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The stability criteria of the Hartree-Fock wavefunctions YC implemented in the context of the Raothaan- 
Ha&e-e-Fock procedure. Use is made of modified SCF equations, in which the total enera, rather than orbital 
energies, appezxs. The procedure is applied to the 2 ‘S state of helium. 

1. Introductioa 

The complications associated with the Hartree- 
Fock equations are essentially due to the possible 
existence of more than one set of orbit& by which 
they are satisfied [l]. Furthermore, the Hartree- 
Fock equations constitute an extremum condition, 
and only a further investigation of the solutions en- 
ables the identification of those that correspond to a 
local minimum [2,3]. An even more acute problem 
is associated with the search of the absolute mini- 
mum. This has been very well known in particular 
in the context of the symmetry dilemma [$I. The 
instability associated with the removal of the equiv- 
alence restriction [5] is essentially related to the 
symmetry dilemma situation. 

The above mentioned complications give rise to a 
set of irregular phenomena associated with the de- 
pendence of the lowest lying Hartree-Fock solution : 
on parameters appearing in the hamiltonian (such as 
the nuclear charge). piscontinuities in the solution 
as a function of such physical parameters have been 
studied in the context of the symmetry dilemma 
[6,7]. They may.appear also without an associated 
symme!ry breakdown [8], in which case th& charac- 
terizing feature is the discontinuity itself. The phys- 
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ical and intuitive requirement OF having a smooth de- 
pendence of the sclution on the physical parameters 
can only be satisfied if one does not insist on follow- 
ing the I&vest energy solution. The diIemma here is 
between the continuity requirement and the absolute 
minimum requirement. This situation will be referred 
to as the continuity tiernma. 

The possible conversion of a stable solution of 
the Hartree-Fock equations to an unstable one, and 
the associated emergence of a different stable solu- 
tion is presently investigated. The stability criteria, 
implemented in the context of the Roothaan- 
Hartree-Fock procedure, are straightforwardly ap- 
plied. The reIev;ncc to some aspects of correlation is 
briefly discussed. 

‘2. Self-consistent fiild equations and the stability 
criterion 

-For a two electron system with a hamiltonian 

the open-shell Roothaan-Hartree-Fock problem 
cair be formulated as follows [9]. Let 

* = @‘c(t) @‘d(Z) +- @‘d(l) @c(z) I 

the plus and mmus signs referring to the singlet and 
tri$et respectively. Here 
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l+ni tie energy expression 

where Cis’the interelectronic repulsion term. 
The‘solution of the Roothaari-Hartree-Fock 

equatioas correspands to a local minimum of the en- 
ergy provided that the matrix of the second deriva- 
tives of the energy with .respect to the variational 
paramezers Cand D is positive definite. 

This matrix c&.be constructed out.of the three 
.submatl.ices 

where 

H&l =(Xi(l> Q(2)1HI[Xi(l) Q(2) 

and 

- q(1) %#)I i 

S ii.22 ‘(Xi(l) slk(2>iCXj(l) V,(2) f 771(l) Xj(211) I 

the two sets of pseudo secular equations 

(kc--ES3 c=o, (I-Id -J&D=0 

are obtained via the variation principle. 
Here ‘.. 

_Analogous relations hold.for Hd ana Sd. The two sets 
of pseudo secular.equations are solved iteratively for the 
iota1 energy E and the coefficients C and L). A some- 
tihat similar derivation of the Hartree-Fock equab, 
tions,has recently been discussed by Maysi [IO]. . . 

The connection with the conventional Roothaan 
HF equations follows by observing &that 

., 
~C=FC+~~,jk&j)SC, 

where f? is the Fock matrix for the orbital @c_ Thus 

(Hc-ESC)C=O=(FC- ecS’)C, 

., where 

,is the conventional orbit& energy for the orbital Qc. 

with 

iv= $I g Ci q Sijkl Dk D/ - 

The second derivatives matrix is thus readily available, 
using terms which have already been constructed in 
the Roclthaan-Hartree-Fock procedure. 

3. The continuity dilemma 

Some unusual correlation effects were recently ob- 
served in the lowest 3S states of He [ 11,121. Their’ 
essential feature is that correlation appears to pull the 
electrons closer together rather than push them apart. 
This is exhibited by the behaviour of the correlation 
contribution to +f2), i.e., (rf2>cxaa - (rf2>HF, plotted 
in fig. 1. This behaviour is in agreement with the re- 
sults of Eoyd and Katriel [ 12 j c.onceming.the shape 
of the Coulomb hole. However, a direct observation 
of ‘he Rartree+Fock values of (P&> versus Z, also 
plotted in fig. 1, as well as of the Hartree-Fock pair 
distribulion functions, is unable to detect any unusual 
features whatsoever. A similar observation was.made 
,withres$ect to ‘he indetectability of a second order 
transitic,n from a plot of the energy versus the physical 
paramsler [i] : The availability of the correlat$d.val- 

Simil+uly 

& =E.-(~Jhl~J, 

qthat 

-&ed =2o’L (&‘,lhi@,> &@&l@,)) =E +c’, 
ues of the pair distribution functions and of (P~-$J 
made the magnifi&tion of the f-hutre_e-Fock irre- .- ,_ : ,. ., 
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Fig. 1. ‘The Hatree-Fock and correlation contributions to 
(rf$ for the 2 3S state of the He sequence. 

gularity possible. In general, however, such a smooth 
background is not readily available. 

A direct way of detecting the irregular features 
within the Hartree-Pock computation would, no 
doubt, be highly desirable. This is just the kind of re- 
sult furnished by the behaviour of the second deriva- 
tives matrix. The approach of a second or higher order 
transition in the HF solution is indicated by one of the 
eigenvalues of this matrix diminis$ing very rapidly. 
One does not obtain negative eigenvalues for the sim- 
ple reason that-beyond the critical value of the phys- 
ical parameter for which the instability occurs, a dif- 
ferent solution is obtained. In a first order transition 
one jumps from one local minimum to another. This 
results in a discontinuous change of curvature at the 
energy minimum, which is reflected by a discontinuity 
in at least one of the eigenvalues of the second deriva- 
tives matrix. 

4. Computations and results 

The Roothaan-Hartree-Fock computations for 
the 3 S state of the helium isoelectronic sequence 
were carried out with basis sets of primitive STO!s. 
The exponential parameters were determine+ by op- 
timization for a c&&r nuclear charge and then kept 
constant while the linear coefficients were iterated to 
self consistency for varying nuclear charges. This was. 
necessary in order to avoid the neea of considering 
possible instabilities induced by the variations of the 

,exponential parameters. A series of such computa- 
tions with various basis sizes was carr@d out, and 
the second derivatives matrix of the energy with res- 
pect to the linear parameters was coilstructed and diag- 
onahzed. The existence of 2 critical paint is very clear- 
ly indicated by the Z dependence of at least one of the 
eigenvalues of the second derivatives matrix_ The dis- 
continuous eigenvalue is plotted in Egs. 2 and 3 as 
a function of the nuclear cbarge.~‘Ihe dependence of 
the location of the discontinuity upon the choice of 
the nuclear charge for which the optimization of the 

,: i,l :. 

Fig. 2. The discc&nuous eigenvalue (“soft mode”} for 
Nls =& = 2. ZO is the value of the nuclear charge for 
which the non-linear parameters were optimized. 

Fig. 3. The discontinuous eigenvalues for NI, =Nzs = 3 
.(dashed Line) and Nrs = Nas = 4 (full Sizes). ‘Ehe no~I.inzar 
pYameters were optimized at ZO = 3. 
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