m-cos A/2+w¥ sinA/2, (236)
oy =14 COSA/2— ¥ sinA/2.

Owing to the 2, symmetry of the instability which contains the 7> 7* and
.= ¥ transitions with equal weight but with opposite sign, the mixing para-
meters in the orbitals 7,_ and .. are of equal magnitude but of opposite sign.
Equation (236) shows that the electron in the orbital 7, with the orbital angular
momentum —1 localizes toward an atom while the electron in the orbital =,
with the orbital angular momentum +1 localizes toward another atom. Thus, in
the 3ASW1 state, a polarization of the orbital angular momentum density occurs
within the electrons with down spins as depicted in Figure 42(a). The states of

LLU_L)L
=y v
.
)":‘. —)—

(b)

(c)

Figure 42. Structures of the >Asw; (a) and >Tws (b) (at finite R), (c) (at R =)

wave functions of 20,. Spin density vectors are indicated on each AO component.

The o lobes drawn by real and dashed lines represent o orbital components with

opposite directions of spin. The radii of circular arrows represent magnitudes of
orbital angular momentum density of 7. electrons.



1046 FUKUTOME

up spin  electrons and o electrons remain unchanged from *Aspwy. At a nearly
same position as the A,M_ instability, an A,M, instability occurs in *AsDw,
and a new AsDW solution, *AsDw,, appears which is almost degenerate to JASW;.
However, >Aspw; does not lead to the correct dissociation behavior and is
regarded as an unphysical solution.

By introducing the orbitals

ma =m¥ cosA/2—m_sinA/2,

237)
e =mF cosA/2+ . sinA/2,
which are orthogonal to ;- and =5, respectively, 3Asw; can be written
*aswy = (076 )72 (1) (mryamao). (238)

The A_ instability of *Asw; leading to the *Tsw ground state is caused by the
spin flipping transitions with the 3,, symmetry CAsw retains the Cw and inversion
symmetries but breaks the C, symmetries) which contain the o~o* transitions
o> o* and the # transitions 7, 7+ and m,_ -~ #,_ in the combination
(14> 71+) — (m2_—> 7). Consequently, >tsw has the orbitals in the Gso forms

*TsW = (0000 ) (1) (124 (@1402-),

¢ =0"cos (u*/2)n.+0* sin (u*/2)n=,
_ (239)
@1+ =mi[cos (v/2)n, +sin (v/2)n ],

@2 =m2-[cos (v/2)m, —sin (v/2)7n_].

** and ¢* and

Because the differences between the o orbitals ™ and o, o
the parameters u " and u~ are small, we may put o” =0 =0, c* =0* =¥,

and 4 ¥ =u " =u. Then, ¢ can be written
@* =(1/v2)(0 cos u/2+a* sin w/2)(1/N2)(ns +n-)£(1/v2)
X (o cos /2 —o* sin u/2)(1/¥2)(n+—1-). (240)

Since (77+=t'f)—)/‘/5 are the eigenstates of the x component of spin, Eq. (240)
shows that a localization of the o electrons occurs accompanying a spin polariz-
ation in the +x directions. Equation (239) shows that the spins of the electrons
in the orbitals 7;., and 7,_ begin to rotate toward opposite directions. We show
in Figures 42(b) and 42(c) the structure of the 31sw wave function. The polariz-
ation of the orbital angular momentum density, the spin polarized localization
of the o electrons and the rotation of the spins of the = electrons become
complete at R =0 as depicted in Figure 42(c). All the spins are in the +x
directions at R = 0.

The triplet HF ground state 3ASDW0—3ASW1-—3TSW makes clear the electronic
processes involved in the dissociation process 02(32;)—> OCP)+O(CP). The
* ASDW,, ground state at the equilibrium geometry has no orbital angular momen-
tum density because of the 32; symmetry of the system. In the Asw; phase,
the 7 bond begins to break accompanying growing orbital angular momentum
densities with opposite rotations on the two atoms. In the *Tsw phase, the o
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bond begins to break accompanying growing spin polarization. At the same time,
the spins of the open shell electrons begin to rotate toward the directions to
align to the spins of localizing o electrons. In the dissociation limit, both the 7
and o bonds break completely. The polarizations of the orbital angular momen-
tum and spin of the bonding 7 and o electrons , respectively, and the alignment
of the spins of the open shell 7 electrons and the o electrons become complete
at R = co attaining the atomic P state.

The triplet projected >Aspwo, Asw;, and *Tsw have the 3; symmetry.
*pasDW, and *PAsw; contain only one and two RHF configurations

*paspwy: (D= ()7 ) (m) (m¥n¥),
paswy: (D) and (II) = () (# ¥ (= *)(mom).
*pTsw contains five configurations including (I) and (II):

*prsw: (D), (I1), and

(241)

(D) = () () (w_ ) (w i ®),
(IV) = (@*) (732 (7*) (s 7r-), (242)
(V) =3 ®1(aB — Ba)aal,
O, = {(r ) (w %) (mom®) = (1) (7 ¥ (m_mE)Hoa™).

The full c1 *S; wave function neglecting the transitions from the o orbitals with
2s character contains nine RHF configurations. All the five configurations in
*prsw have nonvanishing weights at R = 0o and essential in obtaining the correct
dissociation limit. On the other hand, the four configurations not contained in
*prsw do not involve the atomic P state, so that they appear only transiently
with small weights and disappear at R = 0. This result is in agreement with an
ab initio c1 calculation by Schaefer (1971). The most important configurations
are the five contained in *PTsw, if one restricts configurations to those constructed
from the minimal basis set. We note that pTsw has a four electron excitation
configuration (IV), confirming again the ability of UHF wave function incorporat-
ing essential multiple excitations.

The *AsDw state is a triplet diradical because the spin polarized splitting of
the o orbitals is small. Equation (238) shows that the *Asw state is still a diradical.
However, orbital angular momentum polarized localizations of the two bonding
7 electrons take place in this stage and those two 7 electrons become strongly
correlated. The *Tsw state is a triplet tetraradical because of the presence of
the spin polarized splitting of the o orbitals. However, the >Tsw tetraradical is
composed of six strongly correlated electrons since it involves also the angular
momentum polarized localizations of the bonding 7 electrons. This system is
an example of the multiradicals with strongly correlated electrons more than
the number of the radical electrons.

iii. Ozone. The singlet HF ground state of O; in the conformations with Cs,
symmetry was studied by Kitayama et al. (unpublished). We show in Figure 43
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Figure 43. Orbital correlation diagram of O3 against the bending angle.

the orbital correlation diagram against the bending angle 6 and in Figure 44 the
potentials of the HF states which will be discussed below. Owing to the presence

of a HOMO-LUMO crossing, there are two RHF ground states
RHF; = - - - (1a2)°(4a1)*(3b,)°,
) ) ) (243)
RHF, = -+ (1a2)"(4a1)"(2b1)",

which cross at a bending angle near 90°. RHF; is always triplet unstable for the

o

60° 80° 100° 120 KO 160" 180

Figure 44, HF bending potentials of O;.
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transitions la, > 2b,, ..., with B, symmetry. An ASDW solution, ASDW;, exists
below RHF;. RHF; is stable in a region close to the equilateral triangular conforma-
tion. For larger bending angles, it becomes triplet unstable for the transitions
4a;->3b,, ..., with B, symmetry and an ASDW solution, ASDW,, appears from
the instability.

The dominant transitions to cause the triplet instabilities of RHF; and RHF,
are not the HOMO-LUMO transition but 7—7 and o-o transitions from deeper
7 and o orbitals, respectively. The HOMO-LUMO transition is of the o~ or 7o
type, so that the Coulombic attraction of the particle~hole pair and the exchange
interaction of the excited electron are not large. This is the reason why the
instability due to the HOMO-LUMO transition is less easy to occur in spite of the
smallest orbital energy gap. Owing to the 7—= and o—o characters of the dominant
transitions to cause the relevant instabilities, ASDW; and Aspw, have the charac-
ter of 7w and o diradicals, respectively, with the radical centers at the terminal
two atoms. Only one corresponding orbital pair of = and o types, respectively,
is largely splitting in them. ASDW/ is stable in a region surrounding the equilibrium
flat triangular geometry. The = diradical character of O3 at the equilibrium
geometry was reported by Hay et al. (1975).

AsDW; and ASDW; cross at a bending angle near 90° as seen in Figure 44
owing to the difference of the main transitions in the instabilities to produce
them. Both Aspw; and Aspw, become A,M, unstable in a region near the
crossing point and an ASDW solution, ASDW;,, appears which connects them
smoothly. The dominant spin unflipping transitions to cause the A.M.,
instabilities are the transitions from one of little splitted occupied orbital pair
to the largely splitted unoccupied orbital pair which are of o—mr or m—o type.
Owing to the o—m character of the instabilities to produce ASDW,, its orbitals,
not only the corresponding ones but also the ASDW NO’s, are mixtures of o and
7 RHF orbitals. Only one corresponding orbital pair is largely splitting indicating
that ASDW;, is also a diradical state. ASDW, represents a diradical with a 7o
mixed character that is nothing but the diradical under the conversion from the
7 diradical Aspw; to the o diradical ASpw,.

Three transitions 1a, - 2b,, 4a;->2by, and 3b,->2b; of RHF; or 4a;-> 3b,,
la,— 3b,, and 2b, > 3b, of RHF, are contributing to the Aspw,;, wave function
with equally large weights, so that the Aspw;, wave function has a complicated
structure with heavy mixings of a lot of excited configurations due to the three
transitions when it is expanded into the c1 form with RHF configurations. The
configuration mixing changes rapidly in the narrow existence domain of ASDW,.
The importance of a #— transition at the equilibrium geometry and the presence
of a complicated configuration mixing in a region near ¢ = 90° were reported in
an ab initio C1 calculation by Shih et al. (1974). Our UHF calculation shows that
the conversion of 7 diradical O3 to o diradical O; occurs in the region and the
process leads to a complicated c1 wave function. In spite of the complicated c1
wave function in the RHF basis, ASDW; is a diradical. This indicates the necessity
of a modification of the cI characterization of diradicals by Hayes and Siu (1971)
and Salem and Rowland (1972) in terms of RHF configuration mixings.
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ASDW; becomes A, M, unstable also in a region near the linear conformation
and an ASDW solution, ASDw,3, appears from the instability as shown in Figure
44. The main transition to cause the instability is of the o—# type, so that AsDw,;
has the orbitals with o—# mixing. ASbw,; also is a diradical. Thus, the singlet
HF ground state of O, consists of the five HF phases, RHF;—ASDW,—ASDW,—
ASDW;—ASDW13. The surprising complexity of the HF ground state of Oj is due
to the fact that the four RHF orbitals 4a,, 1a,, 2b;, and 3b, are lying close
enough to cause instabilities and the six electrons residing in the four orbitals
are strongly correlated to each other in the Aspw;, and ASDW,; states. Thus,
ASDW;, and ASDW,; are diradical states with six strongly correlated electrons.

D. Conclusions

The examples discussed in this section demonstrate the great ability of the
UHF theory in describing electronic structures of molecules and electronic
mechanisms of chemical reactions with strong correlations of electrons. We
summarize here the main conclusions obtained from the preceding results.

(i) The UHF theory demonstrates that a ground state reaction system with
strong electronic correlation may enter into a number of different multiradical
states as represented by different UHF phases.

(a) Such multiradical states are distinguished by different ordered spin
structures when the same AO’s are involved in them as in the cases of Hy, Ha,
and carbene dimer systems or by differences of A0’s concerned with radical
electrons as in the case of Os. The spin structure of a multiradical state visualizes
the overall correlation structure of radical electrons. We shall discuss further in
Section 4 on the physical significance of UHF spin structures.

(b) A reaction system may enter into a state with not only a spin structure
but also a correlation structure in orbital angular momentum, namely, in electron
current as shown by the *Asw; state in *O,. The possibility of the occurrence
of a charge density correlation structure in the ground state has not yet been
demonstrated but it may be present in excited states of ionic character as seen
in the cDW state in the internal rotation of C,;H,.

(c) Different UHF phases in a reaction system reflect the presence of a
hierarchy in the underlying essential correlation effects with increasing com-
plexities. The number n, of radical electrons and the type of spin density vector
modulation are a measure for the complexity of the correlation in a multiradical
state. UHF phases of Aspw, TsDWw, and Tsw types with one, two, and three
dimensionally modulated spin structures, respectively, have correlations with
increasing complexities. We show in Table VIII the multiplicity n, of radical
states realizable in the three UHF classes. We have yet had no example of doublet
TSW state and the lower bound for the #, in it is still unknown.

The number n. of strongly correlated electrons in a multiradical state is
always larger than n,, n. = n,, except for doublet Aspw monoradicals and triplet
Aspw diradicals with only weak spin polarization effects in which no strongly
correlated electron exists. Multiradical states can be classified into two types:
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TABLE VIII. Multiplicity of radical states realizable in the three

UHEF classes.
Singlet Doublet Triplet
ASDW 2,4,... 1,3,... 2,4,...
TSDW 4,6,... 3,5,... 4,6,...
TSW 4,6,... ? 4,6,...

without and with a pool of strongly correlated electrons, according to »n, = n, and
n. > n,, respectively. Among multiradical states with the same #, and in the same
UHF class, those with a pool of strongly correlated electrons have more complex
correlations than the ones without it. For instance, the ASDW;; and ASDW;3
diradical states in O; have a pool with n. =6, so that they have much more
complicated correlations than the AsDw; and AsDw, diradical states without pool.

(d) In connection with the above comments, we note that the electronic
correlations underlying in the most basic processes of chemical reactions, break-
ing of a chemical bond, are very different for bonds of different types. The
breaking of the single bond of H; proceeds via an Aspw diradical state without
pool. The breaking of the double bond of olefin proceeds via an ASDW tetraradical
state or two ASDW and a TSDW tetraradical states depending on the bond angle
and substituents. All the radical states have no pool. The breaking of the triple
bond of N, proceeds via an ASDW hexaradical state without pool. The breaking
of the triplet double bond of O, proceeds via an Asw diradical and a Tsw
tetraradical states with pools. We shall show in Section 4 that the breaking of
the double bond of CO involves a complicated correlation which cannot be
approximated by a UHF wave function.

(ii) An instability of the HF ground state signals critical importance of a
correlation effect and entrance into a multiradical state or conversion of a
multiradical state to another one.

(a) ST instabilities in an RHF ground state represent conversion of a
nonradical state to an ASDW radical state. A, M, instabilities in an ASDW ground
state represent conversion of an Aspw radical to another ASDW one accompany-
ing an increase in the size of strongly correlated electron pool. A_M instabilities
represent conversion of an AsDw radical to a TsDw one. A, M_ instabilities
represent conversion of an AsDW radical to an Asw one accompanying introduc-
tion of an electron current correlation structure. M_ instabilities of a TSDw
ground state and A_ instabilities in an Asw ground state represent conversions
of Tsbw and Asw radicals to a TSW radical, respectively. The five HF classes,
RHF(TICS), ASDW, ASW, TSDW, and Tsw, and the nondegenerate instabilities to
connect them, were shown to occur in chemical reactions.

(b) Occurrence of a degenerate instability represents a complicated situation
where correlations of two different kinds become simultaneously of critical
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importance. A one step entrance into a much complicated radical state, say from
RHF to TSDW, occurs at a degenerate instability threshold.

(c) Instability boundaries provide an HF phase map indicating where
different HF phases arise. The radical character of a UHF phase becmes maximal
at the innermost place of the domain of the phase or at the boundary where the
phase connects with another HF phase with more complicated radical character.
The HF phase map and the spin and electron current structures of each phase
visualize how the electronic structure due to the essential correlation changes
with nuclear conformation.

(ili) uHF wave functions incorporate the essential correlations signaled by
instabilities.

(a) The transitions to contribute to an instability of the HF ground state
have the significance that the excited configurations derived from them are the
most stabilizing the ground state when they are superposed to the original HF
ground configuration. The UHF wave function arising from the instability
automatically selects out the transitions involved in the instability and incorpor-
ates the excited configurations derived from them. This is the reason why UHF
wave functions are able to incorporate the most important configurations in the
ground state. As we have shown, the projected UHF ground state in many systems
is a good approximation to the full c1 ground state. It contains all the important
configurations with large c1 weights or in some cases even all configurations in
the full c1 wave function. It is usually a very good approximation in the strong
correlation regime where the orbital energy gap is zero or very small but is not
quantitatively so good approximation in the region near an instability threshold.

The ability of uHF wave functions to be a good approximation to the ground
state was demonstrated also by DoDs NO cI calculations by Yamaguchi et al.
(1977, 1978a, 1978b, 1980). They showed that the poDs natural orbitals of the
AsDW ground state in diradical molecules bring about an excellent convergence
in the 1 expansion when they are used as the cI basis.

The theory described in Section 2.E.iii provides a deeper theoretical basis
for the validity of the UHF approximation. However, we should note that there
are systems whose ground state cannot be approximated by a UHF wave function
as we shall discuss in Section 4.

(b) The correlation incorporated into a UHF wave function has a collective
and coherent character. The transitions involved in an instability have the same
symmetry and exhaust all the transitions with the symmetry. Owing to the
coherence in the symmetry of the transitions, all the electrons in the resultant
UHF state concerned with the transitions become to have an ordered correlation
structure in spins and electron current which is determined by the symmetry of
the transitions. Owing to the collective nature of the correlation, not only the
dominant low energy transitions but also the minor high energy transitions with
the same symmetry as the dominant ones are incorporated into the UHF wave
function. Those high energy transitions most effectively interfere to the dominant
ones because of the same symmetry. The properties determined by an interfer-
ence of low and high energy transitions, such as the ordering of the singlet and
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triplet ground states, can therefore be correctly described by the UHF approxi-
mation,

(iv) The UHF theory clarifies in a unified manner the important factors to
affect electronic mechanisms of chemical reactions.

(a) Gap control: In systems with small HOMO-LUMO energy gap, reaction
paths forbidden by the Woodward-Hoffman selection rule become realizable.
Small gap is the necessary condition for a diradical reaction to occur.

(b) Heteropolarity effects: Introduction of heteropolarity into a reaction
system either enlarges or decreases the HOMO-LUMO gap. In the former situation,
conversion of a diradical mechanism to a zwitter ionic one may be brought about.
In the latter situation, a charge transfer reaction, i.e., ionic radical mechanism,
may become realizable.

(c) Unoccupied MO control: Events in low lying unoccupied MO’s affect the
correlated ground state. Strong LUMO-LUMO interaction between reactant and
reagent leading to a wide delocalization of the LuMO of the total system may
suppress the triplet instability of the ground state leading to a conversion of
diradical mechanism to ionic one. Crossing of low lying unoccupied MO’s brings
about a complication of the correlation in the ground state leading to a change
in the multiradical character of the ground state.

(v) The uHF theory has defects due to broken symmetries of its wave func-
tions. In a system where one center exchange interaction has an important role,
the UHF potential may have a large error. It also is unable to correctly describe
Jahn-Teller effects. However, these defects can be eliminated by the projection
to the spin and time reversal eigenstates. The most important defect of the UHF
theory is the inability of describing both the ground and excited states in a
straightforward unified manner. However, on the other hand, the UHF theory
sheds a new light about the natures of electronic correlation in excited states.
We shall discuss this problem in Section 4.

4. Further Outlooks

We consider here some basic problems concerning the nature of electronic
correlations in exact eigenstates of molecules. Although the UHF theory is a
powerful approximation and correlations of many kinds can be reasonably
approximated by it, there are also correlations which are undescribable by the
UHF theory. Because of the special position of the UHF approximation in fermion
many-body systems as we have discussed in Section 2.E, analysis of exact
correlations starting from the UHF approximation seems to be a fruitful approach
in elucidating their natures. We shall discuss in the following some aspects of
exact correlations which are shed new light by analyses from UHF theoretical view.

A. Relation of UHF Spin Structures to Exact Spin Correlation Structures

As we have shown in Section 2.B.ii, a UHF wave function except for the Tics
and ccw classes has a nonvanishing spin density matrix and its real and imaginary
parts give the spin and spin current densities, respectively. We call the structure
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of the spin density the UHF spin structure. We have given in Section 3 examples
of UHF spin structures in molecules and chemical reactions and have shown that
the UHF spin structures reasonably represent behaviors of correlated electrons.
The spin density of a UHF wave function, however, does not represent a real
spin density. A singlet state has no first order spin density but the UHF wave
function to approximate the state has it. UHF spin structures, however, are not
mere mathematical artifacts due to broken spin symmetries of UHF wave functions
but represent the spin correlation structures in the states they are approximating.
This was first demonstrated by Misurkin and Ovchinnikov (1974). They showed
that the alternating spin structure of the Aspw ground state of infinite polyene
is approximating the spin correlation function in the singlet projected Aspw
wave function. Yamaguchi and Fueno (1977) pointed out that the spin structure
of the Aspw state in the two electron system is approximating the spin correlation
in the ground state.
The spin correlation function in a state | f) is defined by

S, y)=1 ¥ (fla’(x, Naalx, s) - a'(y, u)o.aly, v)lf). (244)

rsuv

The first order density matrix of the state is
D(xr, ys)=(fla’(x, Na(y, s)|f). (245)

We define the linked spin correlation function by subtracting the unlinked
contribution

S'(x,y)=8(x,y)—% ¥ & 0.,{D(xr, xs)D(yu, yv) — D (xr, yo)D(yu, xs)}.
(246)

The spin correlation function can be expanded by the orthogonalized Ao bases
as

S(x, y)= ~ka S(f, kD x: () x; () xe (v)xi(y). (247)

The two site spin correlation function
S, j)= S, ji) (248)

is the most important component in the spin correlation function.

The relation of a UHF spin structure to the exact spin correlation function
can be most easily examined for the two electron-two orbital model discussed
in Section 3.A.ii. The spin correlation function of the exact singlet ground state
[Eq. (196)] is calculated to be

S(x, y)= —3CipI ()3 (y)—3C305(x)p3(y) +3C1Catp1 (x)b2(x)b1(y)ba(y).
(249)
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The first order density matrix of the state is
D (xr, ys) = 68,:D(x, y),
D(x, y) = Ci¢1(x)$1(y) + C32(x):(y).
Hence, the linked spin correlation function is given by
S'(x,y)=S(x, y)+3D’(x, y). (251)
By using Eqgs. (181), (251), and

(250)

D(x, y)=1 D, Dxi(x)x;(y),

1 1 2 2 (252)
D(17 1)=D(2’2)=59 D(192)=5(C1—C2),
the two site spin correlation function are obtained as
S(1,1)=8(2,2)=—-3+3C:C,,

( ) ( ) g T 4102 - (253)
$(1,2)=—4-3C1C2,  CiC:=1/2(1+447)"7;
$'(1,1)=8'2,2)=3C1Cs,

1,1)=5'Q2,2)=:C:C; (254)

3 1 1 )
' = = + .
§114,2) 8((1+4q2)1/2 1+44°
On the other hand, the Aspw solution (189) has the spin density
S(x) = esin A1 (x)d2(x) = e[S(1)x T (x) +SQ2)x3 (x)], 255
S(1)=-8(@2)=3%sinA.
The correlation function of the ASDW spin density (255) is
$%(1)=8%(2) =3sin’ A,
(256)

S(1) - S2)=—4sin’ A,  sin*A =1-[q/(1+71)],

where S(i) =eS(i). Since the ASDW spin density vanishes at the RHF limit, its
correlation function must be compared with S'(i, j) to have the same property.
Furthermore, the spin density S(i) is a classical vector, while the spin vector in
§'(i, j) is quantum mechanical, so that S(i) - $(j) and S'(;, /) must be normalized
by the squared lengths § and 3 of the classical and quantum mechanical spin
vectors, respectively. We show in Figure 45(a) the g dependences of the AsDwW
spin density correlation and the exact linked spin correlation function thus
normalized. We see in Figure 45(a) that the AsDw spin density correlation for
different sites is a reasonable approximation to the exact spin correlation function
but that for the same site gives about twice larger value compared to the exact
one. The Aspw spin density at a site is mainly due to an electron, so that the
AsSDW spin density correlation at the same site includes the spin density of an
electron overestimating the spin correlation, while the AsDw spin dcnsities at
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Figure 45. UHF and exact spin correlation functions in the two electron-two orbital

model. (a) Normalized AsDw spin density and exact linked spin correlation func-

tions, and (b) ASDW and exact spin correlation functions. The different site and

same site correlation functions are represented by real and dashed lines, respec-
tively. r = 0 in these graphs.

different sites are mainly due to different electrons so that it gives a reasonable
approximation for the spin correlation between different sites.

Although the Aspw spin density fails to correctly approximate the spin
correlation at the same site, the Aspw wave function can do it. The spin
correlation function of a UHF state is given in terms of its density matrix as

Sour(x, y) =% ¥ @ 0,,[Q(xs, xr)Q(yv, yu) — Q(xs, yu)Q(yv, xr)]

rsuv

=8(x, x) - S(y, y) —3N(x, y)N(y, x) +38(x, y) - S(y, x),  (258)
Q(xs, yr) =Y @a(x, s)p i (y, r).

The spin correlation function of the Aspw state (197) is calculated to be

Sasow(1,1)=—F+3sin’ A,
3 1.2 (259)
Saspw(l,2)=—g+gsin" A,

We compare in Figure 45(b) the AsDw and exact spin correlation functions. We
see in Figure 45(b) that the AsDw spin correlation function at the same site is
a reasonable approximation to the exact one while that for different sites gives
only about three times smaller correlation than the exact one. This is due to the
contamination of the triplet component. Two electrons of parallel spins cannot
enter into an AO because of the Pauli principle, so that the contribution from
the contaminating triplet state is eliminated in the correlation function at the
same site. The triplet state contributes to the different site correlation decreasing
the antiparallel spin correlation. Thus, the approximation of the spin correlation
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structure by the Aspw state is not wholly self-consistent. The AsDW spin density
structure approximates the spin correlation between different sites and the Aspw
spin correlation function the one at the same site. We conjecture that such a
situation holds in general but we have not yet succeeded to prove it.

Hashimoto (unpublished) studied the spin and change correlation structures
of the full c1 eigenstates of cyclobutadiene, cyclopentadienyl radical, and benzene
in the P-P-P approximation. His result is schematically illustrated in Figure 46.
He found that a number of full cI eigenstates in these systems has a spin or
charge correlation structure which fits with a UHF spin or change structure. The
spin and charge correlation structures of those states are illustrated in Figure
46. The states with UHF type spin correlation structures are of covalent character
and those with UHF type charge correlation structures are ionic.

He also found that there are states with different spin and spatial symmetries
but sharing a common spin correlation structure. Those states are shown in
Figure 46. He showed that the wave functions of the states sharing a common
spin correlation structure can be well approximated by the different spin com-
ponents of a UHF wave function having the corresponding spin structure. For
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L] otsow 2%l 7
Vd AN —_
1
1
— "By | m cow )
— “E,"
— A, — 2p," !
g L TSOW
g b AN
ASDW
— "By, + D .

1
\
{2

34, } /(D\ TSDW
7

o
~
c

Cg Hg

Figure 46. Spin and charge correlation structures of full CI eigenstates of (CH),,
(CH)s, and (CH)g in the P-P-P approximation. UHF spin and charge correlation
structures possessed by these systems and the states having those correlation
structures are shown. The energy ordering is also shown for low lying eigenstates.
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instance, the lowest 'B; ¢ and 3A2g states of cyclobutadiene can be well approxi-
mated by the singlet and triplet components of an ASDw wave function with the
alternating spin structure, respectively. Similarly, the lowest 'A ¢ and *E, states
can be well approximated by the singlet and triplet components of a TSDW wave
function having the helical spin structure shown in Figure 46. This indicates that
the A, and ’E, states are the Peierls—Yoccoz type excited states produced
from the 'B, ¢ and A, ¢ states, respectively, by coherent rotation of spins. Thus,
his result confirms the presence of excited states due to coherent rotation of
spins as predicted in Section 2.E.ii. The possibility that a projected UHF wave
function can be a good approximation to an excited state was pointed out by
the author (Fukutome, 1972) for the cbw solution in the two electron model
and by Dancz and Jordan (1974) for the Aspw solution in the 7 electron model
of acetylene.

Another important result obtained by Hashimoto is the presence of excited
states whose spin correlation structures cannot be represented by a UHF type
spin structure. He showed that the wave functions of those states cannot be
reasonably approximated by spin projected UHF wave functions. This indicates
that there are excited states with complicated electronic correlations beyond the
scope of the UHF approximation.

B. Electronic Correlations in Excited States

As we have shown in Section 3, a chemical reaction system with strong
electronic correlation may have plentiful instabilities of the HF ground state.
Instabilities of the HF ground state pose a serious problem in the many-body
theoretical description of excited states. A standard many-body theoretical
approach to excited states is the random phase approximation (RpA). The lowest
excitation energy given by the RPA, however, becomes zero just at instability
thresholds of the HF ground state. The equivalence of HF and RPA instabilities
were first shown by Thouless (1961). The TDHF formulation of the rRpA (see, for
instance, McLachlan and Ball, 1964) shows that the RPA excitation modes arise
from small amplitude harmonic oscillations of orbitals around the HF stationary
point in the variation space of the HF energy functional. However, the second
order curvature of the HF energy functional in a direction of the variation space
becomes zero at a HF instability threshold as shown in Figure 7(a), so that the
harmonic RPA oscillation mode in the direction becomes to have zero frequency.
This explanation for the equivalence of the HF and RPA instabilities also indicates
invalidity of the RPA in a system with unstable RHF ground state. The HF energy
functional in such a system has an anharmonic structure as depicted in Figure
10. The anharmonicity of the HF energy functional surface becomes of essential
importance in the description of excited states in the region near an HF instability.
This so called anharmonicity problem was firstly recognized by Belyaev and
Zelevinsky (1962) in nuclear many-body theory. The essential importance of
the anharmonicity means that nonlinear couplings between RPA excitation modes
have dominant roles in determining the excited states in the region. Hence, it
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is also called the problem of mode-mode coupling. The anharmonicity problem
is the basic problem in nulei in the transition regions from spherical to deformed
and in spin wave excitations of magnetic solids near phase transitions. It is a
very difficult problem how to treat the strong anharmonicity, and no universal
solution has yet been obtained. Therefore, excited states of a molecule or
chemical reaction with plentiful HF instabilities are considered to be of very
different natures from those describable by the rRPA.

Fortunately, molecules and chemical reaction systems usually have only small
number of strongly correlated electrons except for large conjugated molecules,
so that approaches not starting from the RPA are possible. Large scale c1 is of
course able to treat such molecular systems. However, it is very difficult to
understand the essential physical contents of correlations from a table of configur-
ations in a large scale ci1 calculation. It has been customary to use only the
energies, the first order electron density, and the other physical quantities such
as the dipole moment, etc., in the analysis of large scale cCI calculations.
Hashimoto’s work showed that the spin and charge correlation functions are
very important and useful quantities in understanding the physical natures of
correlations involved in complicated c1 wave functions.

Hashimoto’s work indicates that there are at least three groups of full c1
eigenstates with different characters in the spin and charge correlation structures.

(i) States with UHF type spin correlation structures: States in this group
have spin correlation structures which can be represented by UHF spin structures
but have little charge correlation structure. They are further subdivided into
groups with different UHF type spin correlation structures. Both axial and tor-
sional spin structures are possible. The wave function of a state in this group
can be approximated by a projected UHF wave function. States with a common
spin structure can be approximated by different spin components of a UHF wave
function, forming a series of Peierls—Yoccoz type excitations due to coherent
rotation of spins.

(ii) States with cDW type charge correlation structures: States in this group
have charge correlation structures which are similar to cbw charge structures
but have little spin correlation structure.

(iii) States with spin ‘correlation structures unrepresentable by UHF spin
structures: States in this group have spin correlation structures which cannot be
represented by any UHF spin structure. The wave function of a state in this group
cannot be reasonably approximated by a projected UHF wave function.

This classification of full cI eigenstates shows that the essential correlations
may be different from state to state. The three groups have correlations of
different characters. States in the group (i), but with different spin structures,
have different essential correlations. It is almost certain that a limited c1 calcula-
tion is unable to describe correctly the essential correlations in a number of
states simultaneously. The classification also shows that the natural orbitals may
be largely dependent on state. States in the group (i) with a common spin structure
are considered to have nearly the same NO’s, but states with different spin
structures may have different NO’s. States in the group (iii) are considered to
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have NO’s which have no resemblance to any NO’s derived from UHF wave
functions. This consideration shows that unless one is satisfied in fool proofed
full c1 calculation there is a big unsolved problem how to describe excited states
with essential correlations of different characters in a unified manner. The fact
that some states can be approximated by projected UHF wave functions might
provide a breakthrough for this problem.

We note finally that not only the spin and charge correlation functions but
also the spin and charge current correlation functions are considered to be useful
in analyzing correlation structures, since there are states having current correla-
tion structures as the ground state of O,. The systems considered by Hashimoto
are homopolar and highly symmetrical. In systems with asymmetry or hetero-
polarity, there may be states with transient character having both spin and charge
correlation structures.

C. System Whose Ground State Cannot be Approximated by a UHF Wave Function

As we have discussed in the preceding paragraphs, there are excited states
whose wave functions cannot be approximated by projected UHF wave functions.
Such a situation can happen also in the ground state. Igawa and Fukutome
(unpublished) found that the ground state of carbon mono-oxide cannot be
approximated by a projected UHF wave function.

We show in Figure 47 the HF ground state potential of CO. The HF ground
state of CO consists of the two phases, RHF and an Aspw called Aspw;. The
potential of AsDw; converges correctly to the dissociation limit of CP) + oCP).
However, there are two UHF states, ASW and ASDW,, with lower energies than
Aspw;. Their potentials also converge to the correct dissociation limit. They,
however, connect with neither ASDw; nor RHF but cross with RHF.
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Figure 47. HF potentials in the dissociation of CO.
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We made configuration analysis for the three UHF states ASDW;, ASW, and
ASDW, projected to 'S* symmetry and compared the three projected UHF wave
functions with the full c1 ground state wave function. We found that PASDW,
has only about half the RHF configurations with large weights in the full c1 wave
function. PASw and PASDW, have nearly the same configuration contents. The
configurations in them are also about half of the important configurations in the
full c1 wave function but are complementary to those contained in PASDW;. All
the PASDW;, PASW, and PASDW, wave functions do not correctly approximate
the full c1 wave function but they contain only atomic *P states in the dissociation
limit, so that they give the potentials with the correct dissociation behavior.

The failure of the UHF states to correctly approximate the full c1 ground
state was demonstrated also by the structures of the natural orbitals. The NO’s
of the UHF states are delocalized at the dissociation limit but those of the full
1 ground state are localized.

The configuration contents of PASDW; and PASDW, (or PASW) are complemen-
tary but exhaust all the important configurations in the full c1 wave function, so
that the full c1 wave function can be well approximated by a superposition of
PASDW; and PASDW,,

Wy =C; PASDW; + C, PASDW,. (260)

Approximation (260) was shown to be very nice.

The reason why the ground state of CO has the structure like Eq. (260) can
be explained by the structure of the HF energy functional surface. The HF energy
functional of CO do not have a single valley structure as shown in Figure 10,
but has a double valley one. We show in Figure 48 the profile of the HF energy
functional surface in a direction passing near the ASDW,; and ASDW, stationary
points which was calculated by the method described in Section 2.D. According
to the theory described in Section 2.E.iii, the wave function of quantized TDHF
motion, which is the exact wave function, must have probabilities on the two
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Figure 48. Profile of the HF energy functional in a direction passing near the ASDW,
and ASDW, stationary points. The profile is for CO with R =1.8 A.
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minima when the HF energy functional has a double valley structure depicted
in Figure 48. Therefore, the ground state wave function cannot be approximated
by a UHF wave function under such a situation, but can be approximated by a
superposition of two UHF wave functions.

This example, as well as Hashimoto’s, forces us to change the starting point
for the many-body theory of molecules. The many-body theory of molecules as
well as those of nuclei and solids has been constructed on the assumption that
the ground state can be reasonably approximated by the HF (or HB) wave function
with independent (or independent quasiparticle) character. This assumption
means that the ground state has either truly independent particle character,
when the RHF ground state is a good approximation, or the character of Bose
condensation of particle-hole (or particle—particle) pairs. The ground state of
CO, which can be approximated by a superposition of two UHF wave functions,
has the character of two resonating Bose condensates. It is the ground state of
hitherto unknown type. Therefore, in order to describe both the ground and
excited states including states of such complicated characters in a unified manner,
a new novel many-body theory is required.
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