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Projected unrestricted Moller-Plesset second-order energies

Peter J. Knowles and Nicholas C. Handy

University Chemical Laboratory, Lensfield Road, Cambridge CB2 1EW, United Kingdom
(Received 1 December 1987; accepted 10 February 1988)

A practical scheme for obtaining unrestricted Méller—Plesset energies at second order
(UMP2), with spin contamination removed from the wave function, is described and
demonstrated. The algebra increases with the number of spin projections, and it appears to be
practical to include only two spin projections. Full formulas are given, for which the cost is
proportional to M 3, where M is the number of basis functions. The results of these calculations
give remarkably enhanced accuracy at fractionally extra cost. Four examples are included to
demonstrate this: (i) the potential curve for the symmetric dissociation of H,O; (ii) the
potential curve for the abstraction of H from CH,; (iii) the barrier for the addition of H to
C,H,; and (iv) the electron affinity of CN. It is recommended that this procedure should be

added at the end of all UMP2 calculations.

I. INTRODUCTION

The problem of spin contamination in unrestricted Har-
tree—Fock calculations has been known ever since UHF cal-
culations were introduced by Pople and Nesbet.! It is not
possible for a UHF determinant o7 (765 - - el 48
(¢, #¢,) to be an eigenfunction of S *. For some molecules
the problem is thought to be unimportant: for NH,, using a
6-31G* basis set, the expectation value of .S 2 for the UHF
wave function {S?) is 0.76. For some molecules the problem
is severe: for CN, with a 6-311 + G(d, f) basis, (52) is 1.13.

At this UHF level, it was suggested by Amos and Hall®
that spin projection should be used, using a projection opera-
tor O which removed all spin contaminants. Thus the pro-
jected unrestricted Hartree—-Fock formula (PUHF) was ob-
tained. However, this formula is not often used because of
the difficulty of evaluation. We shall comment on this aspect
in this paper.

Although the UHF method introduces some electron
correlation effects between orbitals of different spin, it is ex-
tremely desirable to introduce more general correlation ef-
fects. The easiest and most straightforward way to do this is
through perturbation theory>—this is called unrestricted
Mgller—Plesset theory (UMP), and it is based on the Hamil-
tonian partitioning H = H,+ H,, where H,= X, F(i)

+ 27F (i) (i,idenote occupied a, S orbitals). It is thus possi-
ble to derive formula for the second-, third-, and fourth-
order corrections UMP2, UMP3, and UMP4, and nowadays
these are routinely calculated.?

For closed shell molecules at equilibrium geometries we
have recently shown that MP2 calculations give very accu-
rate geometries and properties,* provided a large basis set is
used. As one breaks a bond in a molecule, it is reasonable to
consider using the UHF method, because this method can
give the correct form for the wave function at equilibrium
and dissociation. Therefore, it is reasonable to consider that
a UMP2 calculation should give a good representation of the
whole surface. But it does not! Indeed it is particularly poor
in that region which may be called “halfway” to dissocia-
tion.

We have examined the convergence of the UMPn se-
ries,” and we have shown that the series is very slowly con-
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vergent when (gz) is very different from S(S + 1). We must
suspect that this fact and the one in the previous paragraph
arerelated. Therefore, it is highly desirable to devise a practi-
cal scheme to evaluate a projected UMPn series; i.e., one for
which spin contamination in the perturbation series for the
wave function has been removed.

In a previous paper,® we have addressed this problem,
and we came forward with two schemes for spin projection.
We demonstrated both schemes using our full CI program,’
and showed that after spin projection excellent results may
be obtained for the UMP# series. Those calculations were
limited, because only very small basis sets may be used in the
full CI calculations. The purpose of this paper is to show that
one of the schemes is practical for large scale calculations.

As the number of projections required to remove all the
spin contaminants increases, unfortunately the algebra be-
comes very messy, and in practice we have restricted our
calculations to the removal of the two worst contaminants.
We shall discuss the deficiencies in this approach. We give
full formula for this projected UMP2 energy, because we
recommend that this projection should automatically be car-
ried out after all UMP2 calculations. It is not expensive, the
cost varying as M ®, where M is the number of basis func-
tions.

To demonstrate the greatly increased accuracy that is
achieved after the projection of UMP2 calculations, we re-
port four investigations:

(i) Calculations in C,, symmetry for the dissociation of
H,0. These benchmark calculations with small basis sets
show that the projected UMP2 values with two projections
[denoted PMP2(2)] give a potential curve which is almost
parallel to the full curve.

(ii) Calculations with a 6-31G** basis set for the ab-
straction of H and CH,. The PMP2(2) calculations are
shown to be size consistent for this problem. Furthermore
the medium-long range part of the potential curve is much
more reasonable (Morse-like) than UMP4 calculations, and
the dissociation energy is within 4 kcal/mol of the exact val-
ue.

(iii) The barrier for the addition of H to C,H,. This is a
classic problem for which MP2 and MP4 calculations obtain

®© 1988 American Institute of Physics 6991
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a barrier which is approximately 8 kcal/mol too high; our
PMP2(2) calculations predict a barrier which is approxi-
mately 1 kcal/mol too high.

(iv) The electron affinity of CN. UHF calculations on
CN give (Sz) = 1.1, that is high spin contamination. Good
UHF calculations give an electron affinity which is about 25
kcal/mol too low, MP2 calculations being the equivalent
amount too high. Our PMP2(2) calculations with a very
large basis set give an electron affinity which is about 5 kcal/
mol too high, a very significant improvement.

Schlegel has presented two papers®® on the elimination
of spin contamination in UMP calculations, and we have
compared our calculations with his in some cases. His first
paper® involved an approximate scheme to remove the lar-
gest spin contaminant in ¢, and higher terms in the pertur-
bation series; his second paper was more general, but we
believe both of his formulas for the projected UMP2 energy
are not satisfactory; they involve the expression
(¢0|H0 |0}/ ﬁj/JoLO |4,), where Ois the projection operator,
and because [ H,,0] #0, it involves terms in both first and
second order in the perturbation parameter, and this does
appear to be the correct formalism. Our theory, given in the
next section does not suffer from this problem, and it will be
seen that these arguments are supported by the calculations.

iI. THE PROJECTED UMP2 SCHEME

The theory has been introduced in full in a recent pa-
per.® Here we shall concentrate on those aspects which are
important for practical computation.

We shall use the Léwdin spin projection operator'®
S2—JJ+1)
s=s 1SS+ 1) —JUJ+1)

Here we shall assume that S = (N, — N,), and therefore
the full spin projection operator O is obtained when / = Ny,
the number of /3 electrons.

The UMP wave fynction series 2,4 "¢, is derived'’
from the Hamiltonian H = H, + H,. The exact wave func-
tion obeys

~ S41
Ol=

(1)

Hy=Ey (2)
and, since [6,ﬁ 1=0,
HOy = EOy. (3)

We represent ¢ by the same UMP series 2,4 "y, arguing
that the component of this series of the correct spin symme-
try may be a good representation of the wave function. We
substitute this into Eq. (3), project on the left by ¢, and
introduce a new energy series 3,4 "E,, which is different to
the UMP energy series 2,4 "E,,. Thus,

<¢0|(1?0+/1?11)6|;,1~¢n>

=;,1MEM<¢O|6|§":,1"¢">. 4

Comparing coefficients of powers of 4 yields the new ener-
gies E, . Here we are only concerned to second order:

Eo + El = <¢0|I/}6 ]¢o>/<¢o|a |¢o)
=Epynr, (5)

E, = (40/0 [¥6) ™" ({20 HO |1} — Eprir (%010 |#1)).
(6)

We now discuss the practical implementation of the formu-
las (5) and (6). To work with the full projection operator
appears to be extraordinarily messy—this may be under-
stood by a realization that every time 52 is introduced, two
extra levels of excitation are introduced. It appears that 0:/10
is a linear combination of all the determinants that appear in
a full CI calcula}jon, so it does not appear to be practical to
work with a full 0. We shall work with Q,, Eq. (1), which we
shall argue is very satisfactory for most problems.
We therefore define

EUHF,I = <¢O|al[¢o>_l(¢0|j:}all¢’o) (7
and
B,y = (00l01100) " ({0l HO, |9,
— Evur(90l01|80)). (8)

To evaluate Eqs. (7) and (8), we ﬁnd it convenient to use
second quantization notation. Thus, Sis represented as

52 =S§+SZ+N5—R, €))]
where
R=73 S:S:E,Ex (10)
P‘I

with qu , E. being the annihilation—creation operators for a

and S orbitals, respectively, and S,; is the overlap matrix

Sy = (8,1¢5)- (11)
In Eq. (10), p, g, 7, 5 run over all orbitals of the appropriate
spin.

It is therefore possible to write the projection operator
0, as

A ! A,
0,=Y fiR’ (12)
<o

with £, given by the recursion relation

Joo =1 fio =0 for j#0,
Nﬁfl f— 1,/
o =f 13
e =it sy —sen . Y
In the following we shall use the notations i, j,%,... to denote

occupied orbitals, a,b,c,... to denote virtual orbitals, and
Dsg:7,... to denote all orbitals. A bar is added to denote B
orbitals.

We also need the action of the Hamiltonian on the refer-
ence. This is given by

H\ o) = Euue 190) + Bo"l90) + B2 |40} + H* 4y,
(14)
where (using repeated suffix notation)
Hes=HIE, Eb,, H?= HE, By
Hﬂ""":iH',,E E,,J (15)
and
H, = (ailb)) — (qj|bi); HE = @ily) — (a]|5i);
H} = (ailb)). (16)
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(ai|by), etc., are the usual two electron integrals met in the
expression for the second-order MP2 energy E,.
The first order wave function is given by

|¥1) = 1C I, E,Ey|vo) + CEE  Eg|tho)
+ ICU E"Ebj"/’o

= |95 + 1459 + [¢ 1), (17)
where
Cl=H (e +€ —€,—¢€,) ", et (18)
We are now in a position to derive the formulas for
WolH [90), WlH |9, WolR [00), (WlR [9),
Wl RH |90, (WolRE 8, (WolR?Io), (ol R,

(W R2H |¢ho) and (Wo|R2H |9,)

which are required to evaluate E‘z o E‘z 1, and E‘z ». The pro-
cedure we have used, if we discuss the most difficult term
(¥, IR g |#hs), is to substitute in expressions for Hz/zo [Eq.
(141, ¢, [Eq. (17)], andR [Eq. (12)]. R has to be repre-
sented in terms of the occupied orbitals and virtual orbitals
through

0 =0,85E; + 8,8, B0 + 8,8, E 1 + 8,6, Bu
(19)

and similarly for E =. The matrix element can then be split
into a and S8 parts and the key is then the evaluation of
expressions such as

<¢0IEianbquErsEckEdlI¢0>' (20)

This may be evaluated using standard commutation re-
lations.'> We have used a computer algebra program RE-
DUCE, " forcing operators such as EC,( to the left and opera-
torssuch as E « tothe right. The resulting expressions for all
the required matrix elements are given in Table I. The com-
pleteness relations

5,285 =6z SpSp =6, 21

have been used in the derivations to minimize summations
over virtual orbitals. For these reasons there are many equiv-
alent expressions to those given in Table I.

It is seen that we have defined quantities such as

Di =ChS,, (22)
which occur many times in the resulting expressions. The
time to evaluate thisis proportional to M >N ? (where Nis the
number of a or B orbitals, and M is the number of basis
functions). Once these have been formed, the time to evalu-
ate all the expressions is proportional to MZ2N? (p
=0,1,2,3). In other words the time to evaluate these expres-
sions grows far less rapidly with M than the time to evaluate
the integrals H 7, by transformation of the atomic orbital
basis integrals, which is proportional to M *N. Note further-
more that no new two electron integrals are required beyond
those required for a standard UMP2 calculation. Also the
evaluation of all terms proceeds most efficiently using ma-
trix multiply routines on a vector computer.

Our tests of this method, reported in the earlier paper,®
used the full CI program as explained earlier. These were all
with very small basis sets, but the results served as a very

i)

useful check on the formula presented in Table I and its
computer implementation.

In the following, PUHF(1), PUHF(2), PMP2(1),
PMP2(2) will denote the projected UHF energies and pro-
jected UMP2 energies, obtained with this method with one
and two spin projections.

Ill. RESULTS USING THE PROJECTED UMP METHOD
A. Small basis set calculations on H,0

We first represent some results from the full CI program
on H,0, and compare them with various other approaches.
See Table II.

In this table, two different basis sets have been em-
ployed:

(i) a 6-21G basis defined in Ref. 5, with calculations

performed at (r,,0,), (1.5r,,6.), and (2r,,8,);

(ii) a DZ basis defined in Ref. 14, with calculations at

the same values of 7, and 6, given in Ref. 14.

The calculations with the 6-21G basis held the 1a, orbi-
tals at their SCF form, and it was treated as a frozen orbital
with no excitations from it.

The results in Table II are almost self-explanatory. The
first group demonstrate the well known fact that Méller-
Plesset energies based on RHF orbitals cannot describe the
dissociation of a molecule. The second group demonstrate
that this is also true for MP calculations based on UHF orbi-
tals. In particular there is a most unacceptable hump at
1.5r,.

The projected UHF and UMP calculations show a dif-
ferent picture; the first set of results are with the full projec-
tor O and the second set and third set are gbtained with 0
and with 02, respectively. The results with 0l are disastrous;
the removal of one spin contaminant is not sufficient for this
problem. The results for O, and the full projector are negligi-
bly different for the purpose of this discussion. The PUHF
error decreases as 7 increases, a very different behavior to
RHF and UHF. The PMP2 results are by far the best results
so far in this table; the surface is parallel to the full CI within
4.0 mhartree. The projected UMP4 results are much better
in magnitude, but show a variation of 4.7 mhartree over the
surface. The significant point is that for very little extra
work, the results with PMP2 are a factor of 5 better than
UMP2.

These results should then be compared with results us-
ing other standard approaches. The fact that a slightly differ-
ent basis is used and also that all orbitals are active in the DZ
calculations should make no difference for discussion pur-
poses. We observe that PMP2 is a tremendous improvement
over RSDCI, and the variation over the surface is approxi-
mately the same as for RSDTQCI."* The variation over the
surface with PMP2 is a factor of 2 better than CCSD."* It
need hardly be said that the cost of performing the PMP2(2)
calculations is very much less than RSDCI, RSDTQCI, and
CCSD. The best results are obtained using the CASSCF
method, '®in this instance with seven active orbitals, and as is
well known, excellent results are obtained when CISD is
performed on top of this.'®

The conclusion to be drawn is that the projected UMP2
method appears to give remarkable accuracy for the little

J. Chem. Phys., Vol. 88, No. 11, 1 June 1988
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TABLE 1. Formulas for the evaluation of projected UMP2 energies.

Define
DZ;, =C
and
M.
and

Then the following quantities must be calculated:
(i) For E, ;, I>0:

(ii) For E, ;, I>1:

4 . T —CLS . iJ_ ilg..
aSips Dy =C5S5 Do =CiSu;

i — g . 7Y —HI S g gile_.
Ia;—HabSb,-u Irzp'"HabSpb: [a —Habspbs

iJj _ i7
#» = CiSips

15 =HYS,,

P (2

P

—CY ki e = CILHgHM. - — CL M
y=ChLHg, Mgg=CiHg Mpgp=ChHz,

Tkj = Sk‘lSj‘lZ Tk_j = Sllslfy

g=iNo +iN; — 41— T,

<‘/’0|€{|'/’0> = Eyug,
(YolH [¢) = {My; + Mo + M 55.

ol R |9) =T, =Ry,
(WylR 1) = DS,
(¢9J£H |90} = I;II:SGF + Eyur T
w"m’EAHaa'%) = My Toe — M Ty + 4D 51 55,
(#*IRH®|4hy) = SgD K H &, o
(VPR o) = M55 T + Mi3aSnSg — MgaTy — M Ta + D515

(iii) for E, ;, [>2:

i

+D3I% + Dl — DYI — DI,

(¢o|§ ) = N Ny — 48Ty, — 2T55 Ty —2T,, T, =R,

SWolR?14)

('/’0|R ZHMWO) = —‘_AZI'Abjfs.-‘Jw

— equivalent to (1//0|H§ %90,

jtibr

Kol R2H |90} = IS T3 — T SaTr — IS Tox — &l 5,
(YF°|R°H **|4py) = —4DRI% T — 2D %I 5Ty + 4D 515858 + Dl 3T, — 28D 1'%

+ Mijlevik le + M{iil(zj}m T + 237}1) + %Mijinzx

KPP\ R2H | Yy) = DAL TLS:S;7 + DLI:(S;8a — $3Sa) + DI HA ST

ai?iivj

+DILIE(SaS; ~ Sz87) — DI H Y, (SqTy + 8572),

(P RE o) = — DE IS S s
KR 5\ gy = — DEINT, — DOIIT, — DXIST; — DILT, — DEIST,

—DYIET, —DYIET; — DEIYT; + DEIKT, + DIIT;

—gDEIY — gD 1% —gD51Y +gDI% +gD YT

— DAIS:8; — DAI1S;:S: + DEIT, + DEIIT,

—~ DNI%SaSk + DEIG.S:Sp + DAIGS S + DEILS 1S + D IS8,
+DSGI]SiSa + DGISsSix — DA 15 S5Sia + D I14S:Six + D415 5:1Sq
— DS I% S8 — DSIESESq + DYIES;Sia — D5I5S 1Sq — D158z Sa
+DYIS Ty + DSISTy + DYIE Ty + DI Ty — DI Ty — DI T

+ Mo (T T — 88385 — S8 Ty — 83855 )

ii~ jk

+ M55(T Ty + 8T, + Mag(T5T; + 8T3) + Mi55R,.

(iv) For remaining spin contamination estimate:

(%o|R?|90) = 4g(R? +4T,,T,, — 4R, — R;)
4+ R,R,—8R? —4R, + 8T, . T...(R, — 1) + 12T, T, Ty

gk

effort required. Indeed it can be argued that greater accuracy
is achieved than with RSDCI, RMP2, UMP2, RMP4,
UMP4, and CCSD. Of course only one set of calculations is
presented, but it is reasonable to assume that this state of
affairs will hold for all similar situations where bonds are
broken. Finally, we note that although not exactly size con-
sistent, the PMP2(2) ansatz gives an energy difference of
just 0.53 kcal/mol between the energies of completely disso-

ciated H,O and O(®*P) + H(3S) + H(%9).

The remaining applications are typical of problems
where spin contamination of the wave function has disas-
trous effects on UHF and UMP calculations. All calcula-
tions were carried out with the new formulas given above for
projected UHF energies with 1 and 2 spin projections
PUHF(1) and PUHF(2), and the projected UMP2 energies
PMP2(1) and PMP2(2).

J. Chem. Phys., Vol. 88, No. 11, 1 June 1988
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TABLE I1. Various methods for calculating the correlation energy of H,O at r,, 1.5r,, and 2.0r,.*

Method Basis r, 1.5r, 2.0r, Reference
RHF 6-21G 130.1 192.0 299.9 6
RMP2 6-21G 9.2 25.1 58.2 6
RMP4 6-21G 1.0 6.2 17.9 6
UHF 6-21G 130.1 164.2 91.9 6
UMP2 6-21G 9.2 69.8 36.5 6
UMP4 6-21G 1.0 50.9 28.8 6
PUHF 6-21G 130.1 110.5 70.5 6
PMP2 6-21G 9.2 10.2 13.2 6
PMP4 6-21G 1.0 3.7 5.7 6
PUHF(1) 6-21G 130.1 — 764 - 102.9 This work
PMP2(1) 6-21G 9.2 —22.5 — 1473 This work
PMP4(1) 6-21G 1.0 —7.8 —-919 This work
PUHF(2) 6-21G 130.1 110.6 71.6 This work
PMP2(2) 621G 9.2 10.3 13.6 This work
PMP4(2) 6-21G 1.0 3.7 5.7 This work
RHF DZ 148.0 211.0 3101 14
RSDCI DZ 7.9 22.4 60.4 14
RSDTQCI DZ 0.3 1.1 44 14
CCSD DZ 1.8 5.6 9.3 15
CASSCF(7) DZ 1.9 2.0 1.9 16
CASSCF(7) + CI DZ 1.9 2.0 19 16
Full C1 DZ 0 0 0

*Energies in mhartree. In the 6-21G calculations, the 1a, orbital is frozen,
nates are taken as ( + 1.474 432 3,0,1.078 153 4).

B. The CH dissociation potential for CH,

This problem has been studied in the past by Duchovic
et al.'” and by Schlegel,® using a 6-31G** basis set. The first
set of authors performed RHF, UHF, and MPn (n = 2,3,4)
calculations at a set of geometries for which the C- - -H dis-
tance R and the pyramidal angle 8 were changed. Schlegel®
then used his first projection scheme to present projected
MP4 results. Brown and Truhlar'® have also examined this
problem using a larger basis set [6-311 + + G(df, p)] at
the MCSCF and MR-CISD level. The results of these calcu-
lations are summarized in Table III, where the zero for each
calculation is taken to be the energy for R = 10 A, 6 = 7/2.
The table shows the size consistency error'® calculated from
E(CH,R=10A4, 6 =7/2) — E(H) — E(CH,).

and at (r,,6,) the atomic coordi-

Our calculations with one and two projections are re-
ported in the final four columns of Table III, using the 6-
31G** basis set.

There are several comments to be made. It is clear that
calculations with one projector operator are not sufficient.
This was recognized by Schlegel,® as evidenced by his 4.6
kcal/mol error. Our PMP2(1) calculation shows this also
with the error of 2.3 kcal/mol. With two projections, the
PUHF and PMP2 calculations become size consistent [the
PMP2(2) calculation is size consistent to 0.006 kcal/mol].
The point here is that in the (CH,, R=10 A, 8=1n/2)
calculation, a projection operator is needed for both CH,
and the coupling of H to CH; to form a singlet. After zero
and one projections, the values of (,|S 20, |#o)/ {1o| O, | o)
were 1.01 and — 0.05, respectively. There will be many such

TABLE III. Comparison of H- - -CH, potentials for various ab initio methods.”

R(A) 0.757 1.086 1.500 2.000 2.500 3.000 4.000 10.00
9 (deg) 111.33 109.47 105.72 100.57 96.47 91.30 90.00 90.00
(57 0.00 0.00 0.00 0.66 0.93 0.99 1.01 1.01
UHF 3.0 875 —~51.3 —10.1 —21 —06 —o0.1 0.0
MP2 — 188 — 109.4 —74.1 —16.0 ~33 —09 ~0.1 0.0
MP4® —19.7 —~ 1106 —71.0 —29.6 —4.1 —09 —01 0.0
MRCI* 13.9 — 1043 ~76.5 —1328 —10.8 —30 e 0.0
PUHF(1)¢ 3.8 —81.6 —45.5 —-227 —~176 -20 ~01 0.0
PMP2(1)¢ —~15.4 — 1060 —70.7 —30.7 —-9.7 —26 —02 0.0
PMP4c4 —139 — 104.8 ~71.3 — 285 -9.3 —24 0.1 0.0
PUHF(2)4 4.9 —85.5 —49.4 —254 ~86 —23 —01 0.0
PMP2(2)¢ —177 —108.5 - 729 —323 -10.3 —27 -02 0.0

2For details of calculation, see the text. Except where otherwise noted, the basis set is 6-31G**, and energies are in kcal/mol.

v6-311 + G{df, p) results from Ref. 18.

¢Schlegel’s calculation, Ref. 8.

4Size consistency error E(CH,) — E(H) — E(CH,): PUHF(1): — 3.9; PMP2(1): — 2.3; PMP4°: — 4.6; PUHF(2): 0.0; PMP2(2): 0.0
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calculations where two projectors are essential for size con-
sistency.

This correction of the size consistency error and this

new method of spin projection have a significant effect upon
the potential curve. There is excellent agreement between
the PMP2(2) calculationsat R = 4.0,3.0,2.5,and 2.0 A and
the more accurate (presumably ) MRCI calculations on this
long range part of the potential. All other calculations—
UHF, MP2, MP4, PUHF (1), PUHF(2), PMP2(1), and
PMP4(Schlegel) give values which are too shallow to a
greater or lesser extent. In particular the MP2 and MP4 val-
ues are very poor at long range (at R=2.5 A, values of
— 3.3 and — 4.1 compared to — 10.3 for PMP2 and
~ 10.8 kcal/mol for MRCI). Around equilibrium the MP2
and PMP2(2) values are close, whereas values obtained
with one projection and Schlegel’s PMP4 value are definitely
inferior. Thermodynamic data yields a well depth of 112.4
kcal/mol.'® The results in Table III indicate that the 4 kcal/
mol difference between the PMP2(2) value for the well
depth and experiment should be apportioned between the
effects of higher order perturbation theory and basis set defi-
ciency. The MRCI calculation, despite the large basis set,
certainly appears not to be balanced over the whole potential
curve.

Brown and Truhlar'® discuss the form of this potential
curve, and are satisfied that the longer range values for their
MRCI curve are much more reasonable than the MP4 curve,
principally because the MRCI values lie on a smooth Morse
curve. The fact that PMP2(2) values at these R agree closely
with the MRCI results, and the fact that the well depth of the
PMP2(2) is much closer to the experimental D, value than
the MRCI value, suggests that this PMP2(2) curve is of
high accuracy along its whole length. We again comment
how inexpensive this PMP2(2) curve is to generate.

C. Barrier height for the addition of hydrogen to
ethylene

This is a problem which has recently been discussed by
Sosa and Schlegel,? for which they say that calculations
with large basis sets and correlation energy inclusion predict
barriers which are 3-8 kcal/mol too high (they refer to
UMP# calculations). Results from Sosa and Schlegel, and
our calculations are given in Table IV. All calculations are
reported for the 6-31G* basis set. As in Ref. 20, the geome-
tries used for C,H, and the transition state are the optimized
Hartree-Fock values for this basis set.”'

From Table IV it is seen that whereas the UHF barrier
height is in good agreement with experiment at 2.90 kcal/
mol, the MP2 and MP4 values are too large by 9.8 and 8.0
kcal/mol, respectively. The projected UHF value is unnac-
ceptable at — 5.8 kcal/mol; Sosa and Schiegel attribute this
to the fact that the PUHF curve has a spurious minimumina
region where a bond is partially broken.?® We feel that this is
not the case. The UHF wave function has some electron
correlation effects already in it, but it is contaminated by a
quartet and therefore too high in energy. On the other hand,
PUHF has the contamination removed, yet still has some
correlation effects, which the asymptote H + C,H, does not,
and therefore the PUHF energy will give a barrier which is
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TABLE IV. Hydrogen addition to ethylene.?

(i) Energies (in hartree)

PUHF PMP2
H+ CH, - T8.529 948 —78.791 914
Transition state (0°) -~ 78.525 32 — 78.772 966
Transition state {1°) - 78.539 542 — 78.786 881
Transition state (2°) — 78.539 244 — 78.786 735
(ii) Barrier height (in kcal/mol)

UHF 2.90

MP2 11.80

MP4 10.05

PUHF(1) —6.02

PUHF(2) — 583

PMP2(1) 3.16

PMP2(2) 325

PMP2° — 1.84

PMP4° 1.58

Experiment 2.04 +0.08

*6-31G™ basis set. .
® Number of spin projections /in O,.
¢ Reference 20.

too low. Our value for the PMP2(2) barrier is most accepta-
ble at 3.25 kcal/mol, and shows once again that proper treat-
ment of spin projection can yield good values. Schlegel’s ap-
proximate scheme with one spin projection is shown to be
deficient here.

Here therefore is another example where spin contamin-
ation is the principal cause for deficient UMP2 calculations.
At the transition state (§2) = 0.99. A little extra work from
UMP2 to PMP2(2) has reduced the barrier from 11.80 to
3.25 keal/mol, in better agreement with the experimental
value of 2.04 kcal/mol. Sosa and Schlegel®* mention the
problem of hydrogen addition to CH,O and substituted ole-
fins (C,H,F, C,H;Cl, C,H,OH), where the same problem
of too high barriers resulting from spin contamination oc-
curs. Application of this projection scheme should cure
these problems.

D. The electron affinity of CN

Recently Nobes et al.?* have observed that the slow con-
vergence of the Méller-Plesset series for CN leads to MP4
values for the electron affinity of CN which is considerably
overestimated. Using a large basis set [6-311 + G(df)],
UHF, MP2, and MP4 values for the electron affinity of CN
were calculated to be 283, 435, and 414 kJ/mol to be com-
pared to the experimental value of 367 + 3kJ/mol. The {(5?)
value for CN was 1.13.

We decided to tackle this problem using four different
basis sets. The first was STO-3G, for which all types of calcu-
lations can be done, including full CI. See the results in Table
V. The MP2 value ( — 112 kJ/mol) and MP4 value ( — 156
kJ/mol) are much in error from the full CI value of — 244
kJ/mol. When the projection operator is applied, much bet-
ter results are obtained with the PMP2(2) value of — 205
kJ/mol being in error by 39 kJ/mol for this basis. Further
spin projection at MP2 will have no effect (after two spin
projections in the STO-3G basis, there was virtually no re-
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TABLE V. The electron affinity of CN.*

e

Basis STO-3G® [321] [4321] [4321 + diffuse]

(32) 1.228 1.110  1.117 1.121

UHF —215 245 267 280

MP2 —112 379 433 456
PUHF(1°) — 306 182 202 214
PUHF(2°) —293 189 209 222
PMP2(1°) —216 308 359 382
PMP2(2°) — 205 314 366 389

2Electron affinity in kJ/mol. Geometry: for CN—, r = 1.1607 A; for CN,
r=1.1619 A. The experimental electron affinity is 367 + 3.

® Additional data for STO-3G: PMP2(6) — 205, PMP4(6) - 215;
PMP6(6) — 221; full CI — 244,

¢ Number of spin projections /in O,.

maining spin contamination). These results already tell us
that larger basis set calculations at the PMP2(2) level will
not give us exact results because it is clear that higher orders
of perturbation theory will contribute the equivalent of 39
kJ/mol at the STO-3G basis. However, the fact remains that
the PMP2(2) value is a great improvement over the MP2
and MP4 value.

The larger basis set calculations used the atomic natural
orbital basis sets of Alm16f and Taylor,?*> which may be de-
noted [I/mn---] torepresent ! “‘s,” m “p,” n “‘d >’ basis func-
tions, each of which is a general contraction, based on atomic
natural orbitals, of a large primitive set. The basis sets [321],
[4321] which we used are exactly as described in Ref. 23.
Our largest basis, denoted [4321] + diffuse, is the [4321]
basis with the last s, p functions uncontracted, and augment-
ed by an additional s and p function of exponents 0.04,
0.03(C) and 0.055, 0.04(N). The calculations show how
critical the results are on the level of basis set—the UHF
electron affinities are 245, 267, and 280 kJ/mol. The trends
are as might be expected: the UHF is too low, the PUHF(2)
results are far too low, the MP2 results are far too high and
the PMP2(2) results are very reasonable for large basis sets.
If we concentrate on the largest basis set, the MP2 value is in
error by 89 kJ/mol, whereas the PMP2(2) value is in error
by only 22 kJ/mol. This is entirely acceptable, bearing in
mind the earlier comments of the effects of higher order per-
turbation theory. It is probable that this basis is very close to
a complete basis set.

The conclusion from this study of CN and CN ™ is that
spin projection is essential if the properties of CN are going
to be studied through UHF theory. Once again we find that a
most difficult property, the electron affinity, has improved
in accuracy by a factor of 4 to an approximate error of 20 kJ/
mol with the PMP2(2) calculation and a large basis set. It is
difficult to see how a better result than this could have been
expected with a second-order perturbation theory method.

IV. CONCLUSION

In the previous sections we have given the theory and
formulas for the evaluation of projected unrestricted
Méller-Plesset second-order energies with two spin conta-
minants eliminated: the PMP2(2) calculations. We have
also demonstrated the greatly improved accuracy which is

achieved in four calculations where spin contamination is
significant.

We must also point our remaining deficiencies and asso-
ciated remarks which can be made about this projection pro-
cedure. .

(a) Unless the full Lowdin projection operator O is
used, then these projected calculations are not exactly size
consistent. However, we believe that two spin projections is
all that is necessary for them to be size consistent in practice,
for most calculations. For example, we showed that our
H + CH, - CH, calculations were size consistent to 0.006
kcal/mol. One can have an idea of the number of spin projec-
tions required by considering the number of bonds being
broken or formed, and the number of open shell species
which have spin contamination, in the products. An evalua-
tion of

Say _ {%olS?0,]¢0)
§2) = Yol ¥/
S = wDrlv0)

will give an estimate of the remaining spin contamination
error after two spin projections.

(b) Our experience is that any spin contamination effect
should be removed, however small. For example, in
H + CH;—, CH, after one spin projection for R = 10 A,
0 =17/2,(S?) = — 0.048, and for this the size consistency
error was 2.3 kcal/mol for PMP2(1). Certainly if there is a
greater than 5% contamination, it must be removed.

(c) All our reported calculations show that the PUHF
method is very poor, and usually inferior to UHF. We under-
stand this by arguing that most investigations involve a com-
parison of UHF calculations at one geometry and RHF at
another geometry. The UHF calculations include some cor-
relations effects, which are often more than compensated by
spin contamination from higher states. The removal of the
spin contamination therefore leads, e.g., to barriers which
are too low.

(d) The formulas in Table I are indeed complicated, but
they can all be vectorized and programmed efficiently. If one
stores most of the matrices on disk, only a few M ? dimension-
al arrays in memory are necessary at any one time. Some
2000 lines of FORTRAN are necessary for this program. It
is repeated that no new two electron integrals are needed
over those required for standard MP2 calculations.

(e) Formulas such as these have a much wider use if the
energy gradient can be calculated. Simandiras et al.>* have
shown how to calculate efficiently the gradient of the MP2
energy. The same theory can be applied to the PMP2(2)
energy expression, but the algebra will be most unpleasant.
However, it only has to be done once, and we shall attempt it.

(f) There is a well known point in closed shell molecules
where the RHF and UHF potential surfaces split into two.
We examined this behavior for the C,, dissociation of H,O in
our previous paper.® Those calculations clearly show that
there is a “discontinuity” of some kind in the behavior of
projected UHF and projected UMP calculations, which is
only finally removed at a high order of perturbation theory.
In other words the behavior of PMP2(2) calculations in the
neighborhood of this geometry is unsatisfactory, but those
calculations showed that the degree of this problem is im-
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proved by a factor of around 4 compared to UMP2 calcula-
tions. We shall investigate this question further when we
have a gradient routine available.

(g) The first important recent paper on this topic was by
Schlegel,® where he made a first attempt to remove one spin
contaminant. We believe that his next paper,” although an
improved version of the problem, does not give the best rep-
resentation of the projected UMP2 energy, primarily be-
cause it mixes up different orders of perturbation theory.
This is probably the principal reason why his values are defi-
cient when compared to our calculations. Our formulation is
consistent, order by order.

(h) We are not recommending this projected UMP2
scheme as the answer to all problems, but it is an almost size
consistent method which gives good accuracy over the
whole of a ground state potential surface. If greater accuracy
is required, then a method involving configuration interac-
tion should be used. MCSCEF is an ideal choice, with some
additional CI if necessary, but if this is done then a size con-
sistency error will appear. Of course we recognize the impor-
tance of the developments in this field; indeed one of us is
actively involved in an “internally contracted” CI scheme,?’
which has excellent features across a complete surface. The
purpose of this paper is to observe that remarkable accuracy
can be achieved with little effort through the PMP2(2) ap-
proach; if greater accuracy is required, at least an order of
magnitude more work is required using a far more sophisti-
cated method.
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