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We show that a diagonalizablénon-Hermitian Hamiltonian H is pseudo-
Hermitian if and only if it has an antilinear symmetry, i.e., a symmetry generated by
an invertible antilinear operator. This implies that the eigenvalud$ afe real or
come in complex conjugate pairs if and onlyHf possesses such a symmetry. In
particular, the reality of the spectrum &f implies the presence of an antilinear
symmetry. We further show that the spectrumtbis real if and only if there is a
positive-definite inner-product on the Hilbert space with respect to whiclts
Hermitian or alternatively there is a pseudo-canonical transformation of the Hilbert
space that mapd into a Hermitian operator. @002 American Institute of Phys-
ics. [DOI: 10.1063/1.1489072

[. INTRODUCTION

The main reason for the recent interestRiT-symmetry is that the eigenvalues of every
PT-symmetric Hamiltonian are real or come in complex conjugate pairs. In particular, if the
PT-symmetry is exact, the spectrum of the Hamiltonian is real. In Ref. 2, we introduced the
concept of a pseudo-Hermitian operator and showed that the remarkable spectral properties of the
P T-symmetric Hamiltonians follow from their pseudo-Hermiticity. Under the assumption of the
diagonalizability(equivalently the existence of a complete biorthonormal set of energy eigenvec-
tors), we obtained in Ref3 a complete characterization of all tireon-Hermitian Hamiltonians
that have a real spectrum. Here we also pointed out that the spectral properties of the
P T-symmetric Hamiltonians are common to all Hamiltonians possessing an antilinear symmetry
(a symmetry generated by an invertible antilinear opeyjaitinerefore, at least for the class of
diagonalizable Hamiltonians, presence of an antilinear symmetry implies pseudo-Hermiticity of
the Hamiltonian. The main purpose of the present article is to show that the converse of this
statement holds as well, that is, pseudo-Hermiticity of a Hamiltonian implies the existence of an
antilinear symmetry. A direct consequence of this result is that if the spectrum of the Hamiltonian
is real, then the system has an antilinear symmétysymmetry being the prime example.

The organization of the article is as follows. Section Il includes a brief review of the necessary
results reported in the companion artictésSection Il examines anti-pseudo-Hermiticity
(pseudo-Hermiticity with an antilinear automorphigHere we prove that everjnon-Hermitian
diagonalizable Hamiltonian is anti-pseudo-Hermitian and that the pseudo-Hermiticity of the
Hamiltonian implies the presence of an antilinear symmetry. Section |V offers a description of the
Hamiltonians with a real spectrum in terms of certain associated Hermitian operators. Section V
presents a summary of the main results and the concluding remarks.

Throughout this article we shall consid@ron-Hermitian HamiltoniansH that are diagonal-
izable and have a discrete spectrum. As we explain below, this means that these Hamiltonians
admit a complete biorthonormal set of eigenvectfiis/,,a),|#,,a))}. The latter satisfy the
following defining relationg:
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Hlgn,a)=Enlyn.a),  Hldn.a)=Efl¢n.a), (1)
<¢mvb|l//n ,a)= 5mn5aba (2)

dn
; gl [, @) bn.al =1, 3)

wheren anda are, respectively, the spectral and degeneracy labgls, the multiplicity (degree
of degeneracyof E,,, T and*, respectively, denote the adjoint and complex-conjugiig stands
for the Kronecker delta function, and 1 is the identity operator. In view of EQs«(3), we also
have

dn

dn
H=§ glEn|¢n,a><¢n.a|, HT=>  Enldn.a)(un 2. ()

n a=

In order to see the equivalence of the existence of a complete biorthonormal set of eigenvec-
tors of H and its diagonalizability, we note that by definition a diagonalizable Hamiltorian
satisfiesA " *HA=H, for an invertible linear operatok and a diagonal linear operatbty, i.e.,
there is an orthonormal bas{$n,a)} in the Hilbert space and complex numbéts such that
Ho=2,2Enln,a)(n,a|. Then letting| ¢, , @) :=A|n,a) and| ¢, ,a):=(A"1)T|n,a), we can eas-
ily check that{| ¢, ,a),| ¢, ,a)} is a complete biorthonormal system fdr. The converse is also
true, for if such a system exists we may #et>,= | #,,a)(n,«| for some orthonormal basis
{In,a@)} and check thah 1==.3 [n,a)(¢,,a| andA"*HA=H,, i.e.,H is diagonalizable.

We would like to emphasize that the diagonalizability condition may be viewed as a physical
requirement without which an energy eigenbasis would not exist. To our knowledge all known
non-Hermitian Hamiltonians that are used in physical applications are diagonalizable and there-
fore admit a complete biorthonormal set of eigenvectors. This in particular includes all the Her-
mitian Hamiltonians as well as the non-Hermitian Hamiltonians used in ionization Spties,
study of dissipative systems and resonant statem-component formulation of the minisuper-
space quantum cosmologynd also theP T-symmetric Hamiltonians whose spectral properties
have been obtained using numerical methods.

II. PSEUDO-HERMITICITY

Let H:H—H be a linear operator acting in a Hilbert spateand »:H—H be a linear
Hermitian automorphisrfinvertible transformation Then then-pseudo-Hermitian adjoint dfl is
defined by

H#¥:=9 HT9. (5)

H is said to be pseudo-Hermitian with respecttor simply 7-pseudo-Hermitian iH*=H. H is
said to be pseudo-Hermitian if it is pseudo-Hermitian with respect to some linear Hermitian
automorphismy,.

The basic properties of pseudo-Hermitian operators are discussed in Refs. 2 and 3. Here we
survey the properties that we shall make use of in this articleH:ét— 7 be a diagonalizable
linear operator. Then

(i) H is pseudo-Hermitian if and only if its eigenvalues are real or come in complex-conjugate
el
pairs; and
(i) if H is pseudo-Hermitian with respect to two linear Hermitian automorphigmand 7,
then ; 17, generates a symmetry &f, i.e.,[H,7; 17,]=02
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[ll. ANTI-PSEUDO-HERMITICITY

We first recall that a function: H— H acting in a(complex Hilbert spaceH is said to be an
antilinear operator if for ala,be C and|&),|{) e H,

7(alé) +b|{)) =a* 7|§) +b* 7{¢). 6)
An antilinear operator: H— M is said to be anti-Hermitidhif for all |£),¢) e H,
(l7&)=(&l10). (7

Definition 1:A linear operatoH: H— H acting in a Hilbert spac@( is said to be anti-pseudo-
Hermitian if there is an antilinear anti-Hermitian automorphisiitt— H satisfying

HY=rH7 % (8)

We begin our analysis by giving a characterization of antilinear anti-Hermitian operators with
respect to which a given linear operator is anti-pseudo-Hermitian.

Theorem 1: Let H be a Hilbert space anld:H—H be a diagonalizable linear operator with
a discrete spectrum and a complete biorthonormal set of eigenvé¢tgrsa),| ¢,,a))}. Then
7:H—H is an antilinear anti-Hermitian operator akidis manti-pseudo-Hermitian if and only if
there are symmetric invertible matrice§” with entriesc}) such that for all¢) e H,

dn
0= 3 c@(ll¢n.a)|enb). 9

Proof: Suppose that:H—H is a given antilinear anti-Hermitian operator aHdis manti-
pseudo-Hermitian, i.e(8) or equivalently

HTr=7H (10
holds. Letting both sides dfL0) act on|¢,,,a) and using(1) and(6), we have
HT(Tllﬁn-a)):E:(TW/n!a»-

Comparing this equation with the second equatiofilin we find

dn
7|, @)= bzl chalén.b), (12)
wherec) are defined by
Cg;))’=<¢n,a| | ¢n,a). 12

We can also expregd1l) in the form

<¢m,b|7| ¢n1a>:5mncgg- (13

Next note that because is an invertible operator, the matri™ = (c{)) formed byc{} is
nonsingular. In fact, applyinge, ¢/ 7~ * to both sides of11) and using(6) and the fact that~*
is also antilinear, we have

(€™ ) ap={bn.a| 7 Y by b)*. (14)

Furthermore, in view 0f12) and (7), ¢(™ is a symmetric matrix. Now letZ) be an arbitrary
element ofH and usg(13), (3) and(7) to compute
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d

dl’\ n
;abE:lcg’B<zl¢n,a>|¢n,b>= bE: | b b)Y b @) (0] 7|, D)

n,m 1

o

S 3 [6m b)(elrlim b)

% % |¢m!b><lr/lmlb|7|§>
=1(Z).

This establisheg9). Next, suppose that(™ are given invertible symmetric matrices amds

defined by(9). Then the antilinearity of follows from the antilinearity of the inner-product in its
first entry. The following simple calculation shows thais anti-Hermitian. For all&),|{) e H,

dl‘l

(=2 > (el ¢n.a)él én.b)
dn

=2 abE:1 (£l b b)(E| ¢, a)

_E 2 (n)<§|¢nva><§|¢nab>

=(¢l7),

where we used9) and the fact that™ are symmetric. In order to establish thanti-pseudo-
Hermiticity of H we first observe that9) implies

)= E 2 (™) 2o (Ll n @) [, b). (15)

This can be easily checked by applyingo the right-hand side dfL5) and using(9), (2), and(3)
to show that the result ig’). Next, we note that applying both sides(8j to | ¢, ,a) we recover
(11). Finally, we use(9), (15), (6), (1), (4), and(11) to compute, for all{) e H,

TH7™ 1|§>_72 2 C(n) <§|'r/fn!a>E |¢n1b>

_E 2 E*C(n) <§|¢n1a>*7'|’;bnab>

d

= X Ei¢n.al)ce™ e, ,c)

n ab,c=1

dn
; b; Ex| én,b){¢hn,bl0)=HT|0).

Therefore,sH7 t=H". O

We should emphasize that, unlike the case of pseudo-Hermitian Hamiltonians, the anti-
pseudo-Hermiticity does not restrict the energy spectrum. In fact, we can use Theorem 1 to prove
the following.
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Corollary 1: Every diagonalazable linear operatér’{— 7 with a discrete spectrum is anti-
pseudo-Hermitian.

Proof: Let {(|¢,,a),|¢,,a))} be a complete biorthonormal set of eigenvectors, arid
—H be defined by9) with ¢(W=1 for all n, i.e., for all|{) e H,

dn
rlé>==§ a; (Ll n.a) | b .a). (16)

Then according to Theorem %,is an antilinear anti-Hermitian operator ahdis manti-pseudo-
Hermitian. O
Corollary 2: Every diagonalizable pseudo-Hermitian linear operétck— H with a discrete
spectrum has an antilinear symmetry.
Proof: Let H be pseudo-Hermitian. Then according to Corollary 1 it is also anti-pseudo-
Hermitian, i.e., there are a linear Hermitian automorphigni{— 7 and an antilinear anti-
Hermitian automorphism:’H—H such that

77H77_1=HT=THT_1. (17

Hence[H,» 7]=0. Clearly  'r is an antilinear operator. O
Theorem 2: Let H: H—H be a diagonalizable linear operator acting in a Hilbert sgéedth
a discrete spectrum. Then the following are equivalent.

(1) The eigenvalues dfl are real or come in complex-conjugate pairs.
(2) H is pseudo-Hermitian.
(3) H has an antilinear symmetry.

Proof: The equivalence ofl) and (2) was established in Ref. 2; Corollary 2 shows tt@t
implies (3); the fact that(3) implies (1) follows from a simple calculation given in Ref. 3. [J
A class of PT-symmetric Hamiltonians is given by

2

H=2p—m+V1(X)+IV2(X), (18)

whereV, andV, are, respectively, even and odd real-valued functions and the classical phase
space is assumed to be real, ix.andp are the standard Hermitian operators representing the
position and momentum of a particle of mamsAs we point out in Ref. 2, the Hamiltoniad8)

is P-pseudo-Hermitian. It is also easy to check that it Tisanti-pseudo-Hermitian. The
P-pseudo-Hermiticity and -anti-pseudo-Hermiticity of this Hamiltonian implies iB *T=PT
symmetry. In general, there arePT-symmetric Hamiltonians H that are neither
P-pseudo-Hermitian noF-anti-pseudo-Hermitian. According to Theorem 2, if we make the physi-
cal assumption thatl is diagonalizable, so that it admits a complete biorthonormal set of energy
eigenvectors, thell must be pseudo-Hermitian with respect to a linear Hermitian automorphism
n. It turns out that the choice af is not unique. But fixing an antilinear anti-Hermitian operator
Twith respect to whict is anti-pseudo-Hermitianamely,(9)], we can expresgin terms ofPT

and 7 according to

n=7PT. (19

One can easily check th®T-symmetry (PT,H]=0) and anti-pseudo-Hermiticity8) imply
pseudo-Hermiticity oH with respect ta(19).

Next we consider a general diagonalizable Hamiltorttarwith a discrete spectrum and a
symmetry generated by a general invertible antilinear opeb&ator

[H,X]=0. (20)
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The antilinearity ofX implies »-pseudo-Hermiticity oH with respect to some linear Hermitian
automorphisnmy. The anti-pseudo-Hermiticity dfi with respect to an antilinear automorphism of
the form(9) always holds. Hence Eq6l7) are valid. Taking the adjoint of both sides (@0) and
making use of17), we can easily show that? := " *X 7 andX? =7~ X commute withH, i.e.,
they generate antilinear symmetries of the system as well.

IV. NON-HERMITIAN HAMILTONIANS WITH A REAL SPECTRUM

We first recall the following results which we reported in Refs. 2 and 3.
(1) The (indefinite inner-product defined by

VIE) D eH, (&loh=(&nld), (21)

is invariant under the evolution generated by spseudo-Hermitian Hamiltoniahl.? It is also
easy to check that such a Hamiltonian is Hermitian with respect tdirldefinite) inner-product
(21). See also Ref. 9.

(2) A diagonalizable(non-Hermitian Hamiltonian has a real spectrum if and only if it is
pseudo-Hermitian with respect to a linear Hermitian automorphism of the form

7=00", (22)

whereO: H—H is a linear automorphisrh.

These statements suggest the following characterization dhtheHermitian Hamiltonians
with a real spectrum. See also Ref. 10.

Theorem 3: A diagonalizable Hamiltoniail acting in a Hilbert spacé{ has a real spectrum
if and only if there is a positive-definite inner-product Ahwith respect to whichd is Hermitian.

Proof: SupposeH has a real spectrum so that it@O-pseudo-Hermitian for a linear auto-
morphism O: H—H. Then the inner-product2l) with »=0O0" is clearly a positive-definite
inner-product with respect to whidH is Hermitian. Conversely, suppose that there is a positive-
definite inner-product ( , ) with respect to whic¢h is Hermitian. Then treating the spectral
problem forH in the Hilbert spaceH with the inner-product (, ), we find thai has a real
spectrum.

Corollary: Suppose thaH has an antilinear symmetiy. If X is an exact symmetry dfl,
then there is a positive-definite inner product®rwith respect to whiclH is Hermitian. [

Proof: Exactness of an antilinear symmetry implies reality of the spectrutd.dfThe con-
clusion then follows from Theorem 3. O

Next we give an alternative and in a sense equivalent characterization @fahéHermitian
Hamiltonians with a real spectrum.

Definition 2: Consider a quantum system with the Hilbert sp&¢eand the Hamiltonian
H:H—H. Then a linear automorphisi: H— 7 is said to be gseudo-canonical transformation
for the system if for all|{) e H the transformation

10— [0)=Al¢) (23

leaves the Schringer equation,

d
| gl w©)=Hu(v) (24)

form-invariant. A unitary pseudo-canonical transformation is calledgaantum canonical
transformatiort?

Clearly the defining condition for a pseudo-canonical transformation implies the following
transformation rule for the Hamiltonian:

H—H:=AHA 1+iAA"L, (25)
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where a dot denotes a time-derivative. For a time-independent pseudo-canonical transfokmnation
the second term on the right-hand side(25) drops andH transforms as

H—-H:=AHAL. (26)

Theorem 4: A diagonalizable time-independent Hamiltonighhas a real spectrum if and
only if there is a pseudo-canonical transformation that ntdpsto a Hermitian operator.

Proof: Suppose thaH has a real spectrum. Then it 3O'-pseudo-Hermitian for a linear
automorphismO: H—H, i.e., H'=00™H (00" 1. Let A:=0". Then, in view of(26) and the
preceding equation, we have

Hi=(AHA HT=(A"HTHTAT=(A"H)TATAHA L(AT) TAT=AHA 1=H.

Hence the transformed Hamiltonian is Hermitian. Conversely suppose that there is a pseudo-
canonical transformatioA: H— H under whichH transforms to a Hermitian Hamiltoniat and
let O:=A". Then using(26) andH'=H, we have

OO0'™H(00") t=ATAA HA(ATA) 1=ATRT(AT) 1= (A" HA)T=H".

Therefore H is OO'-pseudo-Hermitian, and its spectrum is real. O
Corollary: Suppose thaH has an antilinear symmetey. If X is an exact symmetry dfl,
then there is a pseudo-canonical transformation that rhiapgo a Hermitian operator.
Proof: Exactness of an antilinear symmetry implies reality of the spectrui.dfThe con-
clusion then follows from Theorem 4. O

V. DISCUSSION AND CONCLUSION

In this article we established the equivalence of the notion of pseudo-Hermiticity and presence
of an antilinear symmetry for the class of diagonalizatien-Hermitian Hamiltonians. This
required the study of pseudo-Hermiticity with respect to antilinear anti-Hermitian automorphisms.
It turned that the latter does not restrict the choice of the Hamiltonian and such antilinear auto-
morphisms always exist. In fact, we obtained the general form of these automorphisms. For a fixed
complete biorthonormal eigenbasis, they are determined in terms of a sequence of complex sym-
metric matricesc(™. The choice of unity for all these matrices leads to a canonical antilinear
anti-Hermitian automorphism, name(¢6). Under an invertible transformatian of the basis

dn

dn
|lﬂn,a>—’2 uba|¢nab>1 |¢n,a>—>b21 (u_”)ba|¢n1b>

b=1
that preserves its completeness and biorthonormality, the mat{®esansform according to
C(n)_>u*tc(n)u* — UTC(n)uTt,

where! denotes the transpose. We can transform to a basis where a gehesathe canonical
form (16) if we can find invertible matrices=u~*" satisfyingc(™=vo'. As shown in Ref. 12
this is always possible. Therefore, up to the choice of the biorthonormal eigenbasegtually
unique.

A simple consequence of our findings is that the reality of the spectrum of a Hamiltonian
implies the presence of an antilinear symmetry. In view of the proof of Corollary 2 an(®Fof
this article and Eq(23) of Ref. 2, we have in fact an explicit expression for the generator of such
a symmetry in terms of the biorthonormal eigenvectors of the Hamiltonian. We also gave two
characterizations of Hamiltonians with real spectrum. These characterizations show how a Hamil-
tonian with a real spectrum may be related to an associated Hermitian Hamiltonian. Another
simple implication of our analysis is that every Hermitian Hamiltonian has an antilinear symmetry.
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