Why does unrestricted Méller-Plesset perturbation theory converge so
slowly for spin-contaminated wave functions?
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The poor convergence of the unrestricted Méller—Plesset (UMP) series for some systems and
the presence of significant spin contamination in the underlying unrestricted Hartree-Fock
(UHF) wave functions have both been shown to result from the presence of low-lying, doubly
excited determinants. The contributions to the UCI energy from any determinants which mix
with the UHF wave function through the problematic doubly excited determinants will be

described poorly by UMP theory.

I. INTRODUCTION

It is common for the effects of electron correlation to be
incorporated into molecular-orbital calculations through
the use of Méller-Plesset (MP) perturbation theory.!? In
this approach, the full-CI energy of a system is expanded as
an infinite series in the Mdller-Plesset A parameter and the
partial sum, if the series is truncated at nth order, is termed
the MPn energy of the system.

In general, the zeroth-order wave function on which an
MP expansion is based is a spin-unrestricted Hartree—Fock
(UHF) wave function and the application of Méller—Plesset
theory leads to UMPn energies. For closed-shell species near
their equilibrium geometries, the UHF wave function may
reduce to a restricted Hartree~-Fock (RHF) wave function,
leading to RMPr energies. However, where this reduction
does not occur, and in open-shell species where it cannot
occur, the UHF wave function is normally contaminated by
electronic states of higher spin multiplicity and is thus no
longer an eigenfunction of the S? (spinsquared) operator
(ie., (S*)yur for singlets >00, (S?)yur for doublets
>0.75, etc.).

In a number of recent papers,® it has been found that
spin contamination in the underlying UHF wave function
appears to be associated with slow convergence of the corre-
sponding Mdller-Plesset perturbation series. Handy et al.®
and Gill et al.* have observed poor UMP convergence in
stretched molecules (H,O, NH;, and He2 * ), in which ex-
tensive spin contamination arises from the presence of par-
tially homolytically broken bonds, while Nobes et al.> have
studied the cyano radical (CN ) for which, even at its equi-
librium geometry, the UHF wave function is heavily con-
taminated ((S?) =1.23 at the UHF/STO-3G// UHF/6-
31G* level) and the UMP series converges very slowly.

In response to the problem, both Schlegel® and Knowles
et al” have developed the formalism of spin-projected
Méller-Plesset perturbation (PMP) theory and Gill et al.®
have explored the circumstances under which the RMP se-

® Permanent Address: Department of Chemistry, Carnegie-Mellon Uni-
versity, Pittsburgh, PA 15213,

J. Chem. Phys. 89 (12), 15 December 1988 0021-9606/88/247307-08$02.10

ries for a singlet system may possess superior convergence
characteristics to, and should therefore be used instead of,
the UMP series. Although both of these approaches can be
very useful, each has its limitations. Spin-projected MP theo-
ry is not computationally tractable in its complete form and,
generally, it is feasible to project out only one or two of the
contaminants. As a consequence, practical implementations
of the method sometimes generate peculiar artefacts (e.g.,
kinks®) on potential surfaces. On the other hand, poorly
convergent UMP theory can be usefully replaced by RMP
theory only for closed-shell species and only within certain
regions of a given potential surface.®

With this background, it now seems appropriate to ad-
dress the following, hitherto neglected, questions:

(1) Why do the unrestricted MP series for certain sys-

tems converge so slowly?

(2) What is the relationship, if any, between poor UMP
convergence and the deviation in (8%} from the
values appropriate to a pure spin state?

In the present paper, we have undertaken a detailed
analysis of the mechanism by which full CI and MP theory
incorporate electron correlation into minimal-basis-set cal-
culations on the H, system. We find that the correlation
behavior in a stretched H, molecule can be understood in
terms of a simple model which can also be used to rationalize
the poor UMP convergence observed for the HCC and
CN' radicals. We demonstrate that a fundamental connec-
tion exists between the rate of UMP convergence, the extent
of spin contamination in the associated UHF wave function,
and the importance of certain double excitations in the
UHF-based CI expansion.

Il. METHOD AND RESULTS

Using a graphical unitary group (GUGA) CI program
and a modified version'® of the GAUSSIAN 86 system of pro-
grams,'' standard ab initio calculations'? were carried out
on the three systems H,, CN’, and HCC . The minimal
STO-3G basis set and the unrestricted Hartree-Fock
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TABLE 1. Total energies and percentage of electron correlation energy recovered (UHF, UMP2, UMP3,
UMP4, and full CI, in hartrees), {S?) values, and UCI single (a?) and double (a3?) coefficients® for the H,

molecule as a function of bond length (r,A) (STO-3G basis set).

r UHF UMP2 UMP3 UMP4 C1 3 & al  A°

075 —111615 —1.12952 —1.13448 113625 —1.13712 0.00 0.000 0.115 2.508
0.0% 63.8% 87.4% 95.9% 100%

135 —097555 —098309 098845 —099283 —1.02505 049 0.268 0.452 1.381
0.0% 15.2% 26.1% 34.9% 100%

200 —093721 —093732 —-093742 —093751 —0.94864 095 0.206 0902 1.037
0.0% 1.0% 1.8% 2.6% 100%

250 —093387 —093387 —0.93387 —093388 —0.93605 099 0.094 0.982 1.003
0.0% 0.1% 0.3% 0.4% 100%

 Using intermediate normalization.
®The expectation value of the S? operator over. the UHF wave function.
°Radius of convergence of the UMP series for the UCID energy.

(UHF) framework were used for all of the calculations per-
formed. _

In an initial investigation, the total energy of the H,
molecule was calculated for a number of values of the bond
length (r =0.75, 1.35, 2.00, and 2.50 A) using each of the
first four orders of Mgller-Plesset perturbation theory
(UHF, UMP2, UMP3, and UMP4) and full CI. Subse-
quently, the total energies of the cyano (CN ') and ethynyl
(HCC' ) radicals were calculated using UHF, UMP2,
UMP3, UMP4 and full CI in conjunction with_a number o_f
post-SCF windows. The results for the H,, CN , and HCC
systems are summarized in Tables I, TI, and I1I, respectively.
The data obtained for the three species enable a detailed
analysis to be made of the efficiency with which Mdller—
Plesset perturbation theory recovers the electron correlation
energy in such systems.

Hl. THE HARTREE-FOCK DESCRIPTIONS OF H,
(MINIMAL BASIS SET)

We begin by studying the minimal-basis-set description
of the H, molecule. An RHF calculation on this system leads

to two molecular orbitals: ¥, (occupied) and ¥, (unoccu-
pied). By considering all possible excitations of the two elec-
trons, we obtain the four RHF determinants depicted in Fig.
1. Because 9, and ¢, have 0,” and o,” symmetry (in the
D_ , point group), respectively, only C (the doubly excited
determinant) can mix with R (the Hartree-Fock determi-
nant). Thus, the exact (minimal basis set, full CI) wave
function for the H, molecule is given (using RHF intermedi-
ate normalization) by

\Ilexact =R —ﬂC, (31)

where the coefficient 2 depends, in general, on the bond
length and basis set used. We note, however, that, at infinite
separation (r = « ), ¥, and ¢, become degenerate, R and C
also become degenerate, and u(r = ) = 1.

Beyond a critical bond length 7, it becomes energeti-
cally favorable for the orbitals in H, to break symmetry
(with respect to the center of inversion) and become more
localized about one or other nucleus. This can only take
place if the spin restriction of the RHF formalism is re-
moved, leading thereby to the UHF determinants shown in

TABLE IL Total energies and percentage of electron correlation energy recovered (UMP?2, UMP3, UMP4,
and CI, in hartrees) for CN radical within various correlation windows (STO-3G basis set).*

UCISD coefficients
Window UMP2 UMP3 UMP4 ucre a7 0-0°
{r,,50,7*} —91.03324 —91.03740 —91.04023 —91.04912 0.214 0.100

30.1% 48.4% 60.9% 100%

{40,50,7*} —91.02777 —91.02837 —91.02863 —91.028 85 0.004
56.1% 80.5% 91.1% 100%

{40,7 ,50,7*} —91.03880 —91.04513 —91.04945 — 91.06504" 0.216 0.153 0.112
32.1% 48.5% 59.7% 100%

Frozen core® —91.10287 —91.11262 —91.12714 —-91.17972 0.175 0.168 0.138
49.9% 56.2% 65.7% 100%

“ren = 1.235 A, UHF energy = — 91.026 39, (S?)yr = 1.564.

b Full CI values, unless otherwise noted.

©The doubly excited determinant 7, (@) 7, (8) - 7*(a)7*(B).
¢ The singly excited determinant 7, (&) »7¥(a).

*The singly excited determinant 40(8) - 50(B).

fUCISD value.

8 Window comprises all molecular orbitals in Fig. 4 except 1o and 20.

J. Chem. Phys., Vol. 89, No. 12, 15 December 1988

Downloaded 17 May 2003 to 128.243.220.42. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpol/jcpcr.jsp



Gill et al.: M¢ller-Plesset perturbation theory

TABLE III. Total energies and percentage of electron correlation energy recovered (UMP2, UMP3, UMP4,
and CI, in hartrees) for HCC radical within various correlation windows (STO-3G basis set).*

7309

UCISD coefficients
Window UMP2 UMP3 UMP4 ucrt rr—mn°  To1' 0=0°
{1r,,5cr,1r:} — 7520414 — 7520862 - 7521138 -~ 7521807 0.191 0.086

36.6% 57.0% 69.5% 100%

{40,50,7*} — 75.19653 —75.19667 —75.19672 —75.19676 0.002
64.6% 86.2% 93.8% 100%

{40’,1rx,50,17':} — 7520576 — 7521069 — 7521368 — 75.22097° 0.190 0.093 0.025
38.8% 58.6% 70.7% 100%

Frozen core? — 7527934 —75.29263 —75.30427 -—75.33661 0.155 0.123 0.022
59.2% 68.7% 77.0% 100%

rac = 1.067 A, rec = 1.221 A, UHF energy = — 75.196 11, (8?)yyr = 1.358.

® Full CI values, unless otherwise noted.

¢ The doubly excited determinant 7 (@), (8) - m¥(a) 7t ().
9The singly excited determinant 7, (@) - 7*(a).

*The singly excited determinant 40(8) —50(8).

TUCISD value.

8Window comprises all molecular orbitals in Fig. 4 (including the 70 MO) except 10 and 20.

Fig. 2. All four UHF orbitals (¢Z,¢2,02,47) possess o+
symmetry (in the C_, point group) and, consequently, all
four determinants can mix in the unrestricted CI wave func-
tion.

Following Szabo and Ostlund,'® we express the UHF
orbitals in terms of the RHF orbitals through the following
unitary transformations:

—sin @ ['/'o (3.2b)

[ﬁ ] [cos 6 ]

¥ lsing coso |y, |’
where the “symmetry breaking” parameter @ ranges in value
from @ = 0 (corresponding to completely delocalized orbi-
tals, i.e., 7 < 7,;, . UHF orbitals the same as RHF orbitals) to
0 = m/4 (corresponding to completely localized orbitals,
i.e., ¥ = o0 ). Similarly, using the relationships in Eq. (3.2),
we can express the UHF determinants (U, 4', B', and C’,

['ﬁ"a] - [ cos@  sin 9] [¢°] (3.2a)  Fig. 2) in terms of the RHF determinants (R, 4, B, and C,
(/4 —sind cosdl [y,]’ ' Fig. 1) as follows:
J
U cos? 6 sin@cos @ — sin Gcos 6 —sin? @ R
A’ — sin & cos cos® @ sin? @ —sin@cos 8| | 4
B'| 7| sinfcosd sin’ & cos? 8 sin & cos 8 B (3.3
C’ —sin? 8 sinf@cos @ —sin@cosl cos? 8 C

Wenote that, when @ = 0, the UHF determinants U, 4 ’, B', and C ' reduce exactly to the RHF determinants R, 4, B, and C, re-

spectively.

Because the normalized (spin-adapted) RHF configuration state functions R, C, and (4 — B)/4/2 can all be shown to be

pure spin states:

S?[R ] =0'[R] i.e., R is a singlet, (3.42)
S?[C] =0'[C] i.e., Cis a singlet, (3.4b)
S [(A—B)/v2] =2[(A—-B)/Vv2] ie,[(4—B)/V2]isatriplet, (3.4¢)

v, _.l_ __l__ __H__ —— 4
v —-H—— —{-— _+._ - w44 —4
LEAA A=y, B = ly,¥,! C =y, U= A= v

FIG. 1. The four possible RHF determinants for H,, using 2 minimal basis
set.

J. Chem. Phys., Vol. 89, No.
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B' = ly&yll C = Iy&y)

FIG. 2. The four possible UHF determinants for H,, using a minimal basis
set.
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itis now straightforward to use Egs. (3.3) and (3.4) torelate
(S?) uur to the @ parameter. From Eq. (3.3), the UHF wave
function

U=Rcos’0 + (4 — B)sinfcos @ — Csin>8 (3.5)
and, using Eq. (3.4), it follows that
($*)unr = (U*|S?|U)
=2((4 — B)/V2|S*|(4 — B)/v'2)
X sin® @ cos” 8
= (2)(2)sin? 8 cos® 6 = sin? 26. 3.6)

This remarkably simple expression shows that, near the
equilibrium bond length in H, (where 8 =0), (S?) =0
while, as the bond lengthens beyond r_,;, (and 8 monotoni-
cally approaches 7/4), (S?) tends toward unity, i.e., the
UHF wave function becomes, asymptotically, an equal mix-
ture of singlet and triplet states.

It is interesting to study the expression for the UHF
wave function given in Eq. (3.5) a little more closely. We
recall that the exact wave function Eq. (3.1) is derived from
the RHF wave function (R) by the addition of some of the
RHF doubly excited determinant ( C). Likewise, in forming
the UHF wave function (U) from the RHF wave function
(R), the RHF double excitation (C) is permitted to mix in,

J

R cos® 6 —sinfcos 8 sin & cos @
A| | sin@cosd cos? @ sin’ @
B| | —sin@cos@ sin? 6 cos? 6
C —sin? 8 —sin@cos @ sin O cos 6

Using Eq. (4.1), it follows that the exact wave function

Yoo =R —uC
= U(cos® 0 + u sin® 8) — C'(sin® 6 + u cos® 6)
+(B'—A")(1 —pu)sin Gcos 6. (4.2)

Thus, when r; <7< (and therefore 0 <8 <7/4 and
0 <u < 1), both the UHF singles (4 ' and B’) and the UHF
double (C') mix with the Hartree-Fock wave function (U)
in forming the exact wave function. In contrast, at infinite
separation (6 = n/4, u =1), the factor (1 — u) vanishes
and the UHF singles are not present in the exact wave func-
tion. Thus, the contribution from singles first rises as the
bond is stretched beyond r.; but eventually falls again,
reaching zero at the point of complete dissociation and de-
monstrating that, even in the UHF framework, the exact
wave function at infinite separation involves the admixture
of only the doubly excited determinant to the Hartree—Fock
determinant. By using Eq. (3.3) to express these two deter-
minants in terms of the RHF determinants:

Ulr=w)=A4—B)Y/vV2+(R-C)/vV2, (43a)

C'(r=w0)=(A4-B)/vV2—(R-C)/Vv2, (4.3b)

Gill ot al.: M¢ller-Plesset perturbation theory

even though UHF is only a single-determinant treatment.
However, this mixing comes at the cost of contamination by
the (higher-lying) triplet (4 — B). The mixing will thus oc-
cur only when incorporation of the double excitation is par-
ticularly favorable (and contamination by the triplet not
particularly unfavorable), i.e., when the separation between
¥,. and ¢, is sufficiently small. Thus, if it is energetically
Sfavorable, the (desirable) doubly excited and (undesirable)
triplet RHF configuration state functions will mix into the
RHF wave function to form a substantially spin-contaminat-
ed UHF wave function. This conclusion will have important
ramifications in our discussions of the HCC and CN ' radi-
cals (Sec. VI).

IV. THE FULL-CI DESCRIPTIONS OF H, (MINIMAL BASIS
SET)

In order to understand the way in which the UHF deter-
minants contribute to the exact wave function, it is useful to
begin by inverting the orthogonal matrix relation Eq. (3.3),
thereby expressing the RHF orbitals in terms of the UHF
orbitals. This is achieved by changing # to — @ in the trans-
formation matrix, thus:

—sin’ 8 U
sin @ cos 6 A’ 41
—sinfcosf| | B’ (4.1
cos® @ C'
—

it becomes clear that (U — C')/v/2 will contain no triplet
contaminant and is equal to the exact wave function.

The UHF and UCI (minimal basis set) treatments of H,
asit is stretched from equilibrium (r = req ), Past the onset of
UHF instability (r =r; ), and on to infinite separation
(r= ) may be summarized as follows. Initially, near
r=r,,, the UHF and RHF wave functions are identical,
(S?) =0, and only the double excitation mixes with the
UHF wave function in the UCI (exact) wave function (Ta-
blel, 7= 0.75 A). As rbecomes greater than ., (which, for
H, with the STO-3G basis set, is 1.153 A), it becomes favor-
able for the RHF double and the unwanted RHF triplet con-
taminant to contribute to the UHF wave function Eq. (3.5)
and, as a result, the UHF energy becomes lower than the
RHF energy. Consequently, (S%) begins to increase. At this
stage, both singly and doubly excited UHF determinants
contribute to the UCI wave function (Table I, r = 1.35 A).
Eventually (at infinite separation), the UHF wave function
becomes an equal mixture of singlet and triplet states and
(S?) = 1. However, the singles have again vanished from
the UCI wave function, which is now a mixture of only the
UHF ground and doubly excited determinants (Table I,
r=2.50 A). This behavior, together with that of the analo-
gous RHF and RCI descriptions, is concisely represented in
Fig. 3.
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RHF RHF determinant
RCi RHF + RHF double only
UHF same as RHF RHF + RHF double + RHF triplet

uci UHF + UHF double only

Energy

UHF

RCI, UCI

Bond Length —=

o0

FIG. 3. The contributions to the RHF, RCI, UHF, and UCI wave functions for H,, using a minimal basis set.

V. THE UMP DESCRIPTION OF H, (MINIMAL BASIS SET)

A. Empirical observations and an approximate
expression for the radius of convergence of the UMP A
parameter

It is interesting at this point to consider the bond length
dependence of the rate of convergence of the UMP series
(Table I). Near r= Tq» Where UHF =RHF and
UMP = RMP, convergence is rapid, 96% of the correlation
energy (of 21 mhartree) being recovered at the UMP4 level.
In contrast, at 7 = 1.35 A, where (S?) = 0.49, UMP4 recov-
ers only a third of the available correlation energy (of 50
mhartree). This is reminiscent of the poor performance of
UMP4 in treating the He3 * dication at its transition struc-
ture.* The situation becomes even worse as the bond length-
ens further still and (S?) tends toward unity. When » = 2.00
A, UMP4 theory recovers less than 3% of the total correla-
tion energy (of 11 mhartree) while, at r = 2.50 A, only 0.4%
(of 2 mhartree) is recovered. The additional observation
that the UCI singles coefficient drops from 0.268 at r = 1.35
At00.094atr=2.504 suggests that the slow convergence
of the UMP series at long bond lengths is not due to the single
excitations in the UCI wave function. We conclude, there-
fore, that the contribution of the UCI double excitation is not
described well by low orders of MP theory.

Recently, Gill ef al. have used a two-orbital, two-elec-
tron, doubles-only (“2%2”) model® to derive an approxi-
mate formula for the radius of convergence A of the RMP A
parameter for a singlet species:

Ao ph,) = (6, —€,)(@® + K717, (5.1

where the occupied (#,) and unoccupied (¢, ) molecular
orbitals in the model have orbital energies €, and ¢,,, respec-

tively, and the parameters a and K, which are related to
elements of the 2 X 2 CID matrix, are combinations of Cou-
lomb and exchange integrals (vide infra). They have shown
that the corresponding RMP series is convergent if A1 and
divergent otherwise. More specifically, they propose that the
rate of convergence increases with increasing A. This implies
that values of A only a little greater than unity will corre-
spond to very slowly convergent MP series. The formalism
which they used in deriving Eq. (5.1) for the RMP(2X2)
series applies equally to the analogous UMP(2X2) series.
Thus, by using the unrestricted Hartree-Fock values of €,,,
€,,a, and K in Eq. (3.10), we may deduce the approximate
radius of convergence A of the UMP perturbation expansion
for a singlet. The values for H, at various bond lengths are
listed in the last column of Table I and are entirely consistent
with the rates of convergence observed in the earlier columns
of the table. This suggests that the main factors determining
the convergence characteristics of the UMP expansion are
contained within the two-orbital, two-electron model.

We propose, therefore, that the poor description afford-
ed by UMP theory of the amplitude of the double excitation
in the UCI wave function is responsible for the slow conver-
gence of the UMP perturbation series for stretched H,.
Moreover, we should emhasize that, for a general molecule,
because determinants of other levels of excitation (i.e., sin-
gles, triples, quadruples, etc.) interact with the Hartree—
Fock determinant only through the doubles, it is likely that
any determinant which interacts with the Hartree—-Fock de-
terminant through a poorly described double will, itself, also
be poorly described. For this reason, for example, the UCI
singles contrlbutlon (25 mbhartree) in stretched H,
(r=135A) is, like the doubles contribution (25 mhar-
tree), very slowly introduced by successive orders of UMP
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theory (Table I). Thus, even where the direct correlation
contribution from a given doubly excited determinant is
rather small, unsatisfactory convergence of a disproportion-
ately large fraction of the total correlation energy of the sys-
tem may result if that determinant is poorly described.

B. Asymptotic convergence behavior

It is important, in order to understand the origin of the
unsatisfactory treatment afforded by UMP theory of the
contributions of certain UHF doubles, to examine in more
detail the Mgller—Plesset expansion of the UCID energy for
minimal-basis-set H,. Electron correlation is introduced
through the exchange integral K, (between the occupied
and unoccupied molecular orbitals ¢¢ and ¢ ), which oc-
curs as the off-diagonal element of the 2 X 2 CID correlation
matrix*

H [ 0 Ko ] 5.2
corr — Kou 2(1 _ 2/x ’ ( . a)

x=(e, —€,)7 ", (5.2b)

a=—;-(Jm +J,.)—2, +K,, (5.2¢)

where € and J represent the usual orbital energies and Cou-
lomb integrals, respectively. Clearly, if K, = 0, the correla-
tion energy is zero. Because the doubly excited determinant
is always higher in energy than the Hartree—Fock determi-
nant (except at r = oo, where they become degenerate), it
follows from a comparison of the diagonal elements of
(5.2a) that

ax<1 (5.3a)

(5.3b)

The UHF exchange integral K 5/" may be expressed in
terms of the RHF molecular integrals using Eq. (3.2a) and
thence may be related to {S?)yyr using Eq. (3.6), thus

Ko™ = f J. PE(DYEQ)rn YE(2)Y2(1)dV,dY,
= KR¥F(cos? @ —sin® )2 + (JRAF + JRHF
— 2JRHF)5in? 9 cos? O = (1 — (S yup ) K RHF

+ (JRHF _ gRHF _ 5 JRHF) (S%) yur /4 (54)

As the bond length in H, is increased beyond 7., , the factors
(JRHF 4 JRHF _ 2 JRHF) and (1 — (S*)ynr) in Eq. (5.4)
decay exponentially while 2K 2FF and (S?) tend toward the
one-center two-electron repulsion integral'? and unity [Eq.
(3.6) 1, respectively. As a result, from Eq. (5.4), K 5/'F de-
cays exponentially.

Gill et al. have derived* the following recursion formula
for the nth-order term E,, in the Méller—Plesset expansion of
the lower eigenvalue of Eq. (5.2a):

for r< w,

ax=1 for r= o.

B, =x[aB, — 2 (BE, o+ +E, LE)|, n>2
(5.5a)
E,=K2,x/2. (5.5b)

We can transform Eq. (5.5) to a canonical form by introduc-
ing

Gill et al.: Meller-Plesset perturbation theory

P(t)y=P, (1) —t[Py()P,_,(1)
+ 0+ P, (DP(D)], (5.6a)
P, (n)=1. (5.6b)
The function P, isan [n/2]th degree polynomial of the form

n>0

P,,(t)=1——;—n(n—1)t+.... (5.7)

It can now be verified, by substitution into Eq. (5.5), that
E, = (2t /x)(ax)"P,_, (1) (5.8a)
t=K2, /4a”. (5.8b)

Moreover, because K ./'F vanishes exponentially as 7— o
while o tends toward a nonzero value, it follows from Eq.
(5.8b) that, as rincreases, t VI 'F decays exponentially toward
zero. Consequently, for large 7, within the UHF framework

P,(t)=1 (5.9)
and
E, ~(2t/x)(ax)". (5.10)

Thus, when the bond is sufficiently stretched that K 5PF is
small, the sequence {E Y"F} is approximately geometric.
Furthermore, it follows from Eq. (5.3) that the geometric
series, although convergent for r < o, converges increasing-
ly slowly with increasing bond length because ax tends to
unity. We conclude, therefore, that the minimal-basis-set
UMP series for the UCID energy of stretched H, is an ap-
proximately geometric series whose rate of convergence de-
teriorates (although there is less correlation energy to re-
cover) as the bond length is increased.

At this point, it is useful to summarize our findings for
the stretched H, molecule with a minimal basis set. We con-
sider the case where 7., €7< . In the (spin-restricted)
RHF framework, only two determinants (R and the doubly
excited determinant Cin Fig. 1) contribute to the RCI (ex-
act) wave function and the matrix element K *MF between
them (and the correlation energy) is large. In the UHF
framework, the situation is very different. Because the spin
restriction has been removed, both the RHF double excita-
tion C and the RHF triplet (4 — B)1/2 contribute to the
UHF determinant U, the UHF molecular orbitals (Fig. 2)
break symmetry, and the UHF wave function is spin polar-
ized. The UHF wave function is lower in energy than the
RHF wave function but it is spin contaminated (by the RHF
triplet). In this case, the matrix element K |]'F between the
ground and doubly excited UHF determinants (Uand C'in
Fig. 2) is considerably smaller (than K X'F) and, as a conse-
quence, the UMP series is only slowly convergent.

VI. THE CYANO AND ETHYNYL RADICALS

We are now in a position to discuss the poor UMP con-
vergence of the isoelectronic HCC and CN radicals (Ta-
bles II and II1). The molecular orbital scheme for both of
these molecules is depicted in Fig. 4. Both species are o radi-
cals in which the unpaired electron is strongly localized. If
the restricted (ROHF) and unrestricted (UHF) determi-
nants for these radicals are enumerated and related to one
another (as we did for H,), the transformation matrix
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FIG. 4. The molecular orbital scheme for the CN "and HCC radicals. The
HCC radical has, in addition, a high-lying 7o orbital.

between the ROHF and UHF determinants involving
7, —mr (or, equivalently, 7, — 7} ) excitations is identical to
that in Eq. (3.3), derived above for H,. From inspection of
Fig. 4, we would expect that the doubly excited determinant
in which both 7, electrons are promoted to 7¥ (or, equally,
that in which both 7, electrons are promoted to 7y ) should
be important in these systems because the 7— 7* separation
is small. However, in both of these species, the localization of
the unpaired « electron leads, within the UHF description,
to substantial spin polarization in the 7-electron framework,
i.e., one end of the molecule has an excess of & 7-electron
density while, at the other end, there is a corresponding ex-
cess of B -electron density. In this respect, there is an analo-
gy between the equilibrium HCC and CN ' radicals and the
stretched H, molecule (in which the spin polarization is in
the o framework). Furthermore, the 7 spin polarization in
these radicals manifests itself exactly as the o spin polariza-
tion does in stretched H,, i.e., the UHF wave function is
significantly spin contaminated ({S?)yug, which is 0.75 for
a pure doublet wave function, is 1.564 for CN " and 1.358 for
HCC , at the geometries used).

7313

In Tables I and III, we examine the convergence behav-
ior of the UMP series within a variety of post-SCF windows
in CN and HCC , respectively. For both radicals, the fro-
zen-core UMP series converge poorly, only 65.7% and
77.0%, respectively, of the correlation energy being recov-
ered even by fourth-order MP theory. The drastic conse-
quences of such slow convergence on the calculated electron
affinity' of the CN " radical and on the H-C bond dissocia-
tion energy of HCN have been discussed’ by Nobes et al. The
UCISD amplitude for the 7, —#* singly excited determi-
nant (0.168 for CN and 0.123 for HCC) is significant in
both species and, like the analogous UHF singles in the
stretched H, system (Table I), is probably necessary to re-
move the spin contamination in the underlying UHF wave
function. In the case of CN ', the 40— 50 single is also found
to contribute significantly (0.138) to the UCISD wave func-
tion.

When the UMP and full-CI energies of CN~ and HCC'
are calculated within a smaller post-SCF window, consisting
of the 7., 50, and 7* molecular orbitals (Fig. 4), the rates of
convergence of the resulting UMP series and the amplitudes
of the 7, — ¥ single and double excitations are similar to
those found using the frozen-core window. In contrast, the
convergence of the UMP series within the {40, 50, 7*} win-
dow (where the w— 7* excitations are excluded) is much
more satisfactory, MP4 recovering most (91.1% for CN’
and 93.8% for HCC ) of the available correlation energy.
Moreover, in the larger {40, 7., 50, 7} window, the con-
vergence is again poor, strongly resembling that in the {7,
50, 7*} window. These striking comparisons are consistent
with the proposal that, just as the poorly described doubly
excited UHF determinant (C') was responsible for the slow
UMP convergence in stretched H,, the poor convergence in
CN' and HCC results from an inadequate treatment of the
7.~ (and 7,—»7}) doubly excited determinants. Wt":
note, additionally, that the important 40— 50 single in CN
apparently mixes with the Hartree-Fock determinant large-
ly through the 7 —7* doubles for, when the 7, molecular
orbital is added to the {40, 50, m*} window, the 40— 50
amplitude increases dramatically to approximately its fro-
zen-core value. Presumably, the correlation contribution
from any determinant which, like this one, interacts through
the problematic 7 7* doubles will be only slowly intro-
duced by successive orders of MP theory.

We would propose that spin contamination will general-
ly be significant in the UHF wave functions of radicals for
which a low-lying double excitation is possible. For such sys-
tems, the UMP series are likely to display poor convergence.
VIl. CONCLUSIONS

In this paper, we have proposed that the slow conver-
gence of the UMP series for stretched H, and for the CN
and HCC radicals may be traced, in each case, to the failure
of UMP theory to treat satisfactorily systems with impor-
tant, low-lying, doubly excited determinants. In the RHF
(or ROHF) framework, such determinants have large
(RCI) matrix elements with the Hartree-Fock determi-
nant. However, when the spin restriction is relaxed, the ener-
gy is lowered significantly, the resulting UHF wave function
is substantially spin polarized (leading to spin contamina-
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tion), and the (UCI) matrix elements are considerably
smaller. By demonstrating that the rate of MP convergence
decreases as these matrix elements become smaller we have
rationalized earlier proposals that spin contamination and
poor UMP convergence are related. Our findings suggest
that, in general, species for which low-lying double excita-
tions are possible (e.g., systems containing homolytically
cleaving bonds and most unsaturated radicals) are likely to
suffer from such poor convergence.
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