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Requiring that a Hamiltonian be Hermitian is overly restrictive. A consistent physical theory of
quantum mechanics can be built on a complex Hamiltonian that is not Hermitian but satisfies the less
restrictive and more physical condition of space-time reflection symmetry (P77 symmetry). One might
expect a non-Hermitian Hamiltonian to lead to a violation of unitarity. However, if 7 symmetry is
not spontaneously broken, it is possible to construct a previously unnoticed symmetry C of the
Hamiltonian. Using C, an inner product whose associated norm is positive definite can be constructed.
The procedure is general and works for any P77 -symmetric Hamiltonian. Observables exhibit CPT
symmetry, and the dynamics is governed by unitary time evolution. This work is not in conflict with
conventional quantum mechanics but is rather a complex generalization of it.
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Four years ago it was noted that with properly defined

boundary conditions the spectrum of the Hamiltonian

H = p?> + x*(ix)” (v=0) (D
is real and positive [1]. The reality of the spectrum of H is
a consequence of its unbroken P77 symmetry. We say that
PT symmetry is not spontaneously broken if eigenfunc-
tions of H are simultaneously eigenfunctions of 27T . The
linear parity operator P performs spatial reflection and
has the effect p — —p and x — —x, whereas the anti-
linear time-reversal operator 7 has the effect p — —p,
x — x,and i — —i. While H in (1) is not symmetric under
P or T separately, it is invariant under their combined
operation. We say that such Hamiltonians possess space-
time reflection symmetry. Other examples [2] of complex
Hamiltonians having unbroken P77 symmetry and thus
real, positive spectra are H = p? + x*(ix)" (v > 0),
H = p? + x5(ix)” (v > 0), and so on.

Recently, Dorey et al. proved rigorously that the spec-
trum of H in (1) is indeed real and positive [3]. Many
other P7T -symmetric Hamiltonians for which space-
time reflection symmetry is not spontaneously broken
have been investigated, and the spectra of these
Hamiltonians have also been shown to be real and posi-
tive [4].

Nevertheless, if we attempt to develop a consistent
quantum theory for these Hamiltonians, we encounter
the severe difficulty of dealing with Hilbert spaces en-
dowed with indefinite metrics [5]. The purpose of the
present Letter is to identify a new symmetry, denoted
C, inherent in all P7T -symmetric Hamiltonians that pos-
sess an unbroken P77 symmetry. This allows us to in-
troduce an inner-product structure associated with CPT
conjugation for which the norms of quantum states are
positive definite. In particular, CP7T symmetry is shown
to generalize the conventional Hermiticity requirement
by replacing it with a dynamically determined inner

270401-1 0031-9007/02/89(27)/270401(4)$20.00

PACS numbers: 11.30.Er, 03.65.—w, 03.65.Ge, 02.60.L;j

product (one that is defined by the Hamiltonian itself).
As a result, we can extend the Hamiltonian and its
eigenstates into the complex domain so that the associ-
ated eigenvalues are real and the underlying dynamics is
unitary.

Let us begin by summarizing the mathematical proper-
ties of the solution to the Sturm-Liouville differential
equation eigenvalue problem

— $h) + 2(1x) ¢, (x) = E, ¢, (x) 2

associated with the Hamiltonian H in (1). First, we em-
phasize that the differential Eq. (2) must be imposed on
an infinite contour C in the complex-x plane. For large |x|
the contour C lies in wedges that are placed symmetri-
cally with respect to the imaginary-x axis. These wedges
are described in Ref. [1]. The boundary conditions on the
eigenfunctions are that ¢(x) — 0 exponentially rapidly as
|x| — o0 on C. For 0 = v < 2, the contour C may be taken
to be the real axis.

Second, the eigenfunctions ¢, (x) are simultaneously
eigenstates of the PT operator: PT ¢,(x) = A, ¢, (x).
Because (P7T)? = 1 and P7T involves complex conjuga-
tion, it follows that [A,| = 1. Thus, A, = €' is a pure
phase. Without loss of generality for each n this phase can
be absorbed into ¢, by the multiplicative rescaling ¢, —
ei@n/2¢ 5o that the new eigenvalue is unity:

PT ¢,(x) = $5(—x) = ¢, (x). 3)

Third, the eigenfunctions are complete. The statement
of completeness (for real x and y) is

D (1), (x) b, () = 8x — y). (4)

n

This is a nontrivial result that has been verified numeri-
cally to extremely high accuracy [6].

Fourth, there appears to be a natural choice for an inner
product of two functions f(x) and g(x) given by
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where P7T f(x) = [f(—x)]*. The advantage of this inner
product is that the associated norm (f, f) is independent
of the overall phase of f(x) and is conserved in time.
Phase independence is required because we wish to con-
struct a space of rays to represent quantum mechanical
states. With respect to this inner product the eigenfunc-
tions of H in (1) for all v = 0 satisfy

(D b)) = (=1)"0pp- (6)

With this inner product it is easy to verify the position-
space representation of the unity operator in (4). For
example, one can verify that [dy&(x — y)é(y —z) =
S(x — z) using (4) and (6). However, because the norms
of the eigenfunctions alternate in sign, the Hilbert space
metric associated with the P7 inner product (-, ) is
indefinite.

Having reviewed these general properties, the crucial
question that must be addressed is whether a
PT -symmetric Hamiltonian defines a physically viable
quantum mechanics or whether it merely provides an
intriguing Sturm-Liouville problem. The apparent diffi-
culty with formulating a quantum theory is that the
Hilbert space is spanned by energy eigenstates, of which
half have norm +1 and half have norm —1. Because the
norm of the states carries a probabilistic interpretation in
standard quantum theory, the existence of an indefinite
metric immediately raises an obstacle.

With the above inner product (-, -), the state space for a
finite-dimensional 2n X 2n matrix Hamiltonian that is
symmetric under space-time reflection embodies the
symmetry of SU(n, n) rather than the conventional
SU(2n). The space-time reflection operator in finite di-
mensions is the product of a parity operator satisfying
P? =1 and trP? = 0 and an antilinear Hermitian conju-
gation operator satisfying 72 = 1. Unlike the unitary
group, SU(n, n) is not simply connected, and conse-
quently, the state space is partitioned into two disjoint
halves, one associated with norm +1 and the other with
norm —1.

One can try to formulate a quantum theory associated
with P7T -symmetric Hamiltonians by insisting that
physical states must have positive norm [7]. This leads
to a quantum mechanics defined on a nonlinear state
space. Such investigations are of interest, but the exis-
tence of negative-norm eigenstates still leaves open seri-
ous interpretational issues. In particular, one finds that
expectation values of bounded observables are unbounded
in such quantum theories. The situation here in which half
of the energy eigenstates have positive norm and half
have negative norm is analogous to the problem that
Dirac encountered in formulating the wave equation in
relativistic quantum theory [8].

270401-2

We resolve the problem of an indefinite norm by finding
a physical interpretation for the negative-norm states. We
observe that in any theory having an unbroken P7T
symmetry there exists a previously unnoticed symmetry
of the Hamiltonian connected with the fact that there are
equal numbers of positive-norm and negative-norm
states. To describe this symmetry, we construct a linear
operator that we denote by C. We use the notation C
because the properties of this operator are nearly identical
to those of the charge-conjugation operator in quantum
field theory. The operator C is the observable that repre-
sents the measurement of the signature of the 7 norm
of a state. We see that C commutes with both the
Hamiltonian H and the operator P7T . Therefore, eigen-
states of H have definite values of C. We also see that
C? = 1, so the eigenvalues of C are *1.

We can construct the operator C explicitly in terms of
the energy eigenstates of the Hamiltonian. The position-
space representation of C is

Clx,y) =D a0, (). (7

Note that C is a linear operator. From Egs. (4) and (6) we
can verify that the square of C is unity:

[@mea%a=6u—a ®)

We can also construct the parity operator P in terms of
the energy eigenstates. In position space

T(xr )’) = 5()6 + )’) = Z(_l)n¢iz(x)¢rz(_y)- (9)

Like the operator C, the square of the parity operator is
also unity.

The two operators P and C are distinct square roots of
the unity operator 8(x — y). That is, while P? = 1 and
C?> =1, P and C are not identical. Indeed, the parity
operator P is real, while C is complex. Furthermore,
these two operators do not commute; specifically, in the
position representation

(CP)x,y) =D ¢, bu(—y), (10)
whereas

(POx, y) =D ¢u(—=0), (), (11)

which shows by (3) that CP = (PC)*. Evidently, C does
commute with P7T .

The operator C does not exist as a distinct entity in
conventional Hermitian quantum mechanics. Indeed, if
we allow the parameter » in (1) to tend to zero, the
operator C in this limit becomes identical to 2. Thus,
in this limit the CP7T operator becomes T . In short, in
standard quantum mechanics the requirements of CP7T
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symmetry and conventional Hermiticity coincide.
Therefore, CPT invariance can be viewed as the natural
complex extension of the Hermiticity condition, which
ensures the reality of observables and the unitarity of the
dynamics when the Hamiltonian becomes complex.

Finally, having obtained the operator C we can define a
new inner-product structure having positive-definite sig-
nature by

(flg)= ]C dx[CPT F()]g(x). (12)

Like the 7T inner product (5), this inner product is also
phase independent and conserved in time. The inner
product (12) is positive definite because C contributes
—1 when it acts on states with negative 27 norm. In
terms of the CPT conjugate, the completeness condition
(4) now reads

> . CPT ¢,(y)] = 8(x = y). (13)

Unlike the case of conventional quantum mechanics, the
CPT inner product is dynamically determined; it im-
plicitly depends on the choice of Hamiltonian. When H is
Hermitian, (13) reduces to the conventional completeness
condition of quantum mechanics because 7 performs
Hermitian conjugation.

We remark that the CP7 inner product (12) defined
above is independent of the choice of integration
contour C so long as C lies inside the asymptotic wedges
associated with the boundary conditions for the Sturm-
Liouville problem (2). Path independence is a conse-
quence of Cauchy’s theorem and the analyticity of the
integrand. In the case of standard quantum mechanics,
where the positive-definite inner product has the form
[ dx f*(x)g(x), the integral must be taken along the real
axis, and the path of the integration cannot be deformed
into the complex plane because the integrand is not ana-
lytic. The PT inner product (5) shares with (12) the
advantage of analyticity and path independence, but suf-
fers from the lack of positivity. We find it surprising that a
positive-definite metric structure can be constructed
using CPT  conjugation without disturbing the path
independence of the inner-product integral.

Let us illustrate these results for a 2 X 2 Hamiltonian
(see, also, Ref. [9]). In this case we may choose the parity

operator to be
0 1
P= ( ) 0) (14)

without loss of generality, because in finite dimensions
the parity operator P is defined uniquely up to unitary
transformations [7]. Consequently, the most general form
of a PT -invariant Hamiltonian satisfying PH'P = H,
where H' is the Hermitian conjugate of H, can be ex-
pressed as a four-parameter family of matrices
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ret? s
H= o), 15

( t re_’0> as)
where r, s, t, and 0 are real. Note that this Hamiltonian is
not Hermitian in the conventional sense. Nevertheless,
the eigenvalues &. = rcosf * /st — r’sin’f are real,

provided that
st > r2 sin%é. (16)

The simultaneous eigenstates of the operators H and PT
are given by

| > _ 1 eia/2 17)
e \/2005a<€_m/2> (

and

| i e—ia//2 18
87> m(_gu,/z); ( )
where we set sina = (r/+/st) siné. It is easy to verify that
(e, e+) = *1 and that (e+,e=) =0, recalling that
(u, v) = (PT u) - v. Therefore, with respect to the PT
inner product, the resulting Hilbert space has a metric
structure of signature (+, —). The condition (16) ensures
that 27 symmetry is not spontaneously broken. If this
condition is violated, the states (17) and (18) are no longer
eigenstates of P77 because a becomes imaginary.

Next, we construct the operator C. For the parity
operator P in (14), the corresponding operator C is

C— 1 (isilna 1 ) (19)

cosa —isina

The operator C is distinct from H and P and has the key
property that

C|81> = i|€r>- (20)

The operator C commutes with the Hamiltonian and
satisfies C> = 1. The eigenvalues of C are precisely the
signs of the P77 norms of the corresponding eigenstates.
With the aid of the operator C we construct the new
inner-product structure having positive signature by

wlv)=(CPTu) - v. (21

This inner product is positive definite. In particular,
we have (e+ | e+)=1. It follows that the two-
dimensional Hilbert space spanned by |e.), with inner
product (- | -), has a Hermitian structure with signature
(+, +). Recalling that (u| denotes the CPT conjugate of
|u), the completeness condition is

o)1+ leXe-1 = (o ‘1)) (22)

Furthermore, using the CP7T conjugate {e-|, we can
express C in the form C = |e X | —|e_Xe_|, as
opposed to the representation in (7), which uses the PT
conjugate.
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In general, an observable in this theory is represented
by a CPT invariant operator; that is, one that commutes
with CPT . Thus, if CPT symmetry is not spontane-
ously broken, the eigenvalues of the observable are real.
The operator C satisfies this requirement and, hence, is an
observable. For the two-state system, if we set § = 0,
then the Hamiltonian in (15) becomes Hermitian in the
conventional sense. However, the operator C then reduces
to the parity operator . As a consequence, the require-
ment of CP7T invariance reduces to the standard con-
dition of Hermiticity. It is for this reason that the hidden
symmetry C was not noticed previously. The operator C
surfaces only when we extend the Hamiltonian of conven-
tional quantum mechanics into the complex domain.

In summary, we have generalized the condition of
Hermiticity in quantum mechanics to the statement of
CPT invariance. In quantum field theory, the conditions
of Hermiticity, Lorentz invariance, and positive spectrum
are crucial for establishing C PT invariance [10]. In
this Letter, we establish the converse of the CP7T theo-
rem in the following limited sense: We assume that the
Hamiltonian possesses space-time reflection symmetry,
and that this symmetry is not spontaneously broken. From
these assumptions, we know that the spectrum is real and
positive, and we construct an operator C that is like the
charge-conjugation operator and show that quantum
states in this theory have positive norms with respect to
CPT conjugation. In effect, we replace the mathematical
condition of Hermiticity, whose physical content is some-
what remote and obscure, by the physical condition of
space-time and charge-conjugation symmetry. These
symmetries ensure the reality of the spectrum of the
Hamiltonian in complex quantum theories.

In the real formulation of conventional quantum theory,
the dimensionality of the Hilbert space must be even.
This is necessary in order to introduce a complex struc-
ture in the underlying real Hilbert space [11]. In the
present theory, we must introduce the parity operator P,
which can be defined only on an even-dimensional com-
plex Hilbert space. Hence, the dimensionality of the
underlying real space is a multiple of four. This is related
to the fact that for each quantum state there is a corre-
sponding partner state, and these two states are always
formed pairwise in the sense that when P77 symmetry is
spontaneously broken, the corresponding pairs of eigen-
values become complex conjugates of one another. This is
because the secular equation for a P7T -symmetric
Hamiltonian is real [9].

In a conventional Hermitian quantum field theory, the
operators C and 7P satisfy the commutation relation
CP = (—1)NPC, where N is the fermion number of the
state on which these operators act. In a P77 -symmetric
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quantum field theory, the commutation relations are as
follows: If we write C = Ci + iC; where Cy and C; are
real, then it follows from (10) and (11) that Cx P = PCy
and C;P = —PC(;. As a consequence, it may not neces-
sarily be true that particles and their partners (for ex-
ample, antiparticles) have the same energy eigenvalues.
We recall that space-time reflection symmetry is weaker
than the condition of Hermiticity, and therefore it is
possible to consider new kinds of quantum field theories,
whose self-interaction potentials are, for example, —i g¢>3
or —ge*, that have previously been thought to be unac-
ceptable. A plausible signal of one of these new theories
would be the observation of a particle and its correspond-
ing partner having different masses.

C. M. B. thanks the U.S. Department of Energy and
D.C. B. thanks the Royal Society for financial support.
The authors are grateful for helpful remarks from L.P.
Hughston and T.W. B. Kibble.

[1] C.M. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243
(1998).

[2] C.M. Bender, S. Boettcher, and P. N. Meisinger, J. Math.
Phys. (N.Y.) 40, 2201 (1999).

[3] P. Dorey, C. Dunning, and R. Tateo, J. Phys. A 34, L391
(2001); 34, 5679 (2001).

[4] C.M. Bender, G.V. Dunne, and P.N. Meisinger, Phys.
Lett. A 252, 272 (1999); G. Lévai and M. Znojil,
J. Phys. A 33, 7165 (2000); C. M. Bender, G.V. Dunne,
P.N. Meisinger, and M. Simsek, Phys. Lett. A 281, 311
(2001); B. Bagchi and C. Quesne, Phys. Lett. A 300, 18
(2002); D.T. Trinh, Ph.D. thesis, University of Nice-
Sophia Antipolis, 2002, and references therein.

[5] A. Mostafazadeh, J. Math. Phys. (N.Y.) 43, 205 (2002);
43, 2814 (2002); 43, 3944 (2002); math-ph/0203041;
Z. Ahmed, Phys. Lett. A 294, 287 (2002); G.S.
Japaridze, J. Phys. A 35, 1709 (2002); M. Znojil, math-
ph/0104012; A. Ramirez and B. Mielnik (to be
published).

[6] C.M. Bender, S. Boettcher, and V. M. Savage, J. Math.
Phys. (N.Y.) 41, 6381 (2000); C. M. Bender and Q. Wang,
J. Phys. A 34, 3325 (2001); C. M. Bender, S. Boettcher,
P.N. Meisinger, and Q. Wang, Phys. Lett. A 202, 286
(2002).

[7] C.M. Bender, D.C. Brody, L.P. Hughston, and B.K.
Meister, report, 2002.

[8] P. A. M. Dirac, Proc. R. Soc. London A 180, 1 (1942).

[9] C.M. Bender, M. V. Berry, and A. Mandilara, J. Phys. A
35, L467 (2002).

[10] R.E Streater and A.S. Wightman, PCT, Spin & Statistics,
and All That (Benjamin, New York, 1964).

[11] G.W. Gibbons and H.-J. Pohle, Nucl. Phys. B410, 117
(1993); D.C. Brody and L.P. Hughston, Proc. R. Soc.
London A 454, 2445 (1998).

270401-4



