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The stabLthy criteria of the Hartree—Fock wavefuncnons are unplcmented in the context ot' the Roothaan—
Hartree—~Fock procedure. Use is made of modified SCF equations, in which the total energy, rather than orbital
energies, appears. The p:ocedure is applied to t.he 2 3g state of hehum

1. Introduction

The vcomplications associated with the Hartree—
Fock equations are essentially due to the possible

existence of more than one set of orbitals by which i

they are satisfied [1]. Furthermore, the Hartree—
- Fock equations constitute an extremum condition,

" and only a further investigation of the solutions en- .

ables the identification of those that correspond to a

local minimum (2, 3]. An even more acute problem -

is associated with the search of the absolute mini-
mum. This has been very well known in particular

. in the context of the symmetry dilemma [4]. The’
instability associated with the removal of the equiv-
alence restriction [5] is essentially related to the
symmetry dilemma situation. ‘

“The above mentioned complications give rise to a’

set of irregular phenomena associated with the de-

pendence of the lowest lying Hartree—Fock solutxon
" on parameters appearing in the hamiltonian (such as
the nuclear charge). Discontinuities in the solution

as’a function of such physical parameters have been'

studied in the context ‘of the symmetry dilemma
" [6,7]. They may appear also without an associated

symmetry breakdown [8],in which case thé charac. ‘
‘terizing feature is the discontinuity itself. The phys--
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ical and intuitive requirement of having a smooth de-
- pendence of the sclution on the physical parameters

can only be satisfied if one does not insist on follow-
ing the Iowest energy solution. The dilemma here is

between the continuity requirement and the absolute
minimum requirement. This situation will be referred

. to as the continuity dilemma.

The possible conversion of a stable solution of
the Hartree—Fock equations to an unstable one, and
the assaciated emergence of a different stable solu-
tion is presently investigated. The stability criteria,
implemented in the context of the Roothaan—
Hartree—Fock procedure, are straightforwardly ap-
plied. The relevance to some aspects of correlation is
briefly discussed. : :

-2, Self-consistent finid equatlons and the stability

criterion

‘Fora twb electron system with a hamiltonjan '

. "‘f hl +h2 0 1/’12 s

the. open-shel.l Roothaan—Hartree——Fock problem

-cdn be forrnulated as follows [9]. Let -

¥ = (1) Ba(2) £ B4(1) B2,

the plus and minus signs refemng to the smglet and
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" 'Ifc'ff"_.-Z)'q *ii ;and: @ '. Z; Dy "7i

. Frcm the energy expressron _

E 2 Z;C C; H' lek DI

1-
|:ZP EC C}Dx;kka Dl] ,
)

_where T o _
Hygy = xi(D) nk(z)ml[x,(l)n,m i) xj(z)p i
and

Sige1 = <x,(1) nk(2)|[x,(1) m(2) (1) x5 (2)]>

_ t.h.. two sets of pseudo secular equatrons

® —ES°)C 0, H-£sHhDp=0

are obtamed via the vanatxon principle.
Here =~ - .

- Analogous relations hold for Hd and S9. The two sets

‘of pseudo secular equations are solved iteratively forthe

total energyE and the coefficients C and D. A some-
* what similar derivation of the Hartree~Fock equa-
‘tions has recently been discussed by Mayer [10].
. The connection with the conventlonal Roothaan
“HF equatlons follows by observing that

HE = FC + (@, lhl@y) §°,
'- where Fe is the Fock matrix for the orbital @,. Thus .
(H —ES®)C= 0 (Fc—- €& SC)C
where '
- (fbdlhlqld)

is the conventlona.l orbrta.l energy for the orbrtal <iJ
Sumlarly :

q=E—(&, IH@)
:soth,at -' :
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e g where (’15 the .nterelectromc repulsmn term. '

The solution of the Roothaan—Hartree Fock .

o equatro as corresponds toa local minimurn of the en-
" ergy provided that the matrix of the second deriva-

tives of the energy with respect to the variational

~parameters Cand D is positive definite.

- This matrix can'be constructed out ‘of the three

-,submatnces

.a2E ) c

3C,, 3C, | extremum N[ —ESp,1,

, azE : _ 2¢d- ’ vad .

aD,, 2D, | extrmu 'N[”M ~ 5%l

_ _ e |
3’E 4 %S _
- 3¢, oD, emm‘ﬁ 2 ? 1 DjHpigj = ESpig) »

with

N= Z kZ}C c; S,,k,D,, D .
i

The second derivatives matrix is thus readily available,
using terms which have already been constructed in

" the Rocthaan—Hartree—Fock procedure.

3. The continuity. dilermma

‘Some unusual correlation effects were recently ob-
served in the lowest 38 states of He [11, 12]. Their
essential feature is that correlation appears to pull the
electrons closer together rather than push them apart.

- This is exhibited by the behaviour of the correlation

contribution to (rf,), i.e., (rdeyaet = P up, plotted
in fig. 1. This behaviour.is in agreement with the re-

. sults of Boyd and Katriel [12] concerning the shape

of the Coulomb hole. However, a d1rect observation
of the Hartree—Fock values of ("1"> versus Z, also -
plotted in fg 1 as well as of the Hartree—Fock pair:
distribution functions, is unable to detect any unusual -
features whatsoever. A similar observation was made

with respect to the mdetectabﬂrty of a second order °
- transitica from a plot of the energy versus the physical

parameter [7]. The availability of the correlated val-

a ues of the pair distribution functions arid of (ru) ‘
_made the magmﬁcatron of the Hartree—Fock irre-
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Fig. 1. The Hartrée—Fock and correlation contributions to
(rgp for the 2 38 state of the He sequence.

gularity possible. In general, however, such a smooth
background is not readily available.

A direct way of detecting the irregular features
within the Hartree—Fock computation would, no
doubt, be highly desirable. This is just the kind of re-
sult furnished by the behaviour of the second deriva-
tives matrix. The approach of a second or higher order
transition in the HF solution is indicated by one of the
eigenvalues of this matrix diminishing very rapidly.
One does not obtain negative eigenvalues for the sim-
ple reason that beyond the critical value of the phys-
ical parameter for which the instability occurs, a dif-
ferent solution is obtained. In a first order transition
one jumps from one local minimum to another. This
results in a discontinuous change of curvature at the
energy minimum, which is reflected by a discontinuity
in at least one of the eigenvalues of the second deriva-
tives matrix. '

- 4 Computatlons and results

" The. Roothaa.n—Hartree—Fock computatlons for
the 38 state of the helium isoelectronic sequence
were carried out with basis sets of primitive STO’s.

-The expone'LtlaI parameters were determined by op--
jmnlzatlon for a certain nuclear charge and then kept
constant while the linear coefficients were iterated to

o oself conslstency for varying nuclear charges. This was.

. necessary in order to avoid the need of considering
: poss1b1e mstabﬂltles induced by tbe vanations of the
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F:g 2. The discontinuous eL,,envalue (“soft mode') for
Nig =Nas = 2. Zy is the value of the nuclear chzarge Eoc
which the non-linear parametess weze optimized.
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Fig. 3. The discontinuous eigenvalues for Ny =N35=3

:(dashed line) and ¥ g = Va5 = & (full lines). The non-linear

parameters were optimized at Zg = 3.

exponential parameters. A series of such computa-

* tions with various basis sizes was carried out, and

the second derivatives matrix of the energy with res-
pect to the linear parameters was constructed and diag-
onalized. The existence of a critical point is very clear-

ly indicated by the Z ‘dependence of at least one of the

eigenvalues of the second derivatives matrix. The dis-

.. continuous eigenvalue is plotted in figs. 2 and 3 as
“afunction of the nuclear charge. The dependence of
© the'location of the discontinuity upon the choice of
2 the nuclear charge for which the optimization of the

Tl
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- ally convargent picture. ‘These sets of results clearly

v contmmues and physxca_ phase transitions have already' L

* show that a discontinuity of second or perhaps hlgher B
- order occurs somewhere between Z 2 andZ 3, o
probably at about Z =~ 2.40 '

:The analogles between the presently dlscussed dxs-

* been pomted out [7]. They are further enhanced by

" the sxmilanty of the behavmur of the dxscontmuous v

- eigenvalite to that of the © ‘soft mode” charactenmna " - [8] N. Moiseyvand I. Katnel to be pu‘bh.sned_

_secbnd_»'ﬁrder phése transitions [13]..
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exponentml'parameters was camed out ‘is studxed in Y
Lrifigl 2. Altnough this dependence is not: entuely nég-
ligible; it does appear to be.of secondary mgmﬁcance
- even for the very restricted basis set used Wy =Ny -
=2 le and Vg being 1 the number of pnmltne STO s
' vvfjper orbltal) The dependence on the basis size is sty -
' died in fig. 3, again showmg a consistent and essenti- " L
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